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Three-prong stars produced in nuclear emulsion in pn interactions involving 9-Bev primary 
protons are analyzed. The c.m.s. proton and pion angular distributions, energy spectra, and 
transverse momentum distributions are studied. The magnitude of the asymmetry in the an- 
gular distributions is considered in detail. Each type of reaction is analyzed separately, and 
the fraction of energy carried off by a proton and pion is found to be independent of the type 
of reaction. The distribution of the true inelasticity coefficients K is given for the reaction 
p+n—p+p+7 +neutral particles. A tendency for the formation of two peaks is observed 
in the K distribution and this may indicate the existence of two different mechanisms of mul- 


tiple production. 


INTRODUCTION 


[yreractions of 9-Bev protons with free and 
quasi-free emulsion nucleons have been studied 
in a number of experiments.[1-7J The results ob- 
tained, however, differ in a number of respects. 
In [2,455] the total angular distribution of the sec- 
ondary particles in pp and pn interactions was 
considered as a function of the multiplicity under 
the assumption that the velocity of the secondary 
particles in the center-of-mass system (c.m.s.) 
is equal to the velocity of the c.m.s. relative to 
the laboratory system (l.s.) (8j =8e). It was 
noted that a marked asymmetry resulting from 
the preferential emission of secondary particles 
in the forward direction is observed in the angu- 
lar distribution of pn interactions of low multi- 


-plicity, and it was concluded that this asymmetry 


was due to protons. 


Subsequently, individual cases of three-prong 
stars in which it was possible to determine the 
nature and energy of all secondary particles were 
analyzed in [6]. It was shown that the secondary 
particles from the interactions selected for analy- 
sis in /°] were emitted preferentially in the for- 
ward direction and that this asymmetry was not 
due to protons, but to pions. 

Meanwhile, it was noted!"] that the c.m.s. angu- 
lar distribution of protons emitted in pn interac- 
tions is almost symmetric. Although there was a 
certain tendency to the forward emission of protons, 
the large errors make it impossible to establish 
the existence of an asymmetry for the protons. 

Taking these facts into account, we have stud- 
ied in detail the characteristics of the secondary 
particles in three-prong stars from pn interac- 
tions. 
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1. EXPERIMENTAL ARRANGEMENT 


A stack consisting of 250 NIKFI-R 10x10 cm 
emulsion pellicles was exposed to the internal 
beam of the proton synchrotron of the Joint Insti- 
tute of Nuclear Research. The pellicles were 
scanned along the proton tracks by the fast scan- 
ning method.!®] From all the recorded cases of 
primary proton interactions in the emulsion we 
selected for analysis proton-nucleon interactions 
which satisfied the appropriate selection crite- 
ria.§1,3,5] 

In the present experiment we were interested 
only in inelastic pn interactions in which the stars 
have three prongs. The number of such cases was 
110. 

For these interactions we measured the angles 
in the plane of the emulsion )j and the dip angles 
yi of the secondary charged particles. From 
these measurements we determined the angle of 
emission of the secondary particles 6;: cos 6; 
= COS Aj COS Gj COS Po + Sin Gj Sin Po, where Gy 
is the angle of the primary particle with respect 
to the plane of the emulsion. When the angles )j 
were very small, we measured them by the coor- 
dinate method; for large angles, the measurements 
were made with an eyepiece goniometer with scale 
divisions of 6’. 

In order to identify the secondary charged par- 
ticles we made multiple scattering and ionization 
measurements. We selected for measurement all 
tracks making an angle yj with the plane of the 
emulsion less than a cutoff angle g° = 8°. 

To ensure good statistical reliability for the 
scattering and ionization measurements, we fol- 
lowed the secondary tracks into the neighboring 
pellicles, so that the length of the measured track 
was at least 5000 u for measurements with 250-y 
cells and at least 10000 for measurements with 
500-u cells. When it was necessary to use a 
bigger cell, we increased the track length corre- 
spondingly by following the tracks further, so that 
the error in determining the energy did not exceed 
20 — 25%. 

The scattering measurements were made with 
250 —4000yu cells. The optimum cell length for a 
given track was chosen with the aid of the param- 
eter pD’”/D where D and D” are the mean second 
and third differences.!91 For pure Coulomb scat- 
tering pc = V 3/2 = 1.225; for spurious scattering 
Pg = 1.75 + 0.07. The cells were recalculated for 
larger cell lengths until p was less than 1.4—1.5. 
The value of De for pure Coulomb scattering was 
found from the formula 


D, = ((p, D?— D”*)/ (93 — pel”. 
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At the same time, the value of Dc was estimated 
from the formula 


D. =VD?— 72, 


where n is the mean value of the spurious scatter- 
ing. The numerical value of n was determined 
from scattering measurements along 9-Bev proton 
tracks and was based on a large volume of statis- 
tical material.'9] The values of Dc found from 
these two formulas, and also, in some cases, with 
smaller cells!®] were in agreement with one an- 
other. 

The ionization was measured by blob counting 
along the secondary particle tracks and along sev- 
eral beam tracks in the vicinity of the secondary 
track. The correction for the dip angle was based 
on the method of Viryasov and Pisareva.4t] Asa 
measure of the ionization we used the ratio b* 
= B/By, where B and By are the blob densities 
of the secondary and primary particle tracks, re- 
spectively. For the identification of the tracks we 
used the b* versus pf8c curves. In the region 
pBe & 1 Bev, the measurement error of b* was 
no greater than 3%. 

To check choice of the correct curves we iden- 
tified the particles by means of the following 
curves which have been used by various investi- 
gators: a) the curves based on Barkas and Young’s 
tables;l!?1 b) the curve given by Edwards et al. ;{ 13] 
c) the curve given recently by Jongejans.{14] It 
should be noted that the curves of Barkas and. 
Young practically coincide with those of Jongejans. 
Figure 1 shows the above-mentioned curves of b* 
vs (p@c) and the experimental points. From the 
position of the experimental points it seems to us 
that the best agreement is obtained with curves 
lying between those of Barkas and Young and those 
of Edwards et al. : 

Following Wang et al“"] we assumed that most 
of the particles in the region 1.5 = pfc = 2.5 Bev 
were pions. 

All the b* vs pc curves are of similar shape. 
The difference involves only the rate of rise of the 
ionization from the minimum to the plateau. To 
facilitate the use of these curves, the value of b* 
on primary particle tracks is usually taken as 
unity. This leads to the renormalization of the 
curves and results in a certain relative displace- 
ment of the curves. As can be seen from Fig. 1, 
however, the choice of the b* vs. p$c curves will 
not actually affect the conclusions, since the num- 
ber of points representing particles whose identi- 
fication will be changed is small. 
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FIG. 1. Plot of b* vs. pBc for protons and pions; dotted 
curves — according to Barkas and Young, solid curves — ac- 
cording to Edwards et al. 


2. PROTON AND PION C.M.S. ANGULAR DIS- 
TRIBUTION 


To construct the c.m.s. angular distribution we 
used particles which could be identified under the 
conditions of the experiment. Since we could not 
determine the nature of all secondary particles in 
all interactions, but took, as a rule, a given sam- 
ple of tracks (yj <¢° = 8°), it was necessary to 
introduce geometrical corrections which took into 
account particles with large dip angles. We ar- 
rived at these corrections in different ways. 

A. If it is assumed that there is azimuthal sym- 
metry in the l.s. (which is an entirely reasonable 
assumption), then each measured particle emitted 
at an angle @ in the l.s. should be assigned a sta- 
tistical weight determined from the expression |15 


a 

P = yaresin (sin @7sin 8) a) 
But we noted that the introduction of a statistical 
weight in this way increases somewhat the number 
of particles emitted at large angles (the sum of 
the statistical weights found from the measured 
particles is greater than the actual number of ob- 
served particles emitted at large angles yk 

B. Along with this approach, we determined the 
statistical weights in another way. The experimen- 
tally observed angular distribution of secondary 
particles in the l.s. was used to find the ‘‘experi- 
mental statistical weight’’ of each measured par- 
ticle. We knew the number of measured particles 
and the total number of particles for any angular 
interval of the experimentally obtained histogram 
of the l.s. angular distribution. We could there- 
fore determine the statistical weight for the given 
interval of angles @ as the ratio of the total num- 
ber of secondary particles to the number of meas- 
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ured particles falling in the given angular interval. 
The experimental statistical weight determined in 
this way can be used in two cases: a) when par- 
ticle tracks with g =< ¢° are selected for identifi- 
cation, b) when all the particles are measured, 
even those with gray tracks in the emulsion. The 
experimental statistical weight determined for 

the second case will give the upper limit for the 
number of particles emitted in the backward hemi- 
sphere in the c.m.s. 

We note that the introduction of the experimen- 
tal statistical weights under assumption a) or using 
formula (1) andthe taking into account of all gray 
tracks with a statistical weight of unity does not 
change the results. 

In a previous experiment !161 we gave the ex- 
perimental characteristics for different methods 
of introducing geometrical corrections. It was 
shown that the majority of the experimental data 
depend weakly on the choice of the statistical 
weights. However, more reliable results (in par- 
ticular, for the p; distribution of protons) are 
obtained with the use of the experimental statis- 
tical weights under assumption b). We therefore 
present here the experimental results correspond- 
ing to the method of introducing the experimental 
statistical weights under assumption b). 

The c.m.s. pion and proton angular distribu- 
tions are shown in Figs. 2a and 2b. In these fig- 
ures, as in those which follow, the dotted histo- 
grams correspond to the identification of particles 
with the curves of Barkas and Young and the solid 
histograms correspond to the curves of Edwards 
et al (unless indicated otherwise). It is seen 
from the pion c.m.s. angular distribution that the 
number of pions emitted forward is larger than 
the number of pions emitted backward. On the 
other hand, the opposite is observed for protons. 

For a more careful check of this result, we 
assumed that all particles with pSc = 2.5 Bev in 
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FIG. 2. C.m.s. an- 
gular distribution for 
protons (a) and pions (b). 
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the l.s. are protons, which is clearly not in accord- 
ance with the experimental data. The proton and 
pion angular distributions constructed under this 
assumption are given in Figs. 3a and 3b. It is 
quite evident that even under such an extreme as- 
sumption we did not observe a redistribution of the 
protons in the forward hemisphere, and we can say 
only that the protons are emitted symmetrically 
forward and backward in the c.m.s. 

The combined angular distribution of the pro- 
tons and pions is shown in Fig. 4. It is readily 
seen that the distribution is symmetric. 

Since the question of the asymmetry of the an- 
gular distribution is very important, we analyzed 
all the assumptions involved in the introduction 
of the geometrical corrections. We shall consider 
qualitatively the question of the asymmetry of the 
particles. We define the asymmetry in terms of 
the quantity 


n=(N,—N_)/(N,+N_), (2) 
N,+N_=N, 
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FIG. 4. Combined c.m.s. angular distribution of protons 
and pions. 


where N, is the total number of particles of a 
given kind emitted in the forward hemisphere, N_ 
is the corresponding number of particles for the 
backward hemisphere. The values of 7 for pro- 
tons and pions and also for the combined distribu- 
tion are shown in Table I for geometrical correc- 
tions introduced in various ways. The errors 
shown in the table were calculated with the aid of 
the binomial distribution of the values of N,/N, 
where to determine the errors in the quantities 
N, and N we used different numbers of measured 
particles without taking into account their statis- 
tical weight. It is seen from the table that there 
is a significant tendency for the preferential emis- 
sion of protons in the backward hemisphere and of 
pions in the forward hemisphere (in the c.m.s.); 
the value of the asymmetry determined by (2) lies 
outside the limits of error. 

Hence we can conclude that the symmetry of 
the particles in the angular distribution for three- 
prong stars in the pn interactions found in [4,5] is 
the result of the unjustified assumption that the 
c.m.s. velocity of the secondary particles is equal 
to the velocity of the c.m.s. relative to the l.s. 

(Bi = Bc). In fact, the combined proton and pion 


Table I. Value of asymmetry in pion and proton distributions 
and combined angular distribution for different methods of 
introducing geometrical corrections and different assump- 

tions on the relation between the ionization and 
the momentum of the particles 


Statistical weight 
from Eq. (1) 


Barkas and Edwards 
Young et al. 


for case a 


Barkas and {| Edwards 
Young 


Experimental statistical weight 


for case b 


Edwards 
et al. 


Barkas and 


et al. Youn 


Np —0.36+0.15] —0,4340,12| —0.32+0.14] —0.41+0.12} —0,35+0.10| —0.42+0.10 
—0.17+0.10* —0.16+0.10 —0.16+0.09 

re OO 07) +0.16+0.06 +0.31+0.07| +0.32+0.06 +0.40+0,07) +0.41+0.07 
+0.07+0.08 -+0.22+0.08 +0.34+0.08. 

Mptn | +0-04+0.07/ -+-0.04£0.07 +0.06+0.07| +-0.050.07 +-0.09+0 .06) +0.08+0.06 
—0.03+0.07 +0.05+0.07 +0.08+0.06 


*The values in these curves correspond to the assumption that all particles with 


pBc > 2.5 Bev are protons. 
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FIG. 5. Energy spectra of protons (a) and pions (b) in the 
c.m.s.; E’—total energy of protons and pions (AE’ —in units 


of p7c’). 


angular distribution (Fig. 4) is symmetric. De- 
spite the fact that no asymmetry is observed, in 
the combined angular distribution of all particles, 
even under the stronger assumption as regards 
the nature of the high-energy particles (pBc = 2.5 
Bev), we are inclined to believe that the observed 
strong tendency for the emission of pions in the 
forward hemisphere and of protons in the back- 
ward hemisphere in the c.m.s. reflects the exist- 
ence of a real physical phenomenon which has not 
been explained as yet. 


3. ENERGY CHARACTERISTICS OF SECONDARY 
PARTICLES, DISTRIBUTION OF TRANSVERSE 
MOMENTA AND INELASTICITY COEFFI- 
CIENTS 


The experimental proton and pion c.m.s. energy 
distributions are shown in Fig. 5. We cannot, at 
present, make a direct comparison with the vari- 
ous theories of meson multiple production, since 
we do not have the calculated energy spectrum for 
reactions involving only three charged particles 
among the secondary particles. 

We give below the mean values of the proton 
and pion energies in the c.m.s. Ej , and the cor- 
responding values for particles emitted in the for- 
ward Es and backward Ep hemispheres (in Bev): 


Etot Ef Et 
Protons: 1.426 + 0.044 1.365 + 0.046 1.453 + 0.045 
Pions: 0.460 + 0.024 0.449 + 0.050 0.487 + 0.052 
AN/NA p, 
2be> 
FIG. 6. Transverse momentum distributions of 
protons (a) and pions (b) (p, in units of Bev/c). 16 
48 
seme 
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It is seen that these values do not differ from 
one another, within the limits of experimental 
error, which, of course, indicates that the par- 
ticle energies were measured correctly. 

The transverse momentum distributions of the 
protons and pions are shown in Fig. 6. The mean 
values of p,; for protons and pions were (in Bev): 


Py P|, forward Py, back 
Protons: 0.317 +0.025 0.359 + 0.052 0.297 + 0.028 
Pions 0.212 0.012 0.205 + 0.012 0.229 + 0.036 


Also shown in the table are the corresponding 
mean values for the forward and back hemispheres 
in the c.m.s. 

From the mean values of the energy carried 
away by pions and nucleons, we estimated the in- 
elasticity coefficient and the fraction of c.m.s. 
energy expended on the production of neutral 
mesons. If the mean number of pions per three- 
prong star is 1.76 and their mean energy is 0.460 
+ 0.024 Bev, then the fraction of energy expended 
on the production of charged mesons is (31+ 5) %. 
The fraction of energy carried away by nucleons 
is (37+3) % and, correspondingly, the inelasticity 
coefficient is (63+4)%. Hence (32+ 6)% of the pri- 
mary energy remains for the production of neutral 
mesons. 

If it is considered that the number of neutral 
mesons is one-half the number of charged mesons 
(this is confirmed at high energies in the cosmic 
ray region), then it should be assumed that the 
n°-meson energy spectrum in three-prong stars 
is of lower energy than the charged-meson spec- 
trum but this seems unlikely. 

If it is assumed that the neutral and charged 
mesons have the same energy spectra, then we 
arrive at the conclusion that the mean number of 
neutral mesons per three-prong star should be 
approximately equal to the number of charged 
mesons. 
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FIG, 7. Angular dis- 
tribution of protons (a) and 
pions (b) for different 
types of reactions: solid 
line — reaction (I); dotted 
line — reaction (IT); dash- 
dots — reaction (III), 


4, ANALYSIS OF INTERACTIONS IN WHICH THE 
NATURE OF ALL SECONDARY CHARGED 
PARTICLES WERE IDENTIFIED 


In the determination of the nature of the second- 
ary charged particles, we were able to identify all 
three charged secondary particles in 41 cases. If 
we do not consider reactions in which strange par- 
ticles and nucleon-antinucleon pairs are produced 
(the cross section of such interactions is quite 
small), then it is necessary to analyze only the 
following reactions: 


ptn—>ptpiwn + kn, (I) 
ptn—>pt+n4nttam + kn, (II) 
p+ tn nEn a a neat, (III) 


where k =1,2,3,... is the number of 7’ mesons 
produced. For the cases in which all particles 
could be measured, the cross sections of reaction 
(I), (IJ), and (III) are in the ratio oy: o]j: oq] = 1.71 
:3.14:1. The angular distributions of pions and 
protons for these reactions are shown in Fig. 7. 
In order to improve the statistics, we included 
in the proton angular distribution of reaction (I) 
protons in which as a result of the measurements 
two particles were identified as protons and the 
third particle (unidentified) was evidently a pion. 
The number of such cases was 10. All curves 
correspond to the number of measured particles 


without the introduction of geometrical corrections. 


From the comparison it is seen that the pion 
angular distribution for reaction (I) is symmetric, 
but the protons tend to be emitted forward (nb 
= 0.18), while in reaction (II) the pions are emitted 
forward (nll = 0.55 + 0.13), but the proton angu- 
lar distribution is symmetric. The pion angular 
distribution in reaction (III) is strongly asymmet- 
ric (which, perhaps, is due to the selection of 
events and the poor statistics for such reactions ). 
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FIG. 8. Distribution of K 
for reaction (1) (l.s.). 
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Hence, in the angular distributions constructed 
for all reactions (Fig. 2), the asymmetry of back- 
ward protons is apparently due to reaction (I), 
while the forward asymmetry of the pions is due 
to reactions (II) and (III). The possibility of such 
an interpretation will be considered separately in 
another article. 

Cases of interaction in which two protons are 
among the identified particles are of interest, 
since they permit an estimate of the true value 
of the inelasticity coefficient K, i.e., the fraction 
of the primary particle energy expended on the 
production of charged and neutral particles. In 
the l.s., the value of K for each interaction was 
determined from the relation 


K = (2+ M—DE;) | To 


where Ep, is the total energy of the primary proton, 
ZEp is the sum of the total energy for the two sec- 
ondary protons, Ty = 9 Bev is the kinetic energy of 
the primary proton. The value of the inelasticity 
coefficient K’ in the c.m.s. is 


K’ = (2My,— iE.) | 2M (7, — 1), 


where M is the proton mass. 

Figure 8 shows the distribution of K (in the l.s.) 
for 22 cases. The corresponding K’ distribution 
(for the c.m.s.) is shown in Fig. 9. 

It should be noted that the inelasticity coeffi- 
cient distribution for reaction (I) does not have a 
clearly visible maximum, on the contrary the dis- 
tribution is very broad and a tendency is observed 
for the formation of two maxima in the intervals 
0.4—0.5 and 0.8 —0.9 in both the l.s. and c.m.s. 
This suggests the existence of two mechanisms 
of inelastic interaction. But in order to establish 
this, it is necessary to increase the statistical 
material. 
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FIG. 9. Distribution of K' 
for reaction (I) (c.m.s.). 
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FIG. 10. Distribution of 
K' (n°) for reaction (B) (c.m.s.), 
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Knowing the energy of the two protons and the 
pion, we can also find the value of K'(7°), which 
is the fraction of energy expended in the produc- 
tion of neutral particles only. The corresponding 
distribution for reaction (I) is shown in Fig. 10. 
This distribution is also very broad. 


Table II* 


Mean fraction 
Mean fraction | Mean fraction | of energy for 
of energy per | of energy per | all 7° mesons, 
proton, % proton, % vis 


Type of reaction 


69) 18.6 + 0.8 16.4 +0.9 46.4 +2.5 

(II) 15 +0.8 18 +0.8 34 £234 

(IIT) 0 ye Vy eam eal LWeetat.< 
Mean values L8e7 220.8 17.6 + 0.9 _ 


with allowance 
for the experi- 
mental statis- 
tical weights 
(case b) 


*All data refer to the c.m.s. 
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One can still estimate the mean fraction of en- 
ergy carried away by a single proton and a single 
charged pion for the various reactions. These 
values are shown in Table II. It is readily seen 
that the mean value of the energy carried away 
by a single proton and a single charged pion is 
practically independent of the form of the reaction. 
If it is assumed that the mean fraction of the en- 
ergy carried away by the neutron in reaction (II) 
is equal to the mean fraction of energy carried 
away by protons in the same reaction and the 
mean fraction of energy for reaction (III) is the 
same as the corresponding value for reaction (I), 
then we can estimate the fraction of energy ex- 
pended on the production of 7 mesons. This value 
is also given in Table II (column 3). If it is as- 
sumed that the mean fraction of energy expended 
in the production of one n° is the same as the 
mean fraction of energy expended on the produc- 
tion of one charged pion, then it should be ex- 
pected that, on the average, there are two to three 
n° mesons in reaction (I) and one to two n° mesons 
in reaction (II). In reaction (III) ~ 4% of the energy 
goes into neutral mesons, which is within the lim- 
its of experimental error. 


The fraction of energy expended on the produc- 
tion of both charged and neutral mesons in reac- 
tion lis ~ 63%, while 59% of all the energy in re- 
action III is expended on the production of charged 
mesons only. These values are close to one an- 
other, which, indicates the absence of 7 mesons 
in reaction (III), or, at most, the presence of only 
one 7° meson. 

On the basis of the foregoing discussion, it can 
be assumed that, with an increase in the multiplic- 
ity of the charged pions, the number of 7 mesons 
decreases. Qualitatively, this also follows from 
other data. If it is considered that the mean en- 
ergy of the pions does not depend on the multiplic- 
ity (71 then, for ng = 7— 8, a negligible fraction 
of the energy should go into neutral particles. An 
analysis carried out in another experiment 17] in- 
dicates this, too. 


CONCLUSIONS 


1. The combined pion and proton c.m.s. angular 
distribution is symmetric. 

2. The proton and pion angular distributions 
each show an asymmetry in the c.m.s., where the 
sign of the asymmetry is different; the protons 
are emitted preferentially in the backward hemi- 
sphere, while the pions are emitted preferentially 
in the forward hemisphere. 

3. The estimate of the inelasticity coefficient 
based on the protons and pions indicates that half 
the energy going into the production of pions is 
carried away by nm mesons. If it is assumed that 
the energy spectra of the neutral and charged me- 
sons are the same, then the number of 7 mesons 
is equal to the number of m* mesons. 

4. It has been shown that the mean energy car- 
ried away by one charged pion and one proton does 
not depend on the type of reaction. 

5. The distribution of the true coefficient of in- 
elasticity has no clearly discernible maximum; 
instead, we observe a tendency for the formation 
of two maxima. This conclusion, however, has to 
be confirmed with larger statistical material. 

In conclusion, we consider it our pleasant duty 
to thank Academician V. I. Veksler for assistance 
in the exposure of the emulsion in the proton syn- 
chrotron of the Joint Institute for Nuclear Research 
and to M. I. Podgoretskii, K. D. Tolstov, and I. M. 
Gramenitskii and other staff members of the Joint 
Institute for Nuclear Research for discussions and 
a number of comments on this work. 
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ANISOTROPIC FISSION OF U?38 INDUCED BY 3-Mev NEUTRONS 


I, A. BARANOV, A. N. PROTOPOPOV, and V. P. KISMONT 
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Submitted to JETP editor April 11, 1961 
J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1003-1006 (October, 1961) 
A double ionization chamber with grids was used to investigate the dependence of the angular 
anisotropy of U8 fission induced by 3-Mev neutrons on the mass ratio of the fission frag- 
ment pairs. The anisotropy was found to be constant for mass ratios between 1.25 and 1.65. 


It was also established that the angular distribution of light and heavy fragments is symmet- 
rical with respect to 90° to within a 3% uncertainty. 


In one of the first investigations into the angular 
distribution of fission fragments [1], dependence 
was observed between angular anisotropy and 
mass asymmetry, in which it was found that the 
angular anisotropy was greater for asymmetric 
fission than for symmetric fission. Subsequent 
research?) showed that such a dependence of 
angular anisotropy on mass asymmetry persists 
for cases where the fission of various nuclei is 
induced by various particles.* 

However, these investigations were all conduc- 
ted under such conditions that fission of nuclei 
with different excitation energies could occur. 
Therefore, it was impossible to say whether this 
dependence was purely accidental and external in 
nature or an intrinsic characteristic of the fission 
process itself. The possibility of this being an 
intrinsic characteristic has been discussed by 
A. Bohr!5] (the influence of spin and parity of 
various fission channels) and by Strutinskii 6] 
(the dependence of the density of the fragment 
energy levels on the magnitude of their spin). 

However, Halpern and Strutinskiil 7 showed 
that this dependence may also be of a purely acci- 
dental nature. Actually, since the excitation ener- 
gies of the fissioning nuclei in all the experiments 
thus far have been such that nuclear fission could 
occur either with no preliminary ‘‘shedding’’ of 
neutrons or with a preliminary ‘‘shedding”’ of one, 
two, or more neutrons, the temperatures of the 
nuclei immediately before the division into frag- 
ments could be different. Nuclei that have ‘‘shed’’ 
neutrons will fission in a ‘‘cooler’’ state and 
therefore more anisotropically than nuclei that 
have experienced no preliminary neutron ‘‘shedding.’ 


*What is meant here is the fission of heavy nuclei at ex- 
citation energies that do not exceed 50 Mev. 


6(0°)/6(90') 


1,2 C4 1.6 


FIG. 1. Dependence of angular anisotropy on fragment 
mass ratios. o — data obtained for 14.9 Mev neutrons; 
e — data obtained for 3 Mev neutrons. 


1,8 


Fission asymmetry is also related to the excitation 
energy of the nucleus. The lower the excitation 
energy of the nuclei before fission, the greater 
will be their contribution toward asymmetric fis- 
sion. Thus it is that nuclei that have ‘‘shed’’ neu- 
trons before fission undergo more asymmetric 
and anisotropic fission than nuclei that have not 
first ‘‘shed’’ neutrons. 

Experiments in which the excitation of the 
nucleus is strictly limited should provide an in- 
sight into the nature of the dependence between the 
angular and mass asymmetries. In such a case the 
excitation must be small enough so that the fission 
cannot follow the ‘‘shedding’’ of a neutron. These 
conditions are fulfilled when the experiments in- 
volve monoenergetic neutrons with energies up to 
5 Mev. 

The neutrons used in the present investigation 
were obtained from the D(d, n) He® reaction. 
These neutrons, which bombarded a uranium tar- 
get, had an energy of 3 Mev. Because of the slowing 
down of the deuterons in the thick target and the 
finite solid angle a neutron energy as low as 0.2 
Mev was possible. 
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FIG. 2. Relative probability of different fragment mass ra- 
tios for U?** fission. O and O — present data for 0° and 90° 
respectively; e — data obtained by the radiochemical method i 
(fission spectra neutrons). 


A double ionization chamber with grids was 
used to find the angular anisotropy and ratio of 
the fission fragment masses. The common elec- 
trode for the chamber was equipped with a colli- 
mator 1 mm thick. The collimator channels, with 
a diameter of 0.3 mm, were perpendicular to the 
collimator surface. Because of the low intensity 
of the neutron flux the target used was rather 
thick, consisting of natural uranium in the form 
(NH,),U,O7 with an overall density of 450 ug/cm?. 
The electrostatic spraying method was used to 
apply the target to a collodion film [8] 

Measurements were made alternately when the 
chamber was in two positions relative to the direc- 
tion of the neutron beam. In the first position (0°) 
the direction of the neutron beam coincided with 
the axis of the collimator channels, i.e. with the 
direction in which the fragments were separated. 
In the second position (90°) the neutron beam 
entered almost perpendicularly to the axis of the 
collimator channels. The angular resolution was 
such that the direction of emission of the fragments 
did not deviate by more than 28° from the fixed di- 
rection of 0° or 90°. In other respects the experi- 
mental conditions and technique were the same as 
described earlier“4] A total of about 4,000 fissions 
were recorded in each of the two directions. 

To check the reliability of the method under 
thick target conditions we repeated previous 
measurements of the dependence of anisotropy on 
mass asymmetry for 14.9-Mev neutrons in which 
better energy resolution was had!4] The results 
coincided satisfactorily. 


Figure 1 shows the measured dependence of 
angular anisotropy, i.e., the ratios of cross sec- 
tions o( 0°)/o( 90°), on the mass ratio of the frag- 
ments M,/M, for fission induced by 14.9- and 
3-Mev neutrons. One can see that the dependence 
of anisotropy on the mass ratio for 3-Mev neutrons 


is of a different nature from the corresponding de- — 


pendence for 14.9-Mev neutrons. It is essential to 
note that the measured anisotropy for symmetric 
and very asymmetric fissions does not reflect the 
true anisotropy in the corresponding region of the 
fragment mass ratios. This is evidenced by the 
fact that the distribution of the mass ratio for 
fragment pairs (see Fig. 3) for fission at 0° and 
90° angles proved to be 1.5 times as wide as the 
distribution obtained by the radio-chemical 
method {91 

The use of a thick target was the main reason 
for such a wide distribution. A conclusion that can 
be drawn from a comparison of our mass distribu- 
tion with the radiochemical one is that in our case 
the major portion of the symmetric and very 
asymmetric fissions was composed of fissions 
that did not in fact belong to the given range of 
mass ratios. Thus, the major contribution to 
anisotropy for the mass ratio 1.07 was made by 
fissions with a mass ratio > 1.07, while the anisot- 
ropy for the mass ratio 1.87 was mainly due to 
fissions with a mass ratio < 1.87. Therefore, 
when the dependence of angular anisotropy on 
mass asymmetry was under investigation, only 
mass ratios between 1.25 and 1.65 could properly 
be used. 

It is nevertheless important that the anisotropy 
values for.mass ratios of 1.07 and 1.87 lie no 
lower than the anisotropy values for mass ratios 
between 1.25 and 1.65, as in the case of 14.9-Mev 
neutrons. What may to some extent account for the 
somewhat higher position of these points over the 
others is the fact that the distribution of pulses 
from fission fragments where the fission is at 0° 
must be somewhat wider than a distribution re- 
corded at 90°, because of the effect of the motion 
of the center of mass. The anisotropy is constant 
for mass ratios between 1.25 and 1.65, which tends 
to indicate an accidental dependence of anisotropy 
on asymmetry such as was noted earlier in the 
case of fission induced by particles of medium 
energy. In order to determine the degree of ani- 
sotropy in the symmetric and very asymmetric 
regions, measurements with a better resolution 
are necessary. 

Our investigation also resolved the question of 
a difference in distributions of directions in which 
light and heavy fragments are emitted. Previous 
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work!?»4+10] on fission by particles with energies 
not in excess of several tens of Mev has shown 
that there is no difference between the angular 
distributions for light and heavy fragments. In the 
work of Brolley et al £1] on the fission of Np?! 
by 14.3 Mev neutrons it was found that the light 
and heavy fragments do not have identical distri- 
butions. However, the technique used in their ex- 
periment was incapable of ensuring a reliable 
solution of the problem !41 We attempted to com- 
pare the directions in which light and heavy frag- 
ments were emitted from the fission of U?3* in- 
duced by 3-Mev neutrons, since our experimental 
conditions permit us to distinguish a light fragment 
from a heavy fragment and to determine its direc- 
tion of emission. The result was such that the 
number of emissions of a light fragment (relative 
to the total number of fissions) in the 0°, 90°, and 
180° directions were 48 + 3, 48.0 + 2, and 

(49.8 + 3)% respectively. It can be seen here that 
to within 3% the angular distribution of the light 
fragments is symmetrical with respect to 90° and 
does not differ from the distribution for heavy 
fragments. 

Also included in our study was a comparison 
between the mean kinetic energy of both fragments 
that separated at an angle of 0° to the neutron 
beam and the kinetic energy of fragments that 
separated at 90° to the beam, for mass ratios be- 
tween 1.3 and 1.6. The total kinetic energy of both 
kinds of fragments that separated at 0° proved to 
be on the average 0.9 + 0.5 Mev greater than the 
energy of the fragments that separated at 90°. 
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In conclusion the authors wish to express their 
gratitude to Yu. A. Selitskii for preparing the 
uranium target. 
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Hyperfragment production in nuclear emulsion by ~ 9-Bev protons was investigated. Fifty- 
four hyperfragment decays were detected. The hypernuclei Bt, Ch Ch Ce and Ni were 
observed for the first time. ~ 30% of the observed events can be explained by the single- 


nucleon mechanism of A’-hyperon interaction. 


release were observed. 
1. EXPERIMENTAL PROCEDURE 


Tae production of hyperfragments was investi- 
gated in a 10x20 cm nuclear emulsion stack 400 yu 
thick bombarded in the 8.8-Bev internal proton 
beam of the proton synchrotron at the Joint Insti- 
tute for Nuclear Research. The beam density was 
2.7 x 10° protons/cm?. 

In scanning under 150x total magnification all 
‘‘connected’’ stars within a single pellicle were 
registered. All definite instances of nuclear inter- 
action, o stars, and elastic scattering were sub- 
sequently eliminated. The remaining events sat- 
isfied the following criteria: 1) length of connect- 
ing track =20y; 2) the existence of scattering at 
the end of the connecting track; 3) for Z = 4, 
thindown at the end of the connecting track. 

In 72 cm? of emulsion 81 presumable decays of 
hyperfragments were found satisfying the given 
criteria. Six mesonic decays and 46 nonmesonic 
decays were distinguished by means of appropri- 
ate treatment and kinematic analysis. 

Particle identification depended on previous 
calibration of the emulsion. The charge of par- 
ticles having ranges under 1000» was determined 
with calibration curves relating track width d and 
dip (the d method). Measurements were per- 
formed on the tracks of 63 protons, 48 a particles 
from Be® decay and 29 @ particles from Li® de- 
cay. For Z=4 the charge was determined mainly 
on the basis of charge conservation, but also from 
the thin-down length 1. 

The mass of singly-charged particles was de- 
termined by Perkins’ method, “!] for which inte- 
gral calibration curves were plotted relating the 
gap count N to the residual range R [the N(R) 
method] for the tracks of 7* mesons selected 


Two decays with anomalously large energy 


from 7* —p* decays. In some cases the mass 
was also determined from measurements of mul- 
tiple scattering and range. 

The A-hyperon binding energy in the hyper- 
nucleus was calculated from 


Bu=M+Ma—YM;:—Q, 


where M is the rest mass of the nucleus to which 
the A’ was bound, Mj is the ® rest mass, 
1115.06 + 0.21 Mev, [2] Mj is the rest mass of 
emitted particles, and Q is the kinetic energy of 
all emitted particles. Nuclear masses were taken 
from [T, 

The maximum error in Ba was determined 
from 


6Ba = Oexp--str + Ssp + 6Q +6R:, 
Sexp-+sér = aS (B7exp =| RNS 6 Qo = 6M +6Mas es Mt 6M, 


where 6j sty includes errors in range determina- 
tion resulting from the Born approximation, and 
from microscopic distortion and inhomogeneity 

of the emulsion; 6j exp represents errors of the 
MBI-9 microscope; Osp =3xX 10-*Q is an error 
associated with the introduction of a correction 
for the stopping power of the NIKFI-R emulsion; 
OR; = 42 x 10-4Q’ represents errors arising from 
the use of range-energy tables, [4] and Q’ is the 
total energy of emitted charged particles. 

In all cases except when mesons decayed with- 
out emitting a neutral particle, the maximum er- 
ror in determining B, was of the same order as 
Ba. It can be assumed that normal errors will be 
smaller than the maximum errors; this is indi- 
cated by an estimate based on the distribution of 
binding energies for hyperfragments with close 
mass numbers. 
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wT 
Table I 
No. of| Length of 
event pe Decay scheme By, Mev 
4 84 Hes >a +p+p+p+n 0.02+1.59 
2 785 He{ > a- + p+ He? 1,79+0.94 
0.32+0.91 
3** 114 Hei > a- + p + Het 2.19+0,62 
He, > 3- + p+ He® 2.42+0.64 
4 102 Li, >ptd+t+na 9,09 
5 145 Li,>ptd+ttn 5,83+7.65 
6 115 Be, > p+Lib+n 3.40+4,56 
7 50 Li, > p+Het+n 10.08+9.72 
8 84 Li, ~¢+Het+n 4.4242.95 
9 145 Bel ~d+d-+He?+n 6,.36+4,83 
10 176 Li, > p+He®+n 7,93+4,67 
Be > He® + Het + n 9.50+4.57 
Be{ > Het + He? + 2 10.79+6,49 
11 59 Li§ ~d+He®+n 11,29+6.13 
42 61 Be — Het + Het+ n 5.49+5,06 
43 166 Bel? > p+ Li8-+n 3.06 
fe ue BY>pt+d+i+He+n 10, 7819.25 
Bus p+p+d-+Hei+n 8,38+13.44 
15 nat Cit — He? + Het + He? + n 5.13+15.54 
Cll = Het + He? + He? + n 12.49+14,94 
CY > Het + Het + He? + n 12.68+16.67 
16 a Cl Lis+ Li? +n 12.24+10.80 
17 N+ p+CB+n 13.28+18.57 
Cel as Bt tn 14.50+17.64 


*The geometry did not permit an unambiguous determination of the pion 


range. 


**The ground state of He® is always assumed. 


We selected only values of By, agreeing with 
the average of values given in the literature or 
with the expected values within the error limits 
for individual cases. 

We note that nonmesonic decays were not re- 
garded as possible n° decays of hyperfragments; 
the estimated number of the latter was ~ 3. 


2. RESULTS 


Our analysis classified all observed events as 
either clear or doubtful. Forty-two hyperfrag- 
ment decays were clear; of these 6 were mesonic 
(including one instance of decay in flight), while 
the remainder were nonmesonic. 

The binding energy By, was determined in three 
mesonic decays, although the result was unambigu- 
ous in only one instance. B, was determined in 14 


nonmesonic decays, including 10 unambiguous val- 
ues. Table I gives the values of By, and the error 
limits. 

We were apparently the first to observe the de- 
cay of certain heavy hyperfragments. Thindown 
and scattering at the end of each connecting track 
indicate definitely that these are hyperfragment 
decays. Confirmation is furnished by the reason- 
able values of By, obtained from the kinematic 
analysis. Table II gives details for the decays of 
the newly discovered hypernuclei, which include 
BY. Ch, iby Ce, and Ni. It must be noted that 
the existence of these hypernuclei, with the excep- 
tion of eh is not absolutely certain. Events Nos. 
14 and 15 could also be assigned to the previous] 
discovered nuclei BA and ce. respectively. [5-7 
Event No. 17 could involve either of the previously 
undiscovered hypernuclei ni or ahd 
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Table II 
nce EET, 
Hyperfragment 
and its 
No. of | charged decay -| Ranges, | Indentifica- | Azimuth Dip Ba 
event products* mM tion method angle 
a b c 
S50! 19,25 
14 BeBe 23 d 0 =1-:25°50: 10, 78119-2 
He? Heé 39 d 31°3’ —32°20/ 8,38+13,44 
t p 6.7 | From charge 30° —32°20' 
conservation 
d d 1928 N (R) 220°30’ + §°20’ 
p p 10711 N (R) 06°30" 20°25’ 
15 on CK Ce 105 Lsad 0 —47°5’ 9,138+15.51 
He? He* Het ol d 267°24’ +46° 12.49+14,94 
Het He® He? 149 d Do Oe. — 25°30! 12,68+16.67 
He? He? He’ 921 d 27°24’ 76°50! 
16 cn 131 hed 0) -+-29°30’ 
Li? 42 d She — 7°52’ 12,24+10,80 
Lié 6.4 From charge 202°30° =e 
conservation 
17° et ele 215 l,d 0 +24°10’ | 13,28+18.57 
p d 558 d 30°42" —16°20’ 14,5+17,64 
cB. BR 5d,0 | From charge 196°30’ —13° 
conservation 
ASP Cx. Ny 234 jes 0 +18°20' —113+24 
p p 1235 N(R) 
{5044 n(AR) sabe — 4°10’ 
d d 40968 N(R) 310°15’ +17°20' 
Be B 2.4 | From charge 330°39’ —63°47’ 
conservation 
19** ety Be 70 isa 0 —15°20’ —63+9 
p d 31664 N(R) 226°36' —50°50’ 
Ege yale 3049 d 32°39" +66°50’ 


*a, b, c — different interpretations of the same event. 


**In events Nos. 18 and 19 the mass numbe 
determined unambiguously. 


We also observed decays of other rarely ob- 
served hyperfragments. For example, a second 
instance of Beh decay was observed, which was 
reported for the first time by Silverstein.[*] The 
decay of Beh was observed, although the presence 
of a previously undetected Li° nucleus among the 
decay products makes this case doubtful. The de- 
cay of He} also deserves mention. 

The absence of hyperfragments with Z = 1 is 
accounted for by the scanning procedure, whereby 
connected tracks within a single pellicle were 
registered. 

Two nonmesonic decays with unusually high en- 
ergy release were observed; in both instances the 
connecting track exhibited clear thindown and scat- 
tering. The best values of By, obtained for these 
two events were —113 + 24 and —63 + 9 Mev, re- 
spectively. Table II gives the principal parameters 
of these events. The tracks were traced and meas- 
ured by four observers for the purpose of elimi- 
nating errors. 

In event No. 18 the range of the first particle 
was not determined unambiguously. At a distance 


ts of the hyperfragments could not be 


of 1235 » from the decay point, this particle prob- 
ably experienced a nuclear interaction with small 
energy release, producing a star with a small num- 
ber of prongs. Two possible residual ranges were 
therefore considered for this particle. In the first 
case it was assumed that the end of the track coin- 
cided accidentally with the center of the star and 
that the range was R = 1235y; in the second case 
it was assumed that the particle interacted in 
flight. 

In order to determine the mass of this particle 
the measured gap density on the track was com- 
pared with the corresponding densities on the dif- 
ferential calibration curves for protons and pions 
[the n(AR) method]. The results were 1520 + 243 
and 1778 + 290me, so that this particle may be 
considered a proton. On the basis of this assump- 
tion the residual range for the second case was 
found to be 2044. The nuclear interaction energy 
computed from these data was ~ 12 Mev. 

It is important to emphasize that the anomalous 
character of this decay is maintained in both cases. 
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FIG. 1. Momentum spectrum of fast nucleons from non- 
mesonic decays of hyperfragments. Shaded rectangles — fast 
protons; unshaded rectangles — fast neutrons. 


3. DISCUSSION 


All of the observed events involving new hyper- 
fragments had been predicted on Iwao’s shell 
model.'*! Since all hypernuclei known at present 
agree with Iwao’s scheme, the shell-model theory 
of hypernuclei can be considered to agree satis- 
factorily with experiment. In the present work 
members of isotopic multiplets were observed, 
some for the first time. However, the appreciable 
errors incurred in determining Ba and the small 
number of events prevent any quantitative check 
of the consequences of charge independence. 

In nonmesonic decays of hyperfragments the 
ratio of the numbers of decays induced by A’ in- 
teractions with neutrons and protons respectively, 
R = W, (An — nn)/W, (A°p — np), can furnish in- 
formation !10J regarding the character of A°-nucleon 
interactions. For direct hyperon-nucleon interac- 
tions R <1, while for interactions through a vir- 
tual 2 state R = 0.06. 

In A° decay induced by a A’-proton interaction 
the proton acquires energy. Estimates taking into 
account the energy release in decay and the mo- 


mentum distribution of nucleons and A’ hyperons 


in the nucleus indicate that the lower limit of this 
acquired energy is ~30 Mev. The ratio R was 
computed for definite hyperfragment decays. Ac- 
cordingly, we take the probability W, to equal the 
number of decays in which protons were emitted 
with energy above 30 Mev, while W, is the number 
of decays without a fast proton. Our result was R 
= 2.43. According to the results obtained by Fer- 
rari and Fonda!!9J this value of R corresponds to 
a N-nucleon interaction through a virtual 2 state 
with nonconservation of parity in the decay. 
Figure 1 shows the momentum spectrum of fast 
nucleons emitted in nonmesonic decays. The mo- 
menta are given for all fast protons from definite 
decay events and for neutrons from events for 
which definite values of By, were obtained. The 
higher range of neutron momenta compared with 
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FIG, 2. Relationship between the total energy Ey of fast 
nucleons and the energy E’ of all other particles in decays 


for which Ba was determined definitely. e—neutron energy in 
the absence of a fast proton; o—combined proton and neutron 
energy. 


proton momenta agrees with Silverstein’s re- 
sults.8] This difference in the energy ranges 
cannot be accounted for by the interaction of a A° 
with a single nucleon. 

Approximately equal mean proton and neutron 
momenta are observed in decays where a fast 
proton is produced. Therefore the mechanism of 
interaction between a A’ and a single nucleon can 
account for only about 30% of the observed events. 
When a A interacts with a single nucleon the de- 
cay products should always include two fast nu- 
cleons, whereas in a considerable number of 
events in which By was determined definitely 
only a fast neutron was observed (Fig. 2). We 
must therefore assume either that in most cases 
chance values of By, were obtained or that the 
single-nucleon process is an unsatisfactory hy- 
pothesis. An explanation can be sought in the pos- 
sibility that a A° interacts with two or more nu- 
cleons or individual nuclei. It is evident from 
Fig. 2 that some events can be explained in this 
manner, although the energy distribution among 
the different decay products then remains unac- 
counted for. 

The ratio of nonmesonic to mesonic decays of 
hyperfragments confirms spin Ub for the A’ hy- 
peron. 

Events involving anomalously high energy re- 
lease cannot be accounted for easily in the con- 
ventional manner. An estimated ratio of ~ 0.2 is 
obtained for accidental passage of a connecting 
track through a secondary-star center. Some 
possibility therefore exists that the end fragment 
track will coincide accidentally with a star center. 

If the possibility of chance coincidences is ig- 
nored the effect cannot be accounted for satisfac- 
torily by assuming the existence of a A’ hyperon 
in the nucleus. The existence of hypernuclei with 
other known hyperons is excluded because of the 
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possibility of strong interactions. The anomaly 
can then be accounted for by the existence of other 
strange particles allowed by the scheme of Gell- 
Mann and Nishijima. The existence of a hyperon 
with mass ~ 3000m, and strangeness +1 would 
then account for the large energy release in the 
aforementioned events. 

The authors wish to thank Professor A. I. Ali- 
khanyan for his interest, and Academician V. I. 
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ated at the Joint Institute for Nuclear Research. 
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S. P. Rafaélyan, S. P. Papazyan, and A. O. Ovsep- 
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The thresholds of the (y,n) reaction are determined for the three silicon isotopes Si28 


Si??, and si®?, 


Owne to the large neutron binding energy of 
the most abundant of the silicone isotopes, Si?°, 
direct measurement of the yield of the (y,n) 
reaction close to threshold is made difficult by 
the large neutron background. On the other hand 
the short half-life of Si?” (4.07 sec) and the low 
intensity of the present day circular accelerators 
lead to large statistical fluctuations in the ob- 
tained saturation activity. It is thus impossible 
to use the method of induced activity in the re- 
gion of interest to us with the usual experimental 
setup in which the counting of the reaction prod- 
ucts is performed after the irradiation of the 
sample (during a time interval of 10 to 12 T,,.). 

In order to obtain trustworthy data we per- 
formed the counting of the induced activity in be- 
tween the pulses of the betatron. The advantages 
of this system were pointed out earlier. [1] The 
apparatus used for the measurements has been 
described by one of the authors. [2] 

Since it is advantageous to prolong the counting 
time for the measurement of a 4.07-sec activity, 
the control system of the betatron was connected 
to the counting system. The channel duration of 
the 16-channel time analyzer was chosen to be 
4096 usec, which gives a repetition rate of 14 cps. 
In order to account for the background from short- 
lived activities [principally due to the (y,n) re- 
action in the bismuth contained in the material 
used to shield the detector from the direct brems- 
strahlung beam ] the count in the first channels 
was made separately. The contribution of long- 
lived activities was determined by measuring the 
background after turning on the apparatus. 

The decay products of si?’ were detected by a 
stilbene crystal and a photomultiplier. The small- 
ness of the scintillator light flash produced upon 
incidence of the bremsstrahlung on the sample 
ensured very good reproducibility of the results, 
for in this case gain changes of the photomulti- 
plier are negligible. {31 


The precision of the measurement at a suffi- 
cient distance from the threshold is limited by the 
accuracy of the reproducibility of the dose re- 
ceived by the sample. A calculation has shown that 
the possible fluctuations in the yield of the acceler- 
ator and the finite time constant of the dosimeter 
can lead to a relative error not exceeding + 0.3%. 
The reliability of the data close to threshold is 
considerably smaller. 

All measurements were performed with sam- 
ples of natural isotopic composition. The thresh- 
olds for the (y,n) reaction of the two other iso- 
topes was determined by direct measurement. 
The betatron energy control system is basically 
the same as described earlier."4! It contains a 
multivibrator with a response level of the order 
of millivolts. This leads to higher stability than 
obtainable with a de amplifier. In order to com- 
pensate for slow drifts the control system was 
regularly checked. The following (y,n) thresh- 
olds were used as energy calibration points: 

H? (2.226 + 0.02 Mev), Bi? (7.43 + 0.05 Mev), 
Cu® (10.826 + 0.02 Mev), and also the kink in the 
photoneutron yield curve from oxygen at 17.27 

+ 0.04 Mev. 

The measurements were performed after the 
setup reached thermal equilibrium. The extrapo- 
lation to threshold was performed in the usual 
manner. The following values were obtained for 
the threshold energies: 


Si® = 17,14:+ 0,12Mev, Si = 8,47 + 0.07 Mev, 
Si = 10,618 + 0.07 Mev. 


These values agree well with values recently re- 
ported in the literature. ¢*1 


1 Ferrero, Malvano, and Tribuno, Nuovo 
cimento 2, 1135 (1955). 

2 Vlasov, Meshcheryakov, and Kislov, Proceed- 
ings of the Third All-University Accelerator Confer- 
ence (in press). 
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_ ELECTROSTATIC INSTABILITY OF AN INTENSE ELECTRON BEAM IN A PLASMA 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1015-1022 (October, 1961) 


It is demonstrated that the current density in a quasi-neutral fast electrom beam propagat- 
ing in a plasma has an upper limit above which the beam becomes unstable against forma- 
tion of a virtual cathode. The mechanism of this instability is discussed. 


Tae experimental data reported earlier by 
Pierce 4] and recently by Volosov [2] show that 
if the current density j in a quasi-neutral elec- 
tron beam propagating in vacuum exceeds a cer- 
tain limit jp, then small negative potential per- 
turbations build up progressively with time in the 
beam. This results in the production of a virtual 
cathode, i.e., to the ‘‘blocking’’ of the beam by its 
own space charge. The limiting current jp ex- 
ceeds the maximum beam current without ions 
im by a factor of only 5 or 6,4] i.e., cancella- 
tion of the space charge hardly contributes to an 
appreciable increase in the maximum beam cur- 
rent. 

The purpose of the present investigation was to 
determine the stability of a quasi-neutral electron 
beam in a concentrated plasma, or, what is the 
same, the maximum stable current of an electron 
beam in a plasma. 


1. EXPERIMENTAL PROCEDURE 


The stability of the electron beam in the plasma 
was investigated with the apparatus shown schemat- 


ically in Figs. 1 and 2. An intense beam of fast 


electrons and a concentrated highly-ionized ‘‘cold’’ 
plasma were produced in lithium vapor in a strong 
longitudinal magnetic field by a gas discharge with 


an incandescent tungsten cathode with direct cur- 


rent. After leaving the discharge chamber (15 cm 
long with diaphragms 1.2 cm in diameter) the fast 
electrons of the beam and the plasma particles prop- 
agated in a vacuum volume 12.5 cm in diameter and 


struck an anode which was usually at a distance L 
= 100 cm from the cathode. In this volume the 
pressure p of the residual gas was (3—6) x 10°° 
mm Hg, the lithium-vapor pressure in the dis- 
charge chamber was on the order of 1074 mm Hg, 
the discharge voltage Vq which determined the 
beam electron energy could be adjusted from sev- 
eral to 400 volts, the beam current Ig was 0.5—5 
amp, and the magnetic field H could be varied 


fad 


FIG, 1. Experimental apparatus: 1— vacuum, 2 —solenoid, 
3—plasma source, 4—cathode of source, 5 — filter, 6 — beam, 
7 —anode. The dimensions are in millimeters. 


from 400 to 2000 oe. The beam diameter was ap- 
proximately 1 cm. 

The plasma concentration in the investigated 
volume was regulated either by changing the lith- 
ium vapor pressure and the discharge chamber 
(but not below the discharge ignition threshold ) 
or by using a special filter. The filter consisted 
of two water-cooled copper plates cut to fit the 
beam; these plates surrounded the beam over a 
length of 20 cm and could be brought together or 
moved apart during the experiment without inter- 
fering with the beam. Since the plates ‘‘froze 
out’’ the vapor and some of the lithium ions 
emerging from the discharge chamber, the plas- 
ma concentration decreased along the filter. 

The beam and plasma electron concentrations, 
Ne i and Ne,, were measured by a probe method, 
using the volt-ampere characteristic of a bulky 
collector situated behind a small hole 
(2 mm in diameter) drilled in the center of the 
anode. The ion branch of the probe characteristic 
(Figs. 3 and 4) was determined by the Bohm for- 
mula, [3] according to which 


j, = 0,40, V 2T,/m,, (1) 
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FIG. 2. Electric circuit of apparatus: 1 — cathode, 2 —dis- 
charge chamber, 3— filter, 4— anode, C, = C, = 100 yf, R, 
= 40 ohm, 5 —discharge rectifier. 


where j, is the ion current density in the probe 
(collector ), n, the concentration of the ions in the 
plasma, m, their mass, and Te the temperature 
of the plasma electrons. In our case 


fn, = Ne + feo, (2) 
Meg = Seo / Veo, (3) 


and je : and je, are the current densities of the 
beam and of random plasma electrons. The value 
of je, was assumed equal to the collector current 
density at zero collector potential (jp). 

We neglect here the plasma-electron current 
in the probe, i.e., we assume that in the expression 


= i) exp (=F. (4) 


where @, is the potential of the plasma relative to 
the probe (anode)*; the second term in the right 
half can be neglected compared with the first. The 
validity of this assumption will be justified later 
on. Equations (1)—(4) were used to determine the 
relative plasma concentration (a = ne, /Ng, ): 


atla25 ye 2 Biel ieee SRB AP TEE Fe Wout) 


ip Jey Jex / I+ 


er = Jer / Vet, 


jo= jer + 


where eU is the energy of the beam electrons 
(hundreds of ev) and T, = 3 ev (the latter was 
obtained from probe measurements ). We assumed 
U to equal the discharge voltage Vg. 


2. EXPERIMENTAL DATA 


In the first series of measurements we plotted 
the dependence of the time-averaged electron cur- 
rent in the anode, Igy, on the plasma concentra- 
tion. In these measurements Ig (the time-aver- 
aged total beam electron current) served as the 
parameter for the family of functions I,y(n,). 

*In the discharge considered here the plasma has a posi- 


tive potential on the order of several times T./e relative to 
the anode. 
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FIG. 3. Probe characteristic: Ig = 1.2 amp; Vq = 120 v, 
lay = 0.96 amp; H = 1800 0e; L=85 cm; p = 5 x 10° mmHg. 
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We measured simultaneously the amplitude A of 
the oscillations in the beam passing through the 
plasma. A typical result (Fig. 5) shows that there 
are two qualitatively different modes of electron 
beam propagation in the plasma. 

1. If the relative concentration of the plasma 
exceeds a certain ‘‘critical’’ value (aw > ac), the 
beam is stable in the plasma. All the electrons 
that leave the cathode pass freely through the 
plasma and reach the anode. The anode electron 
current Ig is practically independent of the time 
(i.e., it is equal to Igy) and exceeds somewhat 
the cathode electron current Ig, owing to the 
plasma-electron current. 

2. When @ < Qe, the beam is unstable in the 
plasma, as shown by the fact that the electron 
current in the anode oscillates intensely from 
practically zero to a maximum value somewhat 
greater than Iq. 

The current oscillations in the unstable beam 
(Fig. 6) are made up of a relaxation component, 
with period T ~ 10-4— 10-3 sec, and a high- 
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Ip,Ma 
FIG, 4. Ion branch of probe characteristic under the con- 
ditions of Fig. 3. 
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0 Onn 00 600 600 1000 I,,Ma FIG. 7. Sweep of high-frequency oscillations of Fig. 6. 
FIG. 5. Dependence of Izy and A on the concentration of instability in the discharge arc. Such an instability 
the plasma. I; — ion current in probe collector; Ig = 2 amp; arises, as is well known, §*] when the ratio of the 
Va, H, L, and p are the same as in Fig. 3. cathode ion current to the cathode electron current 


d . h s . 
feedueney component -with peried + « (1—3) oes not satisfy the Langmuir relation 


x 107’ sec. The high-frequency oscillations jy | jer >> V me] m,. (6) 
(Fig. 7) occupy a portion T, of the period of the 
relaxation oscillations, and their amplitude is 
somewhat greater than Ig. This means that when 
@ < Qe (we refer here to time-averaged quanti- 
ties ) the beam passes freely through the plasma 
only during a time interval T, = T—Ty,, while 
during the time interval T, it alternately passes 
through the plasma (with period T) or is cut off. 
Consequently the average anode current I,, com- 
prises only part of the total electron current, the 
remainder of this current (as shown by measure- 
ments and by Fig. 8) going to the discharge cham- 
ber (or to the filter, if used). With increasing a, 
the value of T,/T increases, causing a corre- 
sponding increase in Igy (Fig. 5); when @=d¢ 
we have T,/T =1 and I,, practically reaches 
saturation (at a value somewhat greater than I). 


In our experiments such an instability was produced 
artificially by decreasing Vg to 10 or 15 volts, and 
manifested itself in the fact that the discharge was 
alternately ignited and extinguished, with a period 
on the order of 200—500 usec (Fig. 9); it is par- 
ticularly important here that the oscillations of 
the anode and discharge-chamber current were 
in step with the oscillations of the total discharge 
current (no filter was used in this experiment ). 
Unlike the oscillations due to such an instability 
of the discharge arc itself, the investigated oscil- 
lations in the anode and discharge-chamber cur- 
rents (Fig. 8) are out of phase and are consequently 
of a different nature (there was likewise no filter 
in this experiment ). 

We note that all these phenomena looked quali- 
tatively alike, regardless of whether a filter was 


used or not, and regardless of the length of the 
3. MECHANISM OF INSTABILITY OF THE ELEC- 


TRON BEAM IN THE PLASMA 


It must be emphasized that these current oscil- 
lations in the electron beam are not connected with 


FIG. 6. Dependence of the anode current on the time. 
Upward deflection corresponds to an increase in the electron 
current. T = 500 psec; 7 = 0.15 sec; peak-to-peak oscil- 
lation A = 2 amp; Ig = 1.8 amp; Va = 180 v; lav = 1 amp; 

H = 1800 oe; p = 4 x 10° mm Hg; L = 100 cm. 


FIG. 8. Oscillograms of anode current (below) and dis- 
charge-chamber current (above) in a low-voltage discharge. 
Ig = 1 amp; Va = 15 v; T = 300 sec. 
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FIG. 9, Oscillations of anode current (top) and discharge- 
chamber current (bottom). Deflection upward corresponds to 
an increase in the electron current; T = 300 sec; 7 = 0.1 
jesec; A = 2,1 amp; Ig = 2 amp; Vq = 200 v; Iay = 1 amp; 

H = 1800 oe; L = 100 cm; p = 3 x 10° mm Hg. 


plasma beam, particularly when the anode was at 
a distance / = 2 cm from the discharge chamber. 
The latter is illustrated in Fig. 10, where the 
measure of a is the quantity B =I,,/Ig (lay 

= 1.75 amp corresponds to the threshold of dis- 
charge ignition). . 

We thus arrive, on the basis of the data pre- 
sented above, at the conclusion that the beam in- 
stability observed in the plasma when a@< dg, is 
connected with the alternate appearance and dis- 
appearance (with a period tT ~ 10-' sec) of a vir- 
tual cathode in the beam. In these oscillations the 
vanishing of anode current does not signify extinc- 
tion of the discharge, but that the electrons re- 
flected from the virtual cathode ‘‘drop out’’ into the 
discharge chamber and the filter (Fig. 8). As to 
the coordinates of the virtual cathode, a special 
experiment, with a probe moving along the beam 
(on the edge of the beam) has shown that in a long 
beam the virtual cathode is produced between the 
discharge chamber and the anode (for example in 
the filter, if the filter plates are brought suffi- 
ciently close together ). 

Let us explain qualitatively why the oscillations 
have the appearance shown in Figs. 6 and 8. If the 
inequality ’a < a obtains at some instant of time, 
the beam can pass through the plasma only during 
the time interval T) when the negative potential 
perturbations do not have time to produce a virtual 
cathode in the beam. This time interval (~ 107? 
sec), as follows from Figs. 6 and 8, is of the same 
order as the transit time (Te Ae) of a beam electron 
in the system. After formation of the virtual cath- 
ode, the ‘‘beam plus plasma’’ system, deprived of 
the potential barrier which confines the plasma 
electrons, is likewise not stationary. The duration 
Teo Of the cut-off state of the beam will be equal 
to the time in which the plasma electrons remove 
from the system a corresponding excess of nega- 
tive charge, after which the beam is again resumed, 
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FIG. 10. Dependence of A on the concentration of the 
plasma at ] = 2 cm, Ig = 2 amp, Vg = 120 v, H = 1800 oe. 


etc. This can explain why the virtual cathode pul- 
sates in time (Figs. 6—8). 

During these oscillations the plasma electrons 
apparently ‘‘heat up’’ and begin to ionize the lith- 
ium vapor more effectively. If at the same time 
the plasma concentration increases to the critical 
value dg, the oscillations will stop and the plasma 
electrons will begin to ‘‘cool down.’’ Then the 
plasma concentration, after reaching a certain 
limit, will again decrease and when a < a the 
oscillations resume and eventually increase the 
concentration of the plasma to a level @ > de, 
etc. In our opinion this is precisely why the high- 
frequency oscillations are modulated by the relax- 
ation oscillations, and why the latter have ‘‘plat- 
forms’’ corresponding to the stable state of the 
beam (the part T, of the oscillation period T in 
Figs. 6 and 8). It is easy to see that the less the 
time average of a differs from de, the greater 
should be the ratio T,/T and the average current 
through the plasma (Igy). As already noted, this 
is indeed observed in the experiments (Fig. 5). 

If aK dg, then the “‘platforms”’ of Figs. 6 and 8 
should disappear, in spite of the additional ioniza- 
tion of the lithium by the plasma electrons. This 
phenomenon also takes place when B < 0.2—0.3. 


4. LIMITING STABLE CURRENT OF ELECTRON 
BEAM IN A PLASMA 


Thus, as the electron beam passes through the 
plasma, there is an upper limit to the current den- 
sity, beyond which the beam becomes unstable with 
respect to formation of a virtual cathode. The lim- 
iting stable (or critical) beam current density jc 
has been shown by the measurements to be propor- 
tional to the plasma concentration and to be deter- 
mined by the relation 


(7) 


for. +f al5 Viet 16. 
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Thus, for example, the values of I, are 1.05, 2, and 
4 amp for ne, = 2.4, 5, and 1.5 x 10” cm, ete. 
(These data pertain to Vqg=120v). Here 


Ces O024i/ Vex = 30 — 40, 


(8) 


From relations (8), (6), and (1) it follows that 
@e is approximately double the relative plasma 
concentration corresponding to the discharge igni- 
tion threshold. Consequently a discharge with a 
stable arc can be unstable with respect to forma- 
tion of a virtual cathode (as follows from Fig. 10). 

It is easy to see that the presence of a concen- 
trated plasma (a ~ 30—40) increases by many 
times the limiting current and the stable electron 
beam. In fact, in the absence of plasma (a = 0) 
the limiting current in our case (Vg = 120 v, beam 
diameter 1 cm, diameter of vacuum volume 12 cm) 
would be [1,21 


(9) 


In other words, the plasma exerts an appreciable 
stabilizing action on an electron beam propagating 
through it. This action is obviously connected with 
the fact that when a perturbation of potential occurs 
in the beam, a sufficient number of plasma elec- 
trons leave the system under the influence of the 
resultant electric field, and the development of 
the perturbation is slowed down, ceasing com- 
pletely when a > do. 

We can make the following suggestions concern- 
ing the mechanism of this additional departure of 
the plasma electrons. This beam instability, as 
already noted, develops in a time on the order of 
the transit time Te, of the beam electrons. Within 
this time the plasma electrons do not have a chance 
to ‘‘drop out’’ of the beam along the magnetic field, 
since their velocities are much lower than the ve- 
locities of the beam electrons. Thus, there is ap- 
parently no time for the longitudinal drift of plasma 
electrons to come into play, and the principal fac- 
tor stabilizing the system is the transverse (per- 
pendicular to H) drift of the plasma electrons. 

The following data favor this conclusion. First, 
when @ < Q@ the flow of beam electrons trans- 
verse to the discharge chamber is approximately 
equal to the total electron current from the cath- 
ode (Fig. 8) i.e., it amounts to two or three am- 
peres, which is easily verified to be several or- 
ders of magnitude greater than the transverse 
flow of these electrons due to collision with ions 
and atoms. Second, measurement with a probe 
located 40 mm away from the beam axis have 
shown that when a < @¢ the plasma electron and 
ion currents in the probe increase by several 


jp 30 ma cm? 10? jy. 
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times, in spite of the considerable decrease (by 
several times) of the current in the beam passing 
through the plasma (the half-width of the beam 
also increases appreciably). In other words, when 
a<Qq avery effective (‘‘anomalous’’) trans- 
verse diffusion of electrons is produced in the 
plasma beam. 

Third, experiments have shown that the beam 
stability depends strongly on the intensity of the 
magnetic field. It turns out that when a@ is neither 
too small nor too large the beam is stable only 
within a definite range of H, for example from 
800 to 1400 oe (this range is greatly extended on 
both sides as @ increases, and its upper limit 
goes beyond 2000 oe). Fourth, as already noted, 
in a long beam the virtual cathode is formed be- 
tween the discharge chamber and the anode. This 
means that different parts of the beam (having 
different longitudinal coordinates) are not equally 
stable against the formation of the virtual cathode. 
The greatest stability is possessed by the dis- 
charge-chamber region. This can be attributed 
to the greater effectiveness of the transverse mo- 
tion of the plasma electrons in this region, owing 
to the increased concentration of the plasma and to 
the proximity of the walls. 

To find a general quantitative criterion of the 
above instability of a beam in a plasma, and to ex- 
plain its origin, additional research must be car- 
ried out. The same holds for the explanation of 
the role of the boundary conditions. In the present 
investigation the ‘‘beam plus plasma’’ system was 
open and was bounded by electrodes, one of which 
was the source of the electron beam and the other 
the receiver. The question whether a similar in- 
stability can arise in a closed system, say ina 
torus, still remains unanswered. 

The author is deeply grateful to G. I. Budker, 
at whose initiative the present work was carried 
out, for useful advice; to A. M. Solntsev for very 
effective help with the work, and to A. V. Zharinov, 
M. S. Ioffe, B. B. Kadomtsev, and A. A. Vedenov 
for valuable discussions and advice. 
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The nuclear reaction Ne*!(n, a) 0!® has been detected in a neon-filled ionization chamber 
irradiated by thermal neutrons. The energy and effective cross section of the reaction have 


been measured. 


hens based on the nuclear masses 
shows that neutrons can produce in neon isotopes 
only one exothermal reaction with emission of 
charged particles, namely Ne?! (n, a) o!8 ( the 
atomic masses used in the calculations were taken 
from the tables of [1,2], 

To observe this reaction we placed a spherical 
ionization chamber, 31 filled with pure neon to a 
pressure of 10 atm, in a beam of slow neutrons 
from the thermal column of the BR-5 reactor. A 
continuous discriminator was used to plot a blank- 
ing curve, differentiation of which yielded a pulse 
spectrum in the form of a peak with a ‘‘tail’’ 
stretching to the left. The reaction energy 
Q = 0.696 + 0.019 Mev, obtained from the peak 
position, coincides within the limits of experimen- 
tal accuracy with the calculated value Q = 0.704 
Mev 4] No pulses of comparable amplitude were 
observed in control measurements with an argon 
filled chamber. This circumstance confirmed in- 
directly that the pulses registered in the main ex- 
periment were to due to the neon itself. The high 
cadmium ratio (> 100) measured with the neon- 
filled chamber indicates that the reaction noted is 
induced by thermal neutrons. 

The effective cross section of the Ne?!(n, a) 0'8 
reaction on thermal neutrons was measured by 
comparing it with the cross section of the He’ 

(n, p) H® reaction. For this purpose, two identical 
chambers, one with neon and the other with He’, 
were placed successively at the same point in 
space and the ratio of the counting rates from the 
chambers was then determined. Since the helium 
chamber counted too many pulses per second in 
the direct neutron beam, all the measurements 
were made with scattered neutrons several meters 
away from the open damper of the thermal column. 


The ratio of the counting rates was found to be 13090 
+208. Knowing the content of He® in the working 
mixture and of Ne”! in natural neon (0.257%), we 
could readily determine the cross section ratio: 
ONe2!/oye3 = 0.0177 + 0.0059. The uncertainty in 
the result indicated here is the total experimental 
error, which reflects, in particular, the difference 
in the shape of the pulse spectra obtained from dif- 
ferent chambers. Assuming now the cross section 
of the (n, p) reaction on He® for thermal neutrons 
to be 5400 + 200 b,-°! we obtain finally 
o[Ne?!(n, a) O'8] = 96 + 33 b. The use of the 
value oye = 5400 b, obtained for a neutron veloc- 
ity 2200 m/sec, is fully justified in this case, for 
it was established in physical tests on the BR-5 
reactor that the spectrum of the neutrons leaving 
its thermal column is quite close to Maxwellian. 
We note that the Ne?! (n, a) O'® reaction can be 
used for the spectrometry of fast neutrons along 
with the He*(n, p) H® reaction. If the first of these 
reactions is used, pulses from the recoil nuclei 
will not interfere with the measurements up to a 
neutron energy ~ 4 Mev. 
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The differential cross sections for 2.8-Bev 7 n scattering are determined for c.m.s. angles 
from 10 to 180°. The probability for nondiffractional scattering of t mesons is found to be 
small and to drop sharply with increasing incident meson energy. 


INTRODUCTION 


Waene is now much experimental material /1-81 
on the elastic scattering of pions in 7N collisions 
at energies above 1 Bev. These data deal mostly 
with scattering in the region of the first diffraction 
maximum. Appreciable interest is attached, how- 
ever, to scattering of pions by nucleons at larger 
angles, called arbitrarily non-diffraction scatter- 
ing. We have obtained earlier (9] certain informa- 
tion on the cross section for the elastic scattering 
of negative 2.8-Bev/c pions by neutrons at 140— 
180° in the c.m.s. In the present work the meas- 
urements have been continued to determine the 
differential cross section of elastic mn scatter- 
ing at all angles outside the diffraction-scattering 
region. 

There is only one published paper [1] qevoted 
to a study of 7*p scattering (which is isotopically 
symmetrical to mn scattering) at 1.8 Bev in the 
entire angle interval. However, if it is assumed 
that in this energy range the character of scatter- 
ing of positive and negative pions by nucleons is 
the same, the results of the present investigation 
can be compared with the results of [*-5] which 
deal with non-diffraction elastic 7 p scattering. 
In particular, a study was made!*»3] of the angular 
distribution for elastic scattering of 1.2- and 1.3- 
Bev negative pions in the c.m.s. angle interval up 
to 180°. Approximately 100—200 cases each of 
elastic scattering outside the diffraction region 
were registered. For 5-Bev negative-pion ener- 
gies, seven [4] and two!*!] cases of non-diffraction 
elastic scattering were found. In ') a comparison 
was made of the angular distributions for elastic 
mp scattering at energies 0.97 Bev, '19/ 1.2 Bev, [2] 
and 1.3 Bev. '3] The differential backward scatter- 
ing cross section curves for 1.2 and 1.3 Bev do 


not differ from each other, within the limits of 


_ experimental error, but lie somewhat lower than 


the corresponding curve for 7 p scattering at 

970 Mev. The authors call attention to this ten- 
dency. The presence of non-diffraction scattering 
at 1.3 Bev is emphasized in [5] | where it is indi- 
cated that it apparently interferes with the diffrac- 
tion scattering. Not much attention has been paid 
to non-diffraction scattering at high energies, nor 
have any deductions been drawn concerning its 
character and its variation with energy. 


EXPERIMENTAL SETUP 


To study elastic mn scattering we scanned 
approximately 5000 stereo pairs, obtained with a 
17-liter freon bubble chamber {441 50 cm long. The 
negative-pion beam had a momentum 2.8 + 0.3 
Bev/c. The bubble chamber was operated without 
a magnetic field. The freon working mixture 
(CF3Cl and CF,Cl,) contains light nuclei and 
has at the same time a sufficiently high specific 
gravity (1.12 g/em*) and low conversion length 
(30 cm); the latter is particularly important, 
since the main source of the background was a 
process involving the creation of neutral pions, 
which were effectively registered in the chamber 
via the decay y quanta. 

In scanning the stereo pairs we selected the 
single-prong stars. These were assumed to occur 
upon interaction between the negative pions and 
the quasi-free neutrons of the nuclei contained 
in the freon. Additional selection criteria, taking 
the kinematics of elastic mn scattering into ac- 
count, were the conditions that a) the scattered 
particle must not stop in the chamber substance, 
b) the ionization of the scattered particle must not 
differ by more than a factor of three from the ion- 
ization of the primary particle, and c) the track 
of the scattered particle must not have a deflec- 
tion greater than three bubbles (~2 mm), and 
consequently the angle of multiple scattering of 
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the particle should be less than that for 200-Mev/c 
pions. 

The film was scanned by two observers inde- 
pendently. The efficiency of detecting a single- 
prong star with secondary-particle emission 
angle > 15° in the laboratory system of coordi- 
nates (l.s.) is close to unity. Information on the 
scattering in the ~ 5—15° range in the l.s. were 
obtained after an additional thorough examination 
of approximately one tenth of the entire material. 
This is necessary because, on the one hand, scat- 
tering at small angles is frequently encountered, 
and on the other, it is more difficult to search 
for such scattering on the film than for scattering 
at larger angles. Scattering at angles <5° in the 
l.s. was not investigated, for in this range of angles 
scattering on the nucleus as a whole begins to com- 
pete with scattering on the quasi-free nucleons. 

The distribution of selected single-prong stars 
by the secondary-particle 1.s. emission angles is 
shown by the smooth curve of Fig. 1. The dashed 
curve on the same figure shows the angular dis- 
tribution of those single-prong stars, from among 
the total number selected, which were accompa- 
nied by 1, 2, or 3 electron-positron pairs directed 
toward the interaction point. These events were 
due to the reaction 


(1) 


where m=1,2,... is the number of mesons pro- 
duced in the given process. This distribution in- 
cludes five single-prong stars connected with cre- 
ation of strange particles: one AM (or >°) and four 
K° mesons. Intwo cases thecreation of the K’ meson 
was accompanied by emission of pions, since elec- 
tron-positron pairs due to conversion of the y 
quanta from the neutral pion decay were regis- 
tered. It is natural to assume that the A° and K® 


u+t+n—onw +n+ mn, 
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particles were created in interactions of the type 
mw + n—>mxm + A%(2°) + K° + mn, (2) 
m +n—>K~-+K°+n-+mn, (3) 
mn tnom+tn+K°+ K+ mn, (4) 


where m=0,1,2.... 

We note that seven single-prong stars were reg- 
istered in the interval of negative-pion emission 
angles from 90 to 180° in the l.s. Five of these 
were accompanied by electron-positron pairs or 
a K® meson. This fact is in good agreement with 
the result of the preceding investigation. [9 


SUBTRACTION OF BACKGROUND 


The reactions (1)—(4) are background reactions 
relative to the investigated process, and the single- 
prong stars due to these reactions must be elimi- 
nated from the total number of selected cases. 
There exists a finite probability of not registering 
a n°, KY or A particle. The registration effi- 
ciencies of the neutral particles must therefore be 
taken into account in the subtraction of the back- 
ground. 

Let us consider reaction (1). It is first neces- 
sary to estimate the efficiency of registration of 
the y quanta from the neutral-pion decay. For 
each y quantum producing a pair directed toward 
the selected single-prong star we measured the 
distance L along the direction of motion of the y 
quantum, from the point of interaction to the 
boundaries of that region of the chamber in which 
the conversion pair could still be registered in 
the scanning. This distance, for a known conver- 
sion length Lx = 30 cm, enables us to determine 
by means of the formula ¢€ = 1—exp(-—L/Lx) the 
efficiency ¢€ of registering a y quantum emitted 
from a given point in a given direction. The aver- 
age efficiency of registration of the y quantum 
from reaction (1) was calculated from the formula 
€ =n/Ze;j!, where n is the number of registered 
electron-positron pairs. 

Within the limits of statistical errors, the av- 
erage efficiency of registering the y quanta re- 
mains the same for neutral-pion emission in dif- 
ferent angular ranges. This enabled us to calcu- 
late the average y-quantum registration efficiency 
for the entire chamber, independently of the angle 
of emission of the neutral pion. The average reg- 
istration efficiency of the y quantum produced by 
reaction (1) is 0.33 + 0.03. 

To determine the number of single-prong stars 
due to reaction (1), but not accompanied by conver- 
sion pairs, we must know the multiplicity of forma-~ 
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Angle A 

interval Ys | Ne | Ns | N | N | No 
0—30° 30 13 0 56 43 29+4 

30—60° 24 8 3 49 35 20+3 

60—180° 8 6 2 26 16 543 


tion of neutral pions. The table lists the following 
data for three negative-pion emission angle inter- 
vals: N* —number of single-prong stars with 
electron-positron pairs directed towards the inter- 
action point, N;, Nj, and N; —numbers of single- 


prong stars with 1, 2, and 3 electron-positron pairs, 


respectively, N —total number of registered y 
quanta from reaction (1). 

A change in the multiplicity of creation of the 
neutral pions in reaction (1) influences the sought 
number of single-prong stars unaccompanied by 
electron-positron pairs in the chamber (Nj), as 
well as the ratios N,/N*, N,/N*, N;/N*, and 
N/N*. Starting from these experimentally-deter- 
mined ratios, and assuming that the registration 
efficiency of the y quanta is 0.33, we calculated 
Np. The resultant values of Np are listed in the 


- last column of the table. 


The efficiency of registration of reactions (2) 


'—(4) was estimated starting from the following 


considerations: a) the K® and K° mesons behave 
in half the cases like long-lived K} mesons and 
leave the chamber; b) in one-third of the cases 
the ko meson decays into two neutral pions, and 
such cases were not registered in the chamber; 
c) there is a finite probability that the K} meson 
will leave the chamber; d) the A’ particle can 
decay into a neutral pion and neutron and may 
thus not be registered; e) the A’ particle can 
leave the chamber; f) in reactions (2) and (4), 
the neutral strange particles should be taken into 
account twice; g) some part of the reactions (2) 
—(4) are accompanied by the creation of neutral 
pions, which can be registered in the chamber 
and accounted for together with reactions (1). The 
calculated value of the registration efficiency of a 
single-prong star connected with the observed 
creation of strange particles in reactions (2)—(4) 
is approximately 0.4. The error in this quantity 
is of little significance, since the number of reg- 
istered events due to reactions (2)—(4) is small. 


DISCUSSION OF THE RESULTS 


It is assumed that all the single-prong stars 
remaining after subtracting the background, i.e., 
not due to reactions (1)—(4), are cases of quasi- 
elastic ™n scattering on quasi-free neutrons of 
the nuclei. In quasi-elastic 7 n scattering, half 
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of the neutrons in each nucleus of the freon mix- 
ture effectively participates on the average in the 
quasi-elastic mn scattering. The other half of 
the neutrons is screened by the remaining nucle- 
ons of the nucleus, since the secondary particles 
produced in the elastic mn scattering, initiate a 
nuclear cascade, which results in stars having > 1 
prong. The value of the screening coefficient n 
= 0.5 was discussed earlier, 11 

The angular distribution of elastic mn scatter- 
ing referred to a single free neutron is shown in 
Fig. 2. The abscissas show the cosines of the 
angles and the negative-pion emission angles them- 
selves in the c.m.s. of the negative pion and the 
nucleon. The ordinates represent the differential 
cross sections of the elastic mn scattering. The 
left-hand scale pertains to angles < 38° in the 
c.m.s. and the right-hand scale, which has been 
changed by a factor of one hundred, pertains to 
scattering angles > 38°. The errors indicated on 
the figure are statistical. Error bars parallel 
to the abscissa axis indicate the width of the angle 
interval over which the average was taken. 
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FIG. 2 


The continuous curve in Fig. 2 shows the cal- 
culated angular distribution of the diffraction scat- 
tering of 2.8-Bev/c pions. The calculations were 
based on the formulas of the optical model, which 
are customarily used in this case, [12] under the 
assumption that the nucleon is a sphere with sharp 
boundary and constant refractive index. The pa- 
rameters of the optical model were taken from [6] 
namely: the change in the real part of the wave 
number K, is zero, the coefficient of absorption 
of the nucleon is K = 0.71 x 1078 cm“, and the 
radius of the sphere is R = 1.05 x 10-8 em. These 
parameters agree with all the known experimental 
data on elastic 7N scattering. (1-8] It is seen from 
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Fig. 2 that the points corresponding to 50° scatter- 
ing in the c.m.s. lie on the calculated curve, i.e., 
it can be assumed that the results obtained in the 
present investigation in the region of diffraction 
mN scattering do not contradict the aggregate of 
presently known results. 

From the data obtained in this investigation we 
can conclude that, accurate to 0.006 mb/sr, there 
is no elastic 7 n scattering in the range 90—180° 
(c.m.s.). This confirms the previous “*! deduction 
concerning compensation of diagrams with one vir- 
tual nucleon (Fig. 3) at high energies in mn scat- 
tering, while the data on the wider angle range 
confirm the conclusion that the contributions of 
different phase shifts with small orbital momenta 
cancel each other in c.m.s. backward scattering, 
or else that these phase shifts themselves are 
small. 


Puce. 3 


It is seen from Fig. 2 that elastic mn scatter- 
ing is observed at 50—90° in the c.m.s. Strictly 
speaking, we cannot exclude the possibility of fit- 
ting this part of the scattering in the framework 
of the optical model by suitable choice of the pa- 
rameters and by increasing their number (for 
example, by taking account of the diffuse boundary 
of the nucleon). At the present statistical accu- 
racy of the experimental material, however, such 
a description is meaningless. 

It is interesting to compare the results obtained 
with the corresponding results from [iyo] One 
can hope that the conclusion concerning the com- 
pensation of the diagram of Fig. 3 makes a com- 
parison of mn scattering with 7p scattering 
valid. Otherwise the scattering of negative pions 
by neutrons and protons at c.m.s. angles > 90° 
would be different, since the diagram of Fig. 3, 
which yields backward scattering at high energies, 
does not hold for mp scattering, owing to the 
charge-conservation law. 

The known data on potential, non-diffraction 
scattering of pions by nucleons are compared in 
Fig. 4, where the abscissas represent the c.m.s. 
momentum p* transferred in the scattering and 
the ordinates are the differential cross sections 
in terms of the square of the pion wavelengths in 
the c.m.s. The data of [4:3] have been averaged 
over the intervals designated by the horizontal 
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error bars in the figure. The data of Thomas EAd 
are given for the seven cases he has noted outside 
the region of diffraction scattering, with notice of 
the fact that not a single case of elastic scattering 
was registered at 90—180° c.m.s. The error shown 


in the figure for this region corresponds to a single 


case. As can be seen from the foregoing results, 
subject to the accuracy indicated in the figure, the 
nucleon does not acquire a c.m.s. momentum 
greater than 1.5 Bev in elastic 7N scattering, and 
the probability of acquiring a momentum 1—1.5 
Bev decreases with increasing energy of the in- 
coming meson. 

The character of scattering at high energies is 
such that in elastic pp scattering the maximum 
c.m.s. momentum transfer is 1.6 Bev/c, accurate 
to 0.01 mb/sr. Such a transfer was registered in 
the scattering of 4.4-Bev protons in [13] With 
increasing energy of incoming protons the proba- 
bility of transferring a momentum = 1 Bev/c de- 
creases, [13-16] It is interesting to note (see £171) 
that the A° particles produced in the interaction 
between 2.8-Bev/c negative pions and nucleons 
also have in the laboratory system a maximum 
momentum of 1.6 Bev/c. 

The authors are deeply grateful to I. Ya. Pom- 
eranchuk, who called our attention to this problem, 
for numerous discussions during the work. We 
are grateful to Academician A. A. Alikhanov and 
M. S. Kozodaev for interest in the work and for 
useful discussions of the results obtained, to Yu. 
S. Krestnikov and V. A. Shebanov who graciously 
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also to N. S. Khropov and M. U. Chudakova for 
help in the measurements. 
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The spectra of electrons produced in the decay of uy” mesons in light (C, N, O) and heavy 
(Ag, Br) mesic atoms in a nuclear emulsion have been measured. In the first case, the 
spectrum is identical with the positron spectrum in the y*-e decay. In the second case, 
the spectrum shape seems to be softer. The spectrum of Auger electrons accompanying 
the yp -e decay has been obtained. The probability of Auger electron production in light 
mesic atoms is shown to agree with the theoretical prediction. 


1. INTRODUCTION 


‘Tae purpose of the present experiment is to com- 
pare the spectrum of the electrons produced in 
u--e decays of mesic atoms of light (C, N, O) 
and heavy (Ag, Br) emulsion nuclei with the pos- 
itron spectra in the p*-e* decay of ‘‘free’’ y* me- 
sons. The decay probabilities and the spectra in 
the p* and wp decay may differ considerably, and 
this difference should increase for heavy nuclei. 
This is due to the decrease in the number of final 
states of the decay electrons, to relativistic ef- 
fects caused by the motion of the 4 mesons in 
the K orbit of the mesic atom, and to the action 

of the Coulomb field of the nucleus on the decay 
electrons. 

All these effects, both for a point and an ex- 
tended nucleus, were investigated theoretically by 
a number of authors.{*-8] For an illustration of 
the magnitude of the expected effect, the decay 
electron spectra for free u* mesons (curve 1) 
and for the decay of mesic atoms with Z=7 and 
Z=40 (curves 2 and 3, taken from [2]) are shown 
in Fig. 1. Here and in the following figures, the x 
axis represents the energy « = E[ Mev] /52.8. 
These curves have been obtained for the four- 
fermion V-A interaction. Thus, curve 1 corre- 
sponds to the Michel parameter p = Un , 

In the present experiments, we have measured 
the following electron spectra: 1) spectrum from 
2969 m*-y*-e* decays; 2) spectrum from 604 
pe -e” decays; and 3) spectrum from 207 py -e7 
decays accompanied by the production of Auger 
electrons. 

The spectra 1) and 2) have been used earlier!4] 
to determine the Michel parameter p and the asym- 
metry parameter 6. The same reference describes 
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FIG. 1. Spectra of decay electrons for V — A interaction: 
1—~Z=0;p=%2-—Z=7; 3 — Z = 40. The calculations 
refer to an extended nucleus. [?] 


in detail the irradiation of the emulsion chambers 
in the 7* and w meson beams using the proton 
synchrotron of the Joint Institute for Nuclear Re- 
search, the method of spectrum measurement, and 
the selection criteria. 


2. COMPARISON OF THE ELECTRON SPECTRA 
IN w-e~ DECAY IN LIGHT EMULSION ATOMS 
WITH THE POSITRON SPECTRUM IN p*-e* 
DECAY 


The positron spectrum obtained from 2969 p*-e* 

decays and the spectrum of electrons from 604 

uw -e” decays in light emulsion atoms is shown in 
Fig. 2. The solid curve indicates the theoretical 
spectrum, blurred by the experimental conditions, 
with a Michel parameter p = 0.68. [4] An analy- 
sis of these spectra leads to the conclusion that 

the electron spectrum for the decay in light emul- 
sion atoms (C, N, O) is almost in full agreement 
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FIG, 2. Electron spectra for the y+ — et decay (0) and for 
the y” —e decay (X) in light emulsion atoms. 


with the spectrum of positrons from the p*-e* de- 


cay. This result is not unexpected, since the in- 
fluence of the above-mentioned effects connected 
with the bound »” meson should be small for low 
Z (see curve 2 in Fig. 1), and the blurring of both 
spectra due to the dispersion of the measurement 
makes them even more indistinguishable. 

Analogous results have also been obtained by 
Bloch et al, [5] who compared the electron spec- 
trum in pw -e decays in He with the positron f 
spectrum in the p*-e* decay. 


3. SELECTION OF DECAYS IN HEAVY EMUL- 
SION ATOMS 


Most p meson decays in emulsion occur in 
mesic atoms of light nuclei. If we assume that 
~ 40% of the p” mesons stop in the gelatine and 
~ 60% in the silver-halide crystals [8] and use the 
known values for the » meson lifetime in mesic 
atoms of C, N, O, Ag, and Br,""! we find that 
approximately only one out of 15 pw -e decays in 
the emulsion occurs in the mesic atoms of silver 
halides. In order to select such decays, we have 
used as a selection criterion the presence of a 


track of an Auger electron in addition to the decay- 


electron track. Tracks were classified as due to 
Auger electron if they contained not less than four 
grains or blobs, with the first not more than 4u 
from the point were the meson stopped, and in 
which, moreover, the large scattering character- 
istic of slow electron tracks is observed. 

The spectrum of Auger electrons selected by 
such a criterion was estimated in the following 
way: for each Auger electron track, we count the 

_ number of grains or blobs. Then, on plane tracks 
_ whose range is easy to measure, we establish the 


gy 


approximate blob density vs. range relation which, 
in the range of 4— 50 blobs, is of the form R(,) 

= 1.85 N (blobs). From this relation we can deter- 
mine the range of the remaining tracks that are 
more inclined, for which the number of blobs can 
be measured while the range can be measured only 
with great difficulty. After the range has been es- 
timated, the energy is found by using the range- 
energy relations for slow electrons. {*] 

The energy spectrum of Auger electrons ac- 
companying the y~-e decay as obtained by us is 
shown in Fig. 3. The comparison of this spectrum 
with the probabilities, calculated in be g of transi- 
tions in C, N, O, Ag, and Br atoms leads to the 
conclusion that, for our selection criterion, about 
85 — 90% of the uy -e” decays accompanied by 
Auger electrons occurred in mesic atoms of Ag 
or Br. 


a a 
g 50 100 150 5 yoy 200 


FIG. 3. Spectrum of Auger electrons accompanying the p™ 
—e™ decay. 


As a direct check of the accuracy of such a 
selection criterion, we have used the presence of 
Auger electrons in o, capture stars on light nu- 
clei of the emulsion. The capture by a light nu- 
cleus was identified by the presence of a two- 
prong star, with one prong representing the track 
of the recoil nucleus with a range less than 10y, 
while the second prong represents the track of an 
q@ particle. In scanning 500 such stars, we found 
an Auger electron track which satisfied our selec- 
tion criterion, with energy & 25 kev, in only two 
cases. In selecting the u~-e” decays in the emul- 
sion, we found that, using our selection criterion, 
about 60 normal pp” meson decays occurred for 
each decay event accompanied by an Auger elec- 
tron. Hence, it follows that, in our spectrum of 
202 particles, not more than (2/500) x 60 = 25% 
of meson decays in light atoms may be present 
as an admixture. This analysis confirms the cor- 
rectness of our selection criteria for decays in 
heavy atoms. 
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4, COMPARISON OF ELECTRON SPECTRA IN 
uw -e- DECAY IN HEAVY EMULSION ATOMS 
WITH THE POSITRON SPECTRUM 


This comparison is shown in Fig. 4, where 
curve 1 represents the positron spectrum (taken 
from Fig. 2), while curve 2 represents the theo- 
retical electron spectrum from the meson de- 
cay in heavy emulsion atoms (Z = 40) calculated 
by Uberall and blurred by our experimental con- 
ditions. The circles represent the experimental 
electron spectrum. A comparison shows that, 
because of instrumental errors, spectrum 2 is 
shifted towards lower energies. The parameter 
of the spectrum sensitive to the low-energy region 
is the inverse energy averaged over the whole 
spectrum (1/e). The values of (1/e) for the ex- 
perimental spectrum and for the theoretical spec- 
tra are shown in the table. 


FIG. 4. Comparison of the electron spectra for the y+ — et 
and p —e” decays in Ag and Br emulsion nuclei. 1— experi- 
mental spectrum of electrons in the p+—et+ decay taken from 
Fig, 2; 2—electron spectrum calculated by Uberall*] in the 
po —e decay for Z = 40 and blurred because of our instrumen- 
tal errors. 


Spectrum 


Theoretical spectrum of positrons (p = 0.68) 1.79 
Experimental spectrum of 2969 positrons 1.77 + 0.07 
Theoretical electron spectrum 
according to Uberall|’] 1,91 
according to Terent’ev/’] 2.06 
Experimental spectrum of 202 electrons 1.92 + 0.30 


It can be seen from the table that the mean 
values of (1/e) for the theoretical and experi- 
mental positron spectra and for the electron 
spectra respectively are in good agreement. For 
an experimental check of the statistical signifi- 
cance of this agreement, we have divided the spec- 
trum of p*-e* decays consisting of 2969 positrons 
and the similar spectrum of 604 electrons from 
yi meson decays in mesic atoms of light emul- 
sion nuclei into spectra consisting of 200 particles 
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each, and have compared the number of particles 
in the low energy range (Ae = 0—0.4) of these 17 
spectra with the number of particles in the same 
range in the spectrum of yp decays in heavy atoms 
(the latter being equal to 39). In addition, we have 
also compared the mean values of the inverse en- 
ergy for each of the spectra. It was found that in 
none of the 17 spectra is the number of particles 
in the interval Ae = 0—0.4 greater than the num- 
ber of particles in the electron spectrum (39), and 
all values of (1/e) are less than 1.92. Thus, the 
experimental estimate of the probability that the 
measured spectrum of electrons is a fluctuation 
of the positron spectrum gives the value of ~ yee 

< 10%. 


5. NEUTRINOLESS DECAY OF uw MESONS INTO 
ELECTRONS 


Our experimental data on the electron spectra 
in the uw -e” decay makes it possible to obtain the 
upper limit for the probability of the neutrinoless 
decay of u mesons into electrons on the X nu- 
cleus: wp +X-—-X*+e >. This process is forbid- 
den in the first approximation of the four-fermion 
interaction theory, and is absolutely forbidden if 
the electron and meson neutrinos are different. It 
could occur with a uy” meson captured on the K 
orbit of the mesic atom: the whole recoil would 
be absorbed by the X nucleus, and the energy car- 
ried away by the electron would be close to the 
rest energy of the uw meson ~ 100 Mev, or some- 
what less if the nucleus were excited. 

Let us consider the spectra of positrons and 
electrons in the energy range € > 1.0. For the 
positron spectrum, we limit ourselves to this 
range because of the dispersion of the scattering 
measurements which, under our conditions, 
amounts to 15 — 25% at the limit of the spectrum. 

The analysis carried out by us showed that most 
of the particles with energy € > 1 correspond to 
short tracks of length 7 = 1.5 mm, for which the 
dispersion of the measurements is considerable. 
Thus, the background in the range of large ener- 
gies (€ ~ 2), when we are looking for monochro- 
matic electrons of ~ 100 Mev from the p--e” de- 
cay, is determined by the dispersion of the scat- 
tering measurements. 

The second source of the background in this 
energy range is due to the fact that the electron 
spectrum exceeds the limit € = 1 because of the 
effects of the 4” meson binding in the mesic atom. 
The blurring of the spectra in our experiment !4] 
showed, however, that this background is negli- 
gibly small as compared with the first source. 


ELECTRONS EMITTED IN THE DECAY OF NEGATIVE MUONS 
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FIG. 5. Comparison of the ‘‘tails’’ of the spectra for 
pt —et and wp —e decays. 


Figure 5 shows the spectra for an energy «€ > 1.2 
for a) 2980 positrons, b) 604 electrons originat- 
ing in the decays in light emulsion atoms, and 
c) 207 electrons in the decays in heavy emulsion 
atoms. We shall assume that the particles of the 
spectrum a) determine the background of the 
measurement for the spectra b) andc). This back- 
ground in the energy range Ae = 1.7 —2.3 amounts 
to ~ 0.06% of the total spectrum in the energy range 
Aée = 0.1. In the spectrum c) of decays in heavy 
emulsion nuclei in the range Ae = 1.6 —2.3, two 
particles are present. It should be added that the 
tracks of electrons starting with « = 1.5 are very 
short in this spectrum, namely 1.0, 1.25, 1.1, and 
1.0 mm, and their energy is therefore measured 
with an increased spread. We can therefore main- 
tain that the spectrum of electrons from p -e~ 
decays in heavy mesic atoms in the emulsion as 
obtained by us does not indicate the presence of 
electrons in the range of 80 —120 Mev in numbers 
greater than that determined by the background. 
We shall now estimate the upper limit of the 
probability of the process py” +X — X* +e to 
which these results correspond. In order to deter- 
mine this probability, it is necessary to find the 
number of captures corresponding to the measured 
number of decays. Under the condition that the de- 
cay probability is the same for yp” and w* mesons, 
the number of captures Ng = Ng (T)/T —1), where 
Ng is the number of decays, Ty) is the lifetime of 
the * mesons, and 7 is the lifetime of the meson 
in the given mesic atom. We shall furthermore 
assume that the captures in the Ag and Br crystals 
are distributed between the Ag and Br according 
to the Fermi-Teller law, i.e., proportional to Z. 


The number of captures corresponding to 207 de- 
cays of heavy nuclei is equal to 


Nes 20718 (GO 1) 4. (ee 


= a 1)} = 4150. 


Thus, for the ratio of the probability of the 7 

+ X — X+e° process to the probability of the 
capture of a ~~ meson by heavy emulsion nuclei 
(AgBr, Z ~ 40), we find 


%=w(p + X—>X*+e)/w(y + X,>X244+%) 
2.51074. 


6. PRINCIPAL RESULTS 


The principal results obtained in the compari- 
son of the electron and positron spectra in the 
u-e decay are as follows: 

1) The electron spectrum for the decays in 
mesic atoms of light emulsion nuclei is identical 
with the positron spectrum under our experimen- 
tal conditions. 

2) The electron spectrum for the decays in 
mesic atoms of Ag and Br indicates a consider- 
able increase in the mean value of the inverse en- 
ergy (1/e). 

Both these conclusions are in agreement with 
the predictions of the theory of the w-e decay of 
a bound uw meson. 

3) The relative probability of a neutrinoless 
electron decay of a u meson estimated from our 
data is less than k = 2.5 x 107+. This value refers 
to the capture by Ag and Br emulsion nuclei. The 
probability of such a transition on the Cu nuclei 
was investigated in experiments ae by other 
methods. In this experiment, the neutrinoless 
electron decay of a uw meson was also not ob- 
served, and the following upper limits were ob- 
tained for the value of x: ~1073,!!9] (4*3) 

x 1078011) ana 7 x 107-8, 12] 

4) The spectrum of Auger electrons produced 
in the capture of uw” mesons by the heavy emul- 
sion nuclei was measured. 

5) It was shown that the number of Auger elec- 
trons with energy greater than ~ 25 kev in the 
capture of uw” mesons by light nuclei amounts to 
more than a few tenth of a percent of the number 
of captures. These results confirm the theory of 
nonradiative transitions in mesic atoms. /?»13,14] 
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The slowing down time distribution for neutrons slowed down from 14 Mev to 4.9 Mev in 
graphite and iron has been measured with a pulsed neutron source. The results agree 
satisfactorily with the nonstationary theory of elastic slowing down of neutrons. The 
cross section for neutron capture in iron has also been measured and found to be 2.57 


+ 0.04 bn for E = 0.02538 ev. 


iat nonstationary slowing down of neutrons in 
lead was investigated in recent experiments. !!-3] 
A pulsed neutron source, together with a specimen 
having an isolated resonance at an energy Ey, was 
introduced into a lead prism. The intensity of the 
y rays emitted upon capture of the neutrons in the 
specimen were measured as a function of the slow- 
ing-down time. In the limiting case of a very nar- 
row resonance, the ratio of the intensity of the 
radiation emitted in the capture to the neutron 
density yields directly the distribution of the neu- 
tron slowing-down time to a final energy Ey. The 
average slowing-down time in the lead used in that 
investigation was in good agreement with theory, 
but the dispersion in the slowing-down times was 
50 percent greater. In order to determine the 
causes of this discrepancy and to test the theory 
on other moderators, we undertook to measure 
the nonstationary elastic slowing down of neutrons 
in graphite and in iron. 

The measurement procedure was the same as 
before. {!-3] The measurements were made on 
cylindrical gold specimens (Ep) = 4.906 ev) of 
effective thickness 1 = 0.4mm. The y rays from 
the capture of the slowed-down neutrons by the 
gold were registered with a proportional counter, 
over which the specimen was placed. The y-ray 
count I(t) was normalized to a lithium -counter 
counting rate Iy;(t) proportional to the neutron 
density. 

The dots on Figs. 1 and 2 show the experimen- 
tal results, obtained in graphite* and in iron re- 
spectively. The solid curve is a plot of the for- 
mula 


I, (¢) [Iu (t)=const- \ F(E, t)o(1 =e") dE, a) 


0 


*The measurements were made with the prism described 


by Dlougy. (s] 
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FIG. 1. Dependence of I,/ILi on the slowing-down time 
for gold in a prism of graphite: o — experimental points; con- 
tinuous curve —calculated line shape. 


where F(E,t) is a function of the energy distri- 
bution of the slowed-down neutrons, calculated 
after Kazarnovskii, §°] with account of the small 
corrections for the apparatus spectral broadening, 
for broadening due to thermal motion of the atoms 
of the moderator, and for the 0.2% admixture of 
carbon in the case of iron; E and v are the en- 
ergy and velocity of the moderated neutron; N is 
the number of nuclei per em’; o(E) is the total 
cross section for the interaction between the neu- 
trons and the nuclei of the specimen. We neglect 
in (1) the potential scattering. 

In the calculation of F(E,t) we used the tabu- 
lated“*1 scattering cross sections of iron andcopper. 
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FIG. 2. Dependence of I.,/ILj on the slowing-down time 
for gold in an iron prism; o —experimental points, continuous 
curve — calculated line shape, e— points calculated under the 
assumption that the spectrum of the moderated neutrons is 
Gaussian. 


As can be seen from Figs. 1 and 2, the theoret- 
ical curves describe satisfactorily the shape of 
the line, its width, and its position, for either 
graphite or iron. The full circles of Fig. 2 have 
been calculated from (1) under the assumption that 
F(E,t) is a Gaussian function. As can be seen 
from the figure, the difference between the exact 
and approximate functions is insignificant. 

We cannot use the Gaussian approximation for 
light moderators, since the spectrum of the mod- 
erated neutrons is not symmetrical, as can be seen 
from Fig. 1. The agreement with the theory of 
nonstationary elastic slowing down of neutrons, 
observed for graphite and iron moderators, en- 
ables us to conclude that the discrepancy between 
theory and experiment can be attributed in the 
case of lead to impurities of light nuclei. 

We also undertook a direct measurement of the 
mean lifetime of neutrons in an iron prism. The 
intensity of registration of the neutrons with a 
lithium counter I;; and the slowing-down time t 
are connected by the relation [1] 


inf = —alnt—i¢/T + const, 


where t is the neutron slowing down time and T 
the mean lifetime of the neutrons prior to capture. 
In a time interval 10 — 150 usec, the neutron den- 
sity decreased practically exponentially. The 
term a Int, which characterizes the ‘‘leakage’’ 
of neutrons from the prism, was insignificant in 
this case. The measurement results are shown 
in Fig. 3. 
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FIG. 3. Dependence 4 
of the neutron intensity 
I on the slowing-down 
time in an iron prism. 


2 20 40 60 80 100 120 140 160 


t psec 

The mean lifetime in iron is T = 22.2 + 0.15 
usec. After introducing corrections for the im- 
purities in the iron and for the effect of the meas- 
uring channel, we obtain for the lifetime T = 21.30 
+ 0.30 usec. From the measured values of the 
mean lifetime and the density of the iron prism 
we obtain for the capture cross section of 0.0253- 
ev neutrons 0g = 2.57 + 0.04 b. This result agrees 
with the latest published data og = 2.53 + 0.06 b/6@1 
and dg = 2.62 + 0.06 b, [61 

In conclusion I take this opportunity to thank 
F. L. Shapiro, at whose initiative the experiments 
were undertaken, for constant help and collabora- 
tion in this work. 
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A magnetic analysis is performed on 6.6-Mev protons inelastically scattered on F!® with the 
excitation of five levels. The cross sections and angular distributions are measured. Con- 
clusions are drawn regarding the spin, parity, and nature of the levels. 


The F® nucleus has only three nucleons beyond 
the closed shell of the O!* nucleus. We can there- ug/dQ, mb/sr. 
fore calculate numerically the properties of F!® 
low-lying levels in the intermediate coupling model 
of shell theory!4] and also classify the levels with- 
in the framework of the nucleon cluster model. !?1 
On the other hand, three extra nucleons can lead to 
a pronounced deformation of the nucleus, so that 
the presence of rotational levels in F! can be 
expected. [3] 

For this reason, a more precise determination 
of the excited state properties of the F! nucleus 
is of interest. In the present article we investi- 
gate the inelastic scattering of 6.6-Mev protons 
by F! nuclei. The measurement techniques have 
been described earlier.'4] The measured angular 
distributions, which correspond to excitation of the 
levels at 0.198 + 0.012, 1.553 + 0.012, 1.344 + 0.012, 
1.458 + 0.012, and 2.789 + 0.006 Mev, are presented 
in the figure. 

All the angular distributions are asymmetric 
about 90°. The absolute values of the cross sec- 
tions vary sharply with small changes in the en- 
ergy of the excited level. The total cross section 
for excitation of the five F! levels (04 ~ 400 mb) 
is comparable with the geometric one. The enu- 
merated facts allow us to conclude that the inelastic 
scattering is, on the whole, due to direct interac- 


tion. 
bovis at ee 
In excitation of the 0.198 and 1.553-Mev levels, on 50 0 ai x 70 
the transferred orbital angular momentum is / = 2, c.m.s. 
and the possible spin and parity values are in ac- Angular distributions of protons (Ep = 6.6,Mev) inelas- 


cord with the tables of [5], being respectively % tically scattered on F’® with excitation of the following levels: 
and AD In the case of excitation of the 1.334 and 1—0,198 Mev, 2—1.553 Mev, 3—1.344 Mev, 4—1.458 Mev, 
1.458-Mev levels, J = 1 and our measurements and 5 — 2.789 Mev. 

confirm the correct assignment of odd parity to 


these levels (determined on the basis of data on respectively, 25, 25, and 15 mb. The total cross 
the decay of 019 £61), section for the (p,n) reaction on F® is about 
The measured total cross sections for excita- 55 mb.“"] On the other hand, the total cross sec- 


tion of the 1.344, 1.458, and 2.789-Mev levels are, tions for excitation of the 0.198 and 1.553-Mev 
741 
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levels are 180 and 130 mb. The total cross sec- 
tions for excitation of the 0.198 and 1.553-Mev 
levels, which are large in comparison with the 
cross sections for the excitation of other levels 
as well as with the cross section for the (p,n) 
reaction on F!®, indicate the collective nature of 
these excited states (in accord with Cohen’s hy- 
pothesis [8]), This conclusion confirms the as- 
sumption [3] that the ground state and the 0.198 
and 1.553-Mev states belong to one rotational 
series. 

The small cross section for excitation of the 
1.344- and 1.458-Mev levels indicates a single- 
particle mechanism in the excitation of these 
states. They can be interpreted as ‘‘hole’’ states Ee 
or as states possessing a nucleon cluster structure 
which differs from that of the ground state. [2] 

In the excitation of the 2.789-Mev level JZ = 0, 
and consequently the spin and parity are i or 
¥%,* and not %* or %* as assumed earlier. 110] 
Paul and Rakavy /31 propose that the spin and par- 
ity of this level are %*, and on this basis conclude 
that the 2.789-Mev level belongs to the rotational 
series indicated above. On the basis of our meas- 
urements, it seems more probable thatthe 2.789- 
Mev excited state has a single-particle nature. The 
rotational level with spin and parity ee must, it 
seems, lie higher than 2.789 Mev. 
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Absorption of nuclear-active cosmic-ray particles in air was studied by the coincidence 
method at 80, 410, 950, and 2925 m above sea level. The y-meson background was deter- 
mined by measuring the underground flux. The absorption mean free path for nuclear- 
active particles in air is found to be Ag = (119 + 1) g/em?. The mean energy of the in- 
vestigated nuclear-active particles estimated from the magnitude of their flux is ~ 30 


Bev. 


Tue absorption of the nuclear-active component 
of cosmic radiation was investigated by measuring 
its flux at different altitudes above sea level 
(Bucharest—80 m, Budapest—410 m, Busteni— 
950 m, Stalin’s Peak—2925 m). The experimental 
setup was an array of counters connected for coin- 
cidence and placed in a lead block (Fig. 1). This 
registered the electron-nuclear showers produced 
by the nuclear-active particles in the lead. A 
layer of lead 10 cm thick was placed between the 
upper (1—4) and the lower (5—8) counters 
while 5 cm of lead was placed between the lower 
counters. The counters were covered on the top 
and on the sides by 15 cm of lead. The counter 
diameter was 4 cm and the effective length 80 cm. 
The lower counters 5—7 and 6 — 8 were connected 
in parallel pairs and the frequency of the sixfold 


coincidences (1,2,3,4,5—7,6—8) was measured. 


Since the muon background at low altitudes is 
considerable compared with the overall frequency 
of coincidences due to nuclear-active particles, 
we have determined the frequency of the back- 
ground events by underground measurements. 
The investigations were carried out in Budapest 
8 m below ground: (17 m water equivalent). At 
this depth, the nuclear-active component is prac- 
tically completely absorbed and thus the sixfold 
coincidences obtained can be caused only by the 
muons. 

By measuring the intensity of the muon compo- 
nent underground and on the earth’s surface at 
different heights above sea level, we can deter- 
mine the background produced by the muons in 
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FIG. 1. Diagram of experimental apparatus. 


different places, so that corrections can be made 
for the frequency of the measured coincidences. 

The measurement results are shown in the 
table and in Fig. 2. It is clearly seen from Fig. 2 
that the absorption curve deviates insignificantly 
from exponential. 

The free path for absorption in air was de- 
termined directly from the measurements, with 
allowance for the background, by the maximum- 
likelihood method "11 


Aa = 119+1 g/cm?. 
This value agrees well with the results of Tinlot 
(118 + 2 g/em?), Hodson!*J (118 + 1.1 g/cm’), 
Azimov, Vishnevskii, and Khil’ko [4] (123 + 6 g/cm’), 
Schultz £51 (125 + 5 g/cm”), George and Jason! 61 
(114 + 10 g/cm”), Ryzhkova and Sarycheva, ("1 and 
also with other results obtained with similar ex- 
perimental arrays. All obtained approximately 
120 g/ cm? for the absorption free path in air. 

The mean energy of the registered nuclear- 
active particles can be estimated from the fre- 
quency of the coincidences by assuming that the 
energy spectrum follows a power law and that the 
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Death Frequency of coincidences 
Location s Jems ~~ without | with 
correction correction 
| 

Bucharest (80 m) 1009 1,17+0.02 } 1,00+0,04 
Budapest (410 m) 969 dd 50;03a|) choose 0204 
Busteni (950 m) 907 2.57+0,03 | 2,37+0.04 
703 13596=20.10 )} 13.670, 11 


Stalin’s Peak (2925 m) 


20 


0.8 
703 907 
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1009 
t, g/cm” 


FIG, 2. Frequency of coincidences N, (with correction for 
background) as a function of the depth t in the atmosphere. 


probability of operation of the apparatus approaches 
a step function with zero value below a certain lim- 


Gy BOZ OKA Tetoar” 


iting energy Ey, and constant value K (determined 
by the geometry of the apparatus) at energies 
greater than Ey. Using the spectrum obtained by 
Bridge and Rediker [8] we find that the mean en- 
ergy of the nuclear-active particles is roughly 

30 Bev. 

The authors are grateful to Professors L. 
Janossy, G. Nadzhakov, and I. Auslaender for 
deep interest and valuable advice during the ex- 
periments, to N. Akhababyan, I. H. Ionn, J. Koch, 
G. Thaler, K. Ziegelman, and J. Schnirer for 
wiring and operating the apparatus, and to E. Rupp 
for help with the calculations. 
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A nuclear recoil technique is described in which nuclear photographic plates are employed 
as a nuclear detector. The scattering of 660-Mev protons on He’ is used to illustrate the 
application of the method. The possibilities of the method are discussed. 


A basic difficulty in the study of elastic scatter- 
ing of high-energy nucleons (hundreds of Mev and 
higher) is the separation of pure elastic scatter- 
ing from competing inelastic processes. Moreover, 
unfavorable background effects lead to certain dif- 
ficulties in the study of small-angle scattering at 
high energies. 

All these difficulties can be removed relatively 
simply if the recoil-nucleon technique is employed. 
The method is based on the following. When a par- 
ticle of mass of M, is scattered on a nucleus (par- 
ticle) of mass Mbp, the latter, as a result of the 
collision, acquires an energy E,. The energy Ey, 
can be readily calculated from the kinematics of 
an elastic collision. By recording the recoil nu- 
cleus, we can establish the very act of scattering, 
while the energy distribution of the recoil nuclei 
can provide a check on the elasticity of the scat- 
tering process. 

The angle by which the particle of mass M, is 
scattered can be estimated from the approximate 
formula 


tg 6, = V 2MQE, / po<1, (1)* 


where pp is the momentum of the incident particle. 

If we choose a detector which can record low- 
energy recoil nuclei, then it is possible to study 
small-angle elastic scattering. The best such 
detector is nuclear emulsion for the following 
reasons: 

1) If the recoil-nucleus tracks are chosen ina 
given direction, the background can be readily 
eliminated. 

2) From a study of the recoil-nucleus range 
distribution the elasticity of the scattering proc- 
ess can be checked. 

8) Scattering at different angles can be studied 
with the aid of nuclear emulsion in a single ex- 
periment. In this way, the error in determining 


*tg = tan. 


the intensity of the bombarding beam is eliminated. 

4) In polarization measurements, nuclear emul- 
sion makes possible an estimate of the scattering 
intensity to the right and to the left of the beam in 
the same experiment. 

We used the recoil-nucleus technique for the 
study of elastic scattering of 660-Mev protons on 
He} . After passing through a window covered by 
a copper foil 70 yu thick, the proton beam entered 
a volume filled with helium at atmospheric pres- 
sure. The recoil nuclei (qa particles) emitted at 
a given angle relative to the direction of the proton 
beam were recorded with the aid of nuclear emul- 
sion plates. ’ 

The a-particle tracks were selected in accord- 
ance with the following criteria: 1) a given angle 
of inclination relative to the plane of the plate; 

2) the angle between the track and a given direc- 
tion in the plate was =); 3) the track should be 
located in a given area of the emulsion. 

These criteria can be obtained by calculation 
and also by means of a radioactive source. A ra- 
dioactive source of q@ particles also serves to de- 
termine the geometrical conditions of the experi- 
ment (solid angle of the detector). 

The figure shows the energy distribution of the 
a particles recorded at angles @ = 81° and @ = 84°. 
As seen from the figure, the half-width of the peak 
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is 3—6 Mev. This corresponds to a resolution of 
~ 1% of the energy of the recorded scattered nu- 
cleons. The method permits the accumulation of 
relatively good statistics (statistical error ~ 8%) 
in 3—4 hr of accelerator operation and a small 
expenditure of time on the measurements. 

The position of the peak in the energy distribu- 
tion of the recoil nuclei uniquely determines the 
scattering angle, which gives an additional inde- 
pendent check of the angle. 

Elastic scattering down to angles 6,,jp can be 
studied by this method. The lower limit @mjn is 
determined by the minimum range of the recoil 
nucleons which can be reliably measured in the 
emulsion. To illustrate the characteristics of 
these minimum angles we consider energies avail- 
able in the existing proton accelerators. We give 
below the values of 6m jin (in the l.s.): 


Proton energy, Mev 660 1000 10000 25000 
Omin (pp scattering), deg 2.0 1.5 0.25 Ot 
Omin (pHe} scattering), deg 7.5 4.5 0.8 0.3 
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For the scattering of protons by deuterons, tri- 
tons, and He , the angles lie between those of pp 
and pHe}§ scattering. The proposed nuclear-recoil 
technique can be applied to the scattering of ele- 
mentary particles (nucleons, electrons, photons ) 
by light nuclei (A = 4) as well as to the scatter- 
ing of complex nuclei composed of 2 — 4 nucleons 
by the corresponding light nuclei. Information on 
polarization can be obtained from the study of the 
scattering of recoil nuclei with nonzero spin by 
emulsion nuclei. For this, of course, it is neces- 
sary to know the properties of the emulsion as a 
polarization analyzer. 

In conclusion, the author takes this opportunity 
to express his gratitude to Professor A. P. Zhda- 
nov for his constant interest in this work. 


Translated by E. Marquit 
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The total ionization cross section o_ and the total cross sections oo, for the production of 
slow ions with charges n = 1,2,3,4 are measured in the ionization of argon by 20 — 180 kev 
Ne and Ar atoms and Ne* and Ar* ions, and by 20 —360 kev Ne?* and Ar** ions. o_ de- 
creases with increasing fast-particle charge. This is accounted for by the decreasing prob- 
ability of fast-particle stripping with increasing charge. The yield of slow multiply-charged 
ions increases with the charge of fast incident particles. Charge exchange and ionization 
with pickup apparently make the principal contributions to the cross section for slow mul- 


tiply-charged ion production. 
INTRODUCTION 


Lvenastic atomic collisions accompanied by 
charge exchange can be described in general by 


net ae Bey te B" te (m+ faves ke, (1) 


where A is the incident particle with charge k 
before and charge m after the collision, and B is 
a gas atom transformed by the collision into an ion 
with charge n. We shall designate the incident par- 
ticles as fast or primary, while the ions and atoms 
formed from these primary particles will be called 
fast secondary particles. Ions formed out of gas 
target atoms will be called slow ions.* The cross 
section for process (1) will be denoted by om, 
where the upper and lower indices pertain to the 
charges of the fast and slow particles, respec- 
tively. 

The widely used potential (or capacitor ) 
method for determining ionization and charge ex- 
change cross sections permits measurement of 
the total cross section for the production of free 
electrons, interpreted as the total ionization cross 
section 2] 


6 = (2) 


{ k 
Si (m+ n— b) of 


and the total cross section for slow-ion production 
(with weighting by charge units ) 


*It was established in [) that ions, especially multiply- 


charged ions, resulting from gas ionization can possess 
energies up to a few percent of the fast primary energy. 
Although the fraction of these relatively energetic ions is 


small their presence can reduce somewhat the measured cross 


sections for the production of multiply-charged ions. 


oP > Sons (3) 
where Opn is the total cross section for the pro- 
duction of slow ions with charge n (see [3])_ 
Electrons can be freed both from the target gas 
atoms and from fast particles. Therefore the 

total ionization cross section is the sum of the 
cross sections o; for gas ionization and o7 for 
fast-particle stripping: 


(4) 


Mass-spectrometer methods measure the total 
cross sections for the production of n-fold charged 
slow ions out of gas atoms (09), or the total cross 
sections for the production of fast secondary ions 
with charge m out of fast primary particles ( gkm ), 
These are expressed in terms of partial cross sec- 
tions by 


G_ = 5, + Sie 


heey iotey Wal gine Sake. (5) 

The dependence of the total ionization cross sec- 
tion on the primary-particle charge has not been in- 
vestigated thoroughly. On the one hand, at high 
(Mev) energies the theory of collision ionization 
predicts a quadratic dependence. On the other 
hand, no definite charge dependence has been found 
at tens of kev. [4:5] 

In the present work we have investigated the in- 
termediate region of a few hundred kev, concur- 
rently with measurements of the cross sections 
don for the production of slow ions with different 
charges. Argon gas was bombarded with fast Ar, 
Ar*, Ar**, Ne, Ne*, and Ne®*. The cross sec- 
tions for electron capture by these fast particles 
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had previously been measured in our laboratory." 
A comparison of the cross sections for the forma- 
tion of slow ions and of fast secondary ions can be 
used to determine the correlation between proc- 
esses occurring in the shells of both colliding par- 
ticles. More complete information concerning the 
relationship of these processes requires a new 
technique combining mass analysis and a coinci- 
dence scheme for registering the colliding par- 
ticles. 


EXPERIMENTAL PROCEDURE 


In investigating the total ionization cross sec- 
tion o_, the total cross section o, for slow-ion 
production, and the total cross section 09, for the 
production of n-fold charged slow ions, we used 
the experimental apparatus described in [8] and e 
[9] in conjunction with devices for producing and 
registering a fast-atom beam. The apparatus is 
shown schematically in Fig. 1. 


FIG. 1. Experimental apparatus. B — auxiliary charge-ex- 
change chamber, K — capacitor, C — collision chamber, 
M — measuring capacitor, A — mass analyzer of slow ions, 
F — fast-particle collector. P,, P,, and P, — pumps. 


Fast neutral atoms were produced by resonant 
charge exchange of a monochromatic ion beam in 
the auxiliary charge-exchange chamber B, where 
the gas pressure was 10°?— 10-2? mm Hg. A pres- 
sure differential of the order 1: 200 existed be- 
tween the entrance and exit channels of chamber B. 
The neutral-atom beam leaving the charge-ex- 
change chamber was cleared of unneutralized fast 
ions by the electric field of the capacitor K and 
entered the collision chamber C, which contained 
a sectional capacitor M for measuring the cross 
sections 9_ and o,. The cross sections 09, were 
determined by the slow-ion analyzer A, which was 
joined to the collision chamber. 

The fast-ion beam intensity was measured by 
means of the secondary electron emission and was 
monitored by the thermal effect of the beam in the 
collector F, which is represented in Fig. 2. The 
beam impinged on the 15y thick 20x20 mm 
grounded nickel foil N. The current of secondary 
electrons ejected from the foil to the positively 
biased electrodes E, and E, was measured. The 
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FIG. 2. Fast-atom collector. 
N — nickel foil, T, and T, — 


thermistors, E, and E, — elec- iy Sly 
trodes, CC — heavy copper 
casing. T 


thermistor T,; was cemented to the back of the 
foil. The bead thermistor used in the collector 
was of 0.2 mm diameter, with a temperature co- 
efficient of —4.5% per degree at 20°C. A second 
identical thermistor T, was cemented to the heavy 
copper casing CC of the collector in order to com- 
pensate for the ambient temperature. The two 
thermistors were incorporated in a bridge for 
measuring the beam intensity P from the therm- 
istor ratio Rp,/R7z,. The calibration curve Rry,/ 
Rp (P) from which the fast-atom beam inten- 
sity was determined had been plotted using a beam 
of fast singly-charged ions. Control runs showed 
that f(P) is independent of particle mass and 
velocity. The thermal-type collector permitted 
the registration of beam variations as small as 

0.1 mw. Beam intensity usually varied in the 
range 5—10 mw. 

By means of the thermal collector it was 
found that the coefficients of secondary-electron 
emission from the surface of the foil were very 
close for fast atoms and singly-charged ions of 
the same element (neon or argon) with identical 
velocities. It was found more convenient to meas- 
ure atom-beam intensity by means of secondary- 
electron emission than with the thermal collector, 
which is subject to considerable inertia. 

A constant check was maintained during all 
measurements to ensure that the entire beam 
traversing the collision chamber was also enter- 
ing the collector located directly behind the 
chamber. 

In the work with ion beams the charge-exchange 
chamber B was maintained at the extreme vac- 
uum, and the fast-atom collector was used as a 
Faraday cage consisting of the foil N and the elec- 
trodes E, and E,. In this case a transverse elec- 
tric field between the electrodes prevented second- 
ary electrons ejected from the foil from leaving 
the collector. Argon gas pressure in the collision 
chamber was maintained low at (2—4) x 1074 mm, 
providing the condition for single scattering. Dif- 
ferential pumping was performed by the pumps P,, 
P., a P3. The residual pressure in the collision 
chamber was (1—2) x 107° mm. 

Random errors incurred in measuring cross 
sections are estimated at +12% for fast ions and 
+15% for fast atoms. 
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on the fast-particle charge. 


IONIZATION OF ARGON BY ATOMS 
RESULTS AND DISCUSSION 


We measured the total ionization cross section 
g_, the total cross section for slow-ion production 
o,, and the total cross sections for the production 
of singly, doubly, triply and quadruply charged 
slow ions (094, O92, 093, and oo4) when argon was 
ionized by fast Ne and Ar atoms and by the ions 
Ne*, Ne**, Ar*, and Ar**. The energy range for 
fast atoms and singly charged ions was 20 — 180 


kev; the range for doubly charged ions was 20 — 360 


kev. 


A. Total Ionization Cross Section o_ 


The total cross sections o_(v) for the ioniza- 
tion of argon by fast Ar atoms and by Ar* and 
Ar’* ions are shown in Fig. 3. Corresponding 
data for fast Ne atoms and for Ne* and Ne?* ions 
are shown in Fig. 4. o_ increases monotonically 
over the entire range to a maximum of the order 
(1—1.5) x 10- cm?. This velocity dependence 
of the ionization cross sections was to be expected, 
since their maxima must correspond to higher ve- 
locities. [19] 

A comparison of the o_(v) curves for fast ions 
and atoms of the same element shows a dependence 
For the ionization of 
argon by fast Ne atoms this dependence is exhib- 
ited very clearly, beginning at v ~ 8 x 10’ cm/sec. 
o_ diminishes with increasing charge. 

The observed behavior of o_ can be accounted 
for as follows. At low velocities the ion stripping 
cross section oj plays only a small part compared 
with the gas ionization cross section oj. With in- 
creasing velocity the stripping contribution to o- 
increases [Eq. (4)], its magnitude being inversely 
correlated with the fast particle charge. For the 
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FIG. 3. Velocity dependence of argon ionization cross 
sections. Solid curves — total ionization cross sections oO. 
for fast Ar, Art, and Ar’+. Dashed curves — total cross sec- 
tion 0, for slow-ion production by fast Ar atoms. 
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FIG. 4. Velocity dependence of neon ionization cross sec- 
tions. Solid curves — total ionization cross section o- for 
fast Ne, Ne+, and Ne?*. Dashed curves — total cross section 
0+ for slow-ion production by fast Ne atoms. 


symmetric Ar-Ar pair, stripping assumes a 
large role, since electrons must be removed from 
the shells of both colliding particles with equal 
probability. Since the equality o, =o; must be 
fulfilled in gas ionization by fast atoms, we have 
for the Ar-Ar pair 


0; =O a= a (6) 


The data on o, and o_ (Fig. 3) for argon ioni- 
zation by fast argon atoms confirm (6); this is an 
additional check on the operation of the measuring 
capacitor. For singly charged fast Ar* ions 
stripping makes a small contribution to o_ (o7 
is 10 —15% of o_ for Ar*-Ar according to [1]); 
for Ar** the contribution should be even smaller. 
For fast neon ions and atoms the charge depend- 
ence of o_ in the same energy range, i.e., at 
somewhat higher velocities (Fig. 4), is not so 
strong as for fast argon particles. This is asso- 
ciated with the fact that neon has higher ionization 
potentials than argon and smaller stripping cross 
sections. 

A comparison of o_ for fast argon and neon 
particles with the same charge and the same ve- 
locity (Figs. 3 and 4) shows that the total ioniza- 
tion cross section o_ is larger for fast particles 
having a large number of shell electrons. This 
qualitative conclusion had been reached previ- 
ously for fast singly charged ions. [810,12] 

Firsov!3J has used statistical concepts to es- 
timate the total ionization cross section in colli- 
sions of heavy atomic particles. In Fig. 5 our 
data are compared with Firsov’s universal curve, 
which is based on his approximate theory that 
yields cross sections within a factor of 2. The 
experimental and theoretical cross sections are 
in agreement within these limits. 

In Fig. 6 our results for o_ in the ionization 
of argon by Ne* are compared with the results 
given in C14] [8] and [3] and are seen to be in 
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FIG. 5. Total ionization cross sections o_ compared with 
Firsov’s theoretical curve (heavy line). The fast primary 
particles are designated at the end of each experimental 
curve (thinner lines), v, and o, are characteristic values of 
the velocity and cross section calculated from [23], 
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FIG. 6. Total cross 
sections for argon 
ionization by Ne* given 
by different authors. 
The solid curve repre- 
sents our present work. 
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best agreement with [3]. The cross section given 
in 18] exceeds somewhat the experimental error 
limit in our work and in @], The curve in !41 
lies considerably above all other curves. 

The measurements of o_ in the ionization of 
argon by fast Ne and Ar atoms are compared in 
Fig. 7. Our curve for Ar-Ar agrees well with 
C5] while for Ne-Ar our results agree with [3] 
within the limits of error. 

The discrepancies between the total ionization 
cross sections given by different investigators re- 
sult mainly from the difficulty of excluding extra- 
neous effects while measuring electron currents, 
and also possibly while measuring gas pressures. 
The differences between the most recent values 
given for the cross sections [3,558] do not exceed 
+25 — 30%, which is smaller than the discrepan- 
cies in earlier work. 


B. Total Cross Sections oy, for the Production 
of Slow Ions with Different Charges 


Figure 8 shows curves of the total cross sec- 
tions Opn for the production of slow argon ions 
with different charges as functions of the veloci- 
ties of Ar atoms and of Ar* and Ar** ions. 
Figure 9 shows analogous curves for fast Ne 
atoms and for Ne* and Ne** ions. The total 
cross section for the production of slow ions with 
a given charge is always smaller for fast atoms 
than for fast ions of the same element. The largest 
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FIG, 7. Total cross 
sections for argon ion- 
ization by fast Ne and 
Ar atoms given by dif- 
ferent authors. Solid 
curves — present work; 
dashed curve —froml*) 
for Ne-Ar; dash-dot 
curve — froml®] for Ar- 
Ar. 
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FIG. 8. Total cross sections 0),, %,, 0», for the produc- 
tion of slow ions with different charges in the ionization of 
argon by fast Ar, Art, and Ar**, The fast-particle charges 
are identified by the numbers 0, 1, and 2. 
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FIG, 9. Total cross sections 0,, %,, (>, and O,, for the 
production of slow ions with different charges in the ioniza- 
tion of argon by fast Ne, Ne+, and Ne”*. The fast-particle 
charges are identified by the numbers 0, 1, and 2. 


total cross sections for the production of slow ions 
with charges 2, 3, and 4 are achieved with doubly 
charged ions. 

This basic experimental result can be accounted 
for as follows. The magnitudes and energy depend- 
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IONIZATION OF ARGON BY ATOMS AND IONS OF NEON AND ARGON 


ences of the cross sections for slow-ion production 
must reflect the characteristics of the basic proc- 
esses, which can vary for the different cases. In 
atom-atom collisions slow ions are produced mainly 
through pure ionization. In ion-atom collisions 
analogous cross sections can include a consider- 
able contribution from charge-exchange and from 
ionization with pickup. It follows from [8] ang [7] 
that charge-exchange processes can possess large 
cross sections, especially if the fast ions are mul- 
tiply charged and the charge-exchange process is 
exothermic. Pure ionization cross sections should 
increase with velocity up to v = e?/h (electron 
velocity in the Bohr hydrogen atom ). [10] There- 
fore do, in atom-atom collisions increases con- 
tinuously in the given velocity range. The cross 
sections for different processes of electron cap- 
ture by fast ions can either increase or decrease 
with increasing velocity; therefore the curve of 
the total cross section Oon(v) in ion-atom colli- 
sions can exhibit a minimum. 

This situation can be illustrated by comparing 
some of our curves with those given by Flaks and 
Solov’ev!®] who measured with mass spectrom - 
eters the cross sections for electron capture by 
fast Ar** ions in argon. For Ar’*-Ar, Fig. 10 
gives our cross sections 0), and 09, and also 
o*° and o*! for the production of fast Ar and 
Ar*, respectively, taken from [°J. These four 
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FIG, 10. Total cross sections for the production of slow 
ions with charges 1 and 2 (0, and o,,), and cross sections 
for the production of fast secondary particles (07 and 0°) 
in the Ar?*—Ar case. The curves for 07 and 0° were taken 
from|], 


cross sections can be expressed in terms of par- 
tial cross sections for the most probable processes 
requiring the lowest relative energy expenditure, 
as follows: 


(7) 
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where oft and o?% are the cross sections for pure 
ionization with the removal of one or two electrons 
from gas atoms, Ont is the cross section for single- 
electron charge exchange, 0?! is the cross section 
for ionization with single-electron pickup, and 039 
is the cross section for resonant two-electron 
charge exchange. 

In Fig. 10 the lower end of the o?° curve is seen 
to coincide with the og, curve. This can occur only 
if in (8) we have 


o> Ge oe (11) 


i.e., slow doubly-charged argon ions are produced 
at velocities v < 6 x 10’ cm/sec mainly through 
resonant two-electron charge exchange. The two 
other possible processes—ionization with single- 
electron pickup and pure ionization with the re- 
moval of two electrons—are endothermic with an 
energy expenditure of the order of tens of electron 
volts. Therefore their contributions to go, should 
increase with velocity, leading us to expect the 
minimum of the do)(v) curve that is actually ob- 
served. 

The curves for op, and o! also exhibit appre- 
ciable similarity. These cross sections are of 
the same order of magnitude and both curves rise, 
with oo; >o7! at their intersection. From (7) and 
(9) we obtain 


So > 903" (12) 


The energy expenditure for both processes is of 
the order of the first ionization potential of argon. 
However, it seems to us that the inequality of these 
cross sections reveals a general phenomenological 
characteristic of inelastic processes that is worth 
noting. This characteristic is the fact that with the 
same energy expenditure the less probable proc- 
ess is that in which more electrons participate. 
The cross section for pure single-electron ioni- 
zation is on the left in inequality (12), while on the 
right we have the cross section for ionization with 
pickup. In the latter process two electrons are re- 
moved from the atom, and one of these is captured 
by the ion, i.e., at least two electrons participate 
in the process. 

In conclusion the authors wish to thank Profes- 
sor V. M. Dukel’skii for his interest, and I. T. 
Sheftel’ for providing the thermistors and making 
valuable suggestions regarding their utilization. 
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Visual observations of the solidification of helium have been made. The difficulty of obtain- 
ing large blocks, even under conditions when the crystallization process can be controlled, 


in noted. 


Ls all experiments on the properties of solid he- 
lium, it has usually been obtained under conditions 
where the apparatus itself (the pressure chamber ) 
is connected to the external apparatus that pro- 
duces the gas pressure by means of a narrow 
capillary. This method came under criticism in 
Cwilong’s work"4] on the determination of the 
solidification point of helium in a glass piezom- 
eter, the pressure in which was produced by a 
change in volume of a metal bellows connected 

to it. The melting curves obtained by Cwilong 
below 1.8° K are considerably different from the 
curves obtained by Keesom and Keesom!?! and 

by Swenson [3] by the blocked capillary method. 
Unfortunately, Cwilong did not carry out observa- 
tions on the characteristics of the solidified he- 
lium and confined himself only to the determina- 
tion of the melting point, which was registered 

by the cessation of motion of magnetic needles 
placed inside the piezometer. 

Keesom, “4] who first used a glass piezometer, 
could not for some reason observe the boundaries 
between the liquid and solid helium. 

Since we wished to investigate the motion of 
electric charges in solid helium, [5] we naturally 
had to be sure of the quality of the crystals stud- 
ied. For observation of the solidification process 
we initially used a glass test tube (Fig. la) made 
of No. 29 glass of diameter iG mm, the upper part 
of which was sealed to an iron-chromium stopper 
(N47KhB). This seal. (in contrast with a 385 seal 
to kovar) stood up to any number of coolings and 
heatings without cracking. A 0.5 mm diameter 
platinum wire was sealed into the bottom of the 
tube.* The tube was connected through a 0.9/1.6 
mm diameter capillary, shielded by a vacuum 
jacket, to a helium gasifier by means of which a 


*The platinum wire (Fig. 1a) had no noticeable effect on 
the duration of the crystallization process. 


tI would like to thank A. I. Filimonov and V. K. Tkachenko 


for the possibility of using the gasifier set up by them. 
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relative pressure up to 100 atm could be produced 
and maintained. 

Since the thermal conductivity of iron-chro- 
mium is very low, the test tube in apparatus al- 
ready used in studying the motion of charges was 
provided with an iron-chromium stopper, through 
which a 2 mm diameter copper conductor of cold 
was passed (Fig. 1b). 

With a favorable choice of illumination, the 
boundaries between the solid and liquid helium 
are very well visible, so that the solidification 
process could be recorded on motion picture 
film (Fig. 2). 

The means by which the liquid solidifies de- 
pends on many factors, difficult to control because 
the heat generated on solidification must be led 
away through the two-phase system produced, the 
overall thermal conductivity of which varies with- 
in wide limits. 
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FIG. 2 


It is difficult to obtain macroscopic blocks of 
solid helium even when the process is carried 
out very slowly, for it is very difficult in practice 
to achieve conditions under which the heat re- 
moval is through the lowest part of the apparatus. 
Even under conditions when the capillary trans- 
mitting the pressure is insulated from the ambient 
by vacuum shielding, it is not always possible to 
prevent the formation of centers in it. 

In order to avoid this we even had to resort to 
heating the part of the capillary inside the vacuum 
shield (40 mm in length) which was in the imme- 
diate neighborhood of the tube. This procedure, 
however, produces at the same time a tempera- 
ture gradient in the tube itself. 

The following types of crystallization are gen- 
erally observed. 

1. If the pressure is increased relatively rapidly 
(~ 0.1 atm/sec) blocking of the capillary is ob- 
served and then an instantaneous solidification of 
the whole volume of the tube, which in this case 
appears to be filled with a mass reminiscent of 
‘‘wet’’? snow. This mass only becomes transpar- 
ent gradually when the pressure is increased con- 
siderably. 

2. Sometimes on reaching the solidification 
point a ‘“‘hail’’ of solid spherulites starts to pre- 
cipitate in the liquid, and these gradually fill the 
whole volume of the tube. 

3. For a sufficiently slow increase of the pres- 
sure (~ 0.01—0.05 atm/min) the formation of an 
ideally transparent crystal starts at the surface 
of the copper rod let into the tube, and the layer 
of solid helium formed duplicates the contours of 
the cold conductor, as though marking out a sur- 
face of constant temperature. As the crystal 
grows its boundary deforms and the phase bound- 
ary, which crosses the tube by its continuous up- 
ward movement, becomes uneven. Formation of 
a crystal at the surface of the cold conductor is 
eased if a temperature gradient is produced in 
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the liquid filling the tube, by heating the capillary 
or, correspondingly, by lowering the level of the 
liquid helium in the external bath. However, even 
when these measures are taken, the growth of 
several regular spherulites starting from the 
side walls of the tube is observed, which in the 
end usually leads to the blocking off of some vol- 
ume of the liquid, which because of the small 
compressibility of solid helium cannot be trans- 
formed into the solid state, even upon considerahle 
increase in pressure. 

4. Apparently the purity of the helium also af- 
fects the crystallization process. Generally, in 
the first experiments with newly assembled appa- 
ratus, blocking of the capillary takes place more 
easily and also the formation of centers of crys- 
tallization, leading to the falling out of ‘‘hail.’’ 

We carried out some experiments with He® 
along with the observations of the crystallization 
of He‘. 

We did not observe any special features in the 
solidification of He®, but we have the impression 
that the formation of large blocks in He® is appre- 
ciably easier and that the whole solidification 
process proceeds more regularly. We used ap- 
paratus with electrodes [5] in the experiments with 
He’, After the formation of a crystal at the cold 
conductor and the subsequent gradual filling of the 
apparatus with “‘ice,’’ the appearance of a trans- 
parent solid phase in the interelectrode region 
was invariably observed. We intend to study the 
solidification of He® in more detail later. 

A report has recently appeared [6] on the ob- 
servation of a new modification of solid He‘. There 
was no evidence of this new modification in our ob- 
servations on the crystallization process. This can 
be explained, however, by the very limited region 
of existence of the new crystalline modification 
and the low accuracy in the measurement of pres- 
sure in our experiments. 

In conclusion I would like to thank B. N. Esel’- 
son for discussion and D. I. Vasil’ev for help in 
the experiments. 
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The motion of charges in liquid and solid helium has been investigated over the temperature 
range between 4.2 and 1.5°K. A dependence of the currents in solid helium upon the quality 


of the crystals produced has been established. 


‘Tae nature of electric charges in liquid helium 
and the mechanism of their motion cannot as yet 
be regarded as completely explained, despite the 
fact that a considerable number of papers have 
already been devoted to this question. '!-°] In par- 
ticular, the fundamental problem of the nature of 
the anomalously large effective masses, whose 
possible existence was pointed out in our first 
note, [6] still remains unsolved. 

The polarization and conductivity hysteresis 
phenomena which we observed led us at that time 
to suggest that the current carriers consist prin- 
cipally of submicroscopic impurity particles car- 
rying charges of both signs. If one accepts Atkins’ 
hypothesis, (51 however, the polarization phenomena 
evidently find a satisfactory explanation within its 
framework without assuming the presence of im- 
purities, which can, nevertheless, exert a strong 
influence upon the conditions of a real experiment. 

We present here, briefly, the results of experi- 
ments on the motion of charges in liquid helium, 
under pressures ranging from equilibrium to the 
solidification point, which, it seems to us, can 
provide further data on the nature of the charge 
carriers. 

We employed both all-glass and glass-metal 
systems (Fig. 1), whose construction permitted 
measurement of weak electrical currents in liquid 
and solid helium over a wide range in pressure, 
as well as visual observation of the helium solidi- 
fication process. 

The experimental volume containing the elec- 
trodes was connected through a glass or metal 
capillary, protected by a Dewar jacket, to a he- 
lium gasifier capable of producing and maintain- 
ing pressures up to 100 atm.* To one of the elec- 
trodes, made of stainless steel, there was attached 
a molybdenum disc (4 mm in diameter), covered 


*Throughout this article, pressure is to be understood to 


mean relative (above atmospheric). 


FIG. 1, Diagram of the apparatus: 
1 — source, 2 — electrometer electrode, 
3 — copper rod. 


with a layer of titanium tritide which served as a 
source, emitting electrons of 5.7 kev average en- 
ergy. Another molybdenum disc—the electrometer 
electrode—was rigidly fastened to the first through 
a system consisting of two pairs of glass beads 
into which were sealed ferrochromium wires 
serving as guard electrodes. 

Prior to an experiment the experimental vol- 
ume and the gasifier reservoir connected to it 
were filled with liquid helium, condensed from a 
glass gasholder and passed, before condensation, 
through a trap containing highly-purified activated 
charcoal at 90° K. 

The current through the interelectrode gap was 
measured with an EMU electrometer. For the cur- 
rent measurements in solid helium an electrostatic 
screen, manipulated through the cover of the sur- 
rounding helium Dewar, was moved into place over 
the normally uncovered experimental chamber. 
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FIG, 2. Variation of current with field intensity in liquid 
helium: curves 1, 1'— for 0 atm, 4.2°K; curves 2, 2'— for 5 
atm, 1.65 °K; curves 3, 3’ — for 10 atm, 1.65 °K. 


Voltage-current characteristics for one of our 
systems (with a source emitting 7.95 x 10" elec- 
trons/sec and an interelectrode spacing of 500), 
at temperatures of 1.65 and 4.2°K and pressures 
of 0.5 and 10 atm, are shown in Fig. 2. As can be 
seen from the figure, the current in the liquid he- 
lium reaches 2.5 x 10719 amp for anelectric field in- 
tensity of ~ 2000 v/cm; this is only an order of 
magnitude less than the total saturation ion current 
of the source. 

Curves showing the variation in current (for a 
field intensity of 3000 v/em) with increasing pres- 
sure at temperatures between 2.0 and 4.2°K (ob- 
tained in an apparatus containing a source emitting 
7.15 electrons/sec, with an electrode spacing of 
3404), as well as the pressure dependence of the 
liquid density, J are presented in Figs. 3 and 4. 

In our first systems, in which the electrodes 
were arranged horizontally, we were quite unable, 
by further increase in pressure, to cause crystal- 
lization to take place in such a way as to insure 


FIG. 3. Relative varia- 
tion of current with pressure 
in liquid helium, and rela- 
tive variation of liquid hel- 
ium density with pressure. 


FIG. 4, Variation of current 
in liquid helium pressure. 


that none of the liquid phase was blocked off in 
the space between the electrodes. We made use 
thereafter of systems in which the interelectrode 
region extended vertically, which considerably 
simplified the process. 

As is evident from Figs. 5 and 6, the current 
changes discontinuously at the solidification point; 
the ratio of the currents before and after the dis- 
continuity depends critically, however, upon the 
conditions under which crystallization occurs. 
Thus, besides the true decrease in the current 
resulting from the change in the character of the 
motion of the charges due to the transition of the 
helium into the crystalline solid state, disconti- 
nuities are very frequently observed whose mag- 
nitude is governed by partial freezing of the helium 
filling the space between the electrodes. 

However, even the ‘‘true’’ discontinuity is found 
to depend upon the way in which the liquid helium 
crystallizes. When the helium solidifies into a 
finely-crystalline mass (‘‘wet snow’’) 1 with 
subsequent compaction under pressure, the dis- 
continuity is found to be most pronounced: the 
current falls by 30 —50 times, while beyond the 
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FIG, 5. Currents during solidification and melting, and 
currents in solid helium (pressure given at points indicated 
by arrows). ; 
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FIG. 6.Currents for two successive helium solidification 
runs. 


discontinuity, even in the solid helium, there is 
observed a current variation of the type associ- 
ated with polarization, as well as a general insta- 
bility of the conductivity evidently connected with 
changes in the mechanical stresses and deforma- 
tions.* 

In certain cases, however, (Fig. 6), we suc- 
ceeded in observing currents in solid helium 
(evidently monocrystalline or composed of coarse 
crystals ) which differed in all by only a few times 
(=3) from the currents in the liquid prior to its 
solidification. Figure 5 shows a current record 
during the solidification process, obtained with an 
EMU electrometer and a chart recorder. In this 
experiment the current in the solid helium fell by 
a factor of seven as compared with the current in 
the liquid at 29.6 atm, i.e., to 1.2 x 107!! amp.T 

It is evident from the curves showing the vari- 
ation of current with time (Fig. 5), the measure- 
ment beginning within a fraction of a second after 
registering the capacitive surge, that as the pres- 
sure is removed and then reapplied, polarization 
and hysteresis effects are observed which are char- 
acteristic of a solid body in which charges of both 
signs are in motion. 

An equilibrium value for the current is reached 
more rapidly when the charges moving in the re- 
gion between the electrodes are predominantly 
negative in sign; when the polarity is reversed, 
equilibrium is established somewhat more slowly. 

It must also be noted that reversible variations 
of current with pressure are observed only for 
good crystals, and only over that small pressure 


*This, clearly, is the situation encountered by Careri, 
Fasoli, and Gaeta, lJ who conclude that currents in solid 
helium cannot be measured at all. 

+The slopes of the curves in Figs. 5 and 6 are determined 
by the ratio of the areas of the interelectrode regions occupied 
by the liquid and solid phases as the liquefaction or solidifi- 

_ cation proceeds. 
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interval for which the boundary of the growing 
crystal is in direct contact with a sufficiently ex- 
tensive liquid surface. Once the crystal has com- 
pletely filled the experimental space, and the phase 
boundary has risen into the capillary, the pressure 
ceases for all practical purposes to be exerted 
throughout the whole volume of the crystal. 

Although we performed many measurements 
over a broad temperature range from 4.2 to 1.3° K, 
disturbances associated with polarization made it 
hard nevertheless to secure reproducible results. 
It is difficult therefore to draw definite conclusions 
regarding the temperature dependence of the cur- 
rent-pressure relation below 2°K (where the ef- 
fect of temperature is relatively slight), or the 
influence of the direction of the field within the 
interelectrode region upon the observed effects. 

It must be borne in mind that under our experi- 
mental conditions the measurements were per- 
formed over a period on the order of ten minutes, 
and if, for example, the current at the beginning 
of the measurement were higher by 15 — 20% for 
one polarity than for the other, then at the end of 
the experiment, the opposite pattern would usually 
be observed. 

Nevertheless, on the basis of all of our obser- 
vations we can draw the following definite conclu- 
sions: 

1. The currents in solid helium are governed 
principally by the quality of the crystals obtained, 
and are near, in order of magnitude, to the cur- 
rents in the liquid. The conclusion reached by 
Careri, Fasoli, and Gaeta!" regarding the impos- 
sibility of observing the movement of charges in 
solid helium is, as follows from our experiments, 
in error.* 

2. Inasmuch as charges of both signs may move 
in solid helium, we have no basis whatever for re- 
garding their structure as different from that which 
they possess in the liquid. 

3. Besides the charge carrier structure com- 
mon to both liquid and solid helium, there are also 
present in the liquid charges whose structure is 
associated with the presence of impurities in the 
helium. 

4. An increase in the density of liquid helium 
leads to a decrease in the mobility of carriers of 
both signs. 
~~ *We have also performed a few exploratory experiments 
with He® which we propose to describe in more detail at some 
later date. We shall only mention here that the current in 
solid He® falls by only a small amount (~ 40%) as compared 
with that in the liquid. A substantial decrease in the current 
with a further, relatively slight, increase in pressure is also 
characteristic of solid He’. 


758 Ay. Ts 


5. In liquid helium it is evident that charges 
are transported chiefly by carriers (of large ef- 
fective mass) associated with the presence of 
impurities. At the same time, currents in liquid 
helium may also be carried by other kinds of 
charges (for example, electrons and holes ), 
which, evidently, are responsible for currents 
in crystalline helium. 

In conclusion, I wish to thank D. I. Vasil’ev 
for his aid in conducting the measurements. 
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By using double Mott scattering from gold, we have measured the asymmetry in the scatter- 
ing of electrons, for energies 45 — 245 kev, using angles 6; = 0) = 120°. 


1. INTRODUCTION These authors did not include the depolarizing 
effect of multiple scattering, which is probably 
Morr scattering of electrons is the most sensi- the main reason for the large discrepancy. 
tive method for measuring their polarization, and The angular dependence of S was studied in 
has attracted the attention of experimenters in con- papers by Pettus [9] and Nelson and Pidd.!!0] The 
nection with nonconservation of parity in B decay. results quantitatively confirm the predictions of 
The sensitivity of the method is characterized by the theory. But the precision of these measure- 
the quantity S which determines the azimuthal ments is left in doubt, since the authors did not 
asymmetry of the scattering: I~ 1+ PS cos » take into account multiple scattering in the scat- 
where I is the intensity of the scattered electrons, terers and also apparently did not succeed in 
P their degree of polarization, and @ the azi- eliminating the effect of electrons scattered from 


muthal angle. The quantity S depends on the polar the walls of the apparatus. In the present work, 
angle, the electron energy and the atomic number we have set ourselves the task of obtaining much 
of the scatterer. Since the asymmetry is expressed more precise values of the function S for the en- 


in terms of the product PS, to determine the po- ergy range 45 — 245 kev, for an angle @ = 120°. 

larization one must have reliable data concerning From the point of view of measurements of the 

the value of S. degree of polarization, the value of S in the re- 
The function S was first calculated theoretic- gion of 120° is of most interest, since it reaches 


ally by Mott.{1:2] The most precise values for the a maximum there. 
case of scattering by mercury “31 and gold [4] were 


computed by Sherman and Nelson, neglecting the 2. MAIN FEATURES OF THE EQUIPMENT AND 
screening by the atomic electrons. The screening CONTROL EXPERIMENTS 


was included in the work of Mohr and Tassie, (*] 


Bartlett and Welton, 1 which showed that for elec- Description of the arrangement. We used a 

tron energies around 120 kev the effect of screen-__ rectifier which supplied voltages up to 300 kev, 

ing is still very noticeable and that its effect on with a value known to +2%. After a preliminary 

the value of S can amount to 10—15%. However, magnetic analysis, the well-collimated beam of 

it is now not clear just how reliable these esti- electrons 1 (cf. Fig. 1) 12 mm in diameter entered 

mates are. a chamber containing the first scatterer 2. Elec- 
The quantity S can be found from an experi- trons scattered through an angle of 120° passed 


ment on double Mott scattering of unpolarized elec- into another chamber containing the second scat- 
trons,_!] since in this case the asymmetry is equal terer 3, and after a second scattering at an angle 
to the product S(6,) S(@,), where 6, and @, are of 120° + 3° were recorded by a pair of Geiger 


the angles for the first and second scatterings. ring counters 4 and 5, placed at a distance of 

The authors of ("] were the first to succeed in about 20 cm from the second scatterer. 

observing the asymmetry in double scattering. Scattering from the walls of the apparatus. 
Later there was a whole series of experiments Electron spectra. The main difficulties which must 
for the purpose of obtaining a quantitative meas- be overcome in an experiment on double scatter- 
ure of the effect. A Japanese group | 8] obtained ing are due to unwanted scattering of the electrons 
values for S in the energy range 60 — 120 kev. from the walls of the apparatus. To reduce this 
The data were almost half the theoretical values. effect, we provided ‘‘traps’’ at the points of maxi- 
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mum irradiation of the walls, the linear dimen- 
sions of the chambers were made relatively large 
(40 cm) and their internal surfaces were covered 
with Plexiglas. The separation of the first and 
second scatterers was chosen equal to ~ 75 cm, 
which enabled us to eliminate the direct bombard- 
ment of the second scatterer by electrons scat- 
tered from the walls of the first chamber and from 
the holder of the first scatterer. 

Nevertheless this does not completely eliminate 
the background of scattered electrons. Electrons 
scattered from the walls of the first chamber can 
always strike the first scatterer, be scattered 
from it and enter the beam going toward the sec- 
ond scatterer. Similarly, electrons scattered 
from the walls of the second chamber can enter the 
counters. The second chamber had been used pre- 
viously in an experiment for measuring the longi- 
tudinal polarization of 8 electrons.!!!] Detailed 
studies made earlier and repeated for various 
electron energies in the present work showed that 
the effect of scattering from the walls is negli- 
gibly small. 

To study the number of extraneous electrons 
which can reach the second scatterer from the 
first chamber, a series of control experiments 
was made. At the position of the second scat- 
terer we placed a Geiger ring counter with a 
window which passed electrons with energy above 
15 kev. Then the first scatterer was removed, 
and instead a thin foil was placed somewhat further 
from the center of the chamber along the axis of 
the primary beam, arranged so that electrons 
scattered from it could not enter directly into the 
second chamber, but gave a strong ‘‘illumination’’ 
of the walls of the first chamber. As was to be 
expected, no increase in counting rate was ob- 
served. Then another scatterer was placed at the 
entrance of the collimator leading to the second 
chamber. This scatterer was shielded from elec- 


trons directly scattered from the foil, but could 
be struck by electrons scattered from the walls. 
We thus succeeded in imitating the actual condi- 
tions of arrival of extraneous electrons at the 
second scatterer. 

These experiments showed that there are ex- 
traneous electrons arriving at the second scat- 
terer. There were very few at low energies, but 
their number increased markedly with increasing 
energy, and in the range 150 — 200 kev the fraction 
of such electrons reached 1.5—2%. Further study 
showed that these electrons have an energy which 
is several times smaller than that of the main 
group. Therefore their relative intensity is 
strongly increased at the second scattering, which 
can lead to considerable errors. 


a 


aut 
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As an example we show in Fig. 2 the spectrum 
of the doubly scattered electrons, obtained under 
operating conditions using.a spectrometer placed 
at the location of one of the counters. To geta 
sizeable counting rate, the resolving power was 
set equal to 10%, which explaines the rather large 
width of the main peak. Its true halfwidth did not 
exceed 2%. Similar spectra were measured over 
the whole energy range from 45 to 250 kev. 
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E, kev  |Styeor (120°) | Sexp (120°) |AS/Sexp, % | Sexp/Stheor 
45 0,364 0,286 4 0.79 
63 0.382 0.337 4 0.88 
83 0.397 0.365 2.5 0.92 
133 0.418 0.385 25 0.92 
170 0.424 0.390 2.5 0.92 
204 0,427 0.413 2 0.97 
Dace | - 0,426 0.414 2 0.96 


These measurements disclosed the following 
picture. The ‘“‘soft’’ electrons begin to appear for 
accelerating voltages around 60 kv, their relative 
intensity increases rapidly with increasing accel- 
erating voltage, and at 250 kv already exceeds 
somewhat the intensity of the main group. In addi- 
tion, the ‘‘soft’’ electrons have an energy which is 
4 —6 times smaller than that of the main group, 
and between these groups there is a large energy 
interval from which electrons are practically ab- 
sent. This made it possible to get rid of the ex- 
traneous electrons by using aluminum filters. The 
filter thicknesses were chosen by using the spec- 
trometer. They increased with increasing primary 
energy, going from 0.3 mg/cm? at 45 kev to 12 mg/ 
em? for 245 kev. Later on, under operating con- 
ditions at several energies it was shown that a 
reduction of the filter thickness by 14 —2 times 
did not change the measured value of S by more 
than 2%. 

Scatterers. We used gold scatterers with thick- 
nesses ranging from 16 to 200 ug/em*. The second 
scatterers were obtained by evaporating gold onto 
a film of collodion, whose thickness was 20 yg/cm? 
for the thinnest scatterers. The fraction of elec- 


trons scattered from the film was found experimen- 


tally by ‘‘difference’’ irradiation in the electron 
beam before and after depositing the gold. For the 
thinnest scatterers this fraction amounted to 6%. 
An aluminum sheet 0.1 thick was used as the 
backing for the first scatterers. The fraction of 


electrons scattered from the aluminum was 1 — 12%. 


3. MEASUREMENTS AND RESULTS 


Treatment of multiple scattering. As the meas- 
urements of the value of S* for different scatterer 
thicknesses showed, the depolarizing effect of mul- 
tiple scattering is very large even for relatively 
thin layers. For example, the thickness of second 
scatterer, for which the value of Saxp is reduced 
by a factor of 1.3 relative to the value for zero 
thickness, is 350 g/cm? for 245 kev, and 140 and 
50 we/cm? for energies of 133 and 60 kev. Because 
of this, at each energy we made measurements for 
several (usually six or seven) scatterers and ex- 


trapolated the results to zero thickness. For a 
correct extrapolation it is necessary to know pre- 
cisely only the relative thicknesses of the layers. 
These were found to ~ 1% by comparing the inten- 
sities of electrons scattered from the various 
foils. To reduce the errors from the extrapola- 
tion, we used very thin scatterers; the extrapolated 
value of the asymmetry differed from the value ob- 
tained with the thinnest scatterer by no more than 
5 — 8%. The only exceptions were the scatterers 
used for the measurements at 45 kev, for which 
this difference reached 15%. Here it was unrea- 
sonable to use thinner scatterers, because of the 
large increase in the corrections for scattering 

of electrons from the backing. 

Elimination of apparatus asymmetry. To elimi- 
nate apparatus asymmetries, the measurements 
with the gold scatterer were followed by measure- 
ments in which the first scatterer was replaced 
by a foil of aluminum. One must be very careful 
in such measurements. When one uses thick lay- 
ers of aluminum, there is a noticeable ‘‘soften- 
ing’’ of the electrons. For example, as was 
shown by the measurements with scatterer thick- 
ness 5yu and accelerating voltage 45 kv, the energy 
spread of the scattered electrons is 30 —40%. This 
can lead to errors, since it is very difficult to 
achieve the condition where the relative efficiency 
of the counters shielded by filters is energy inde- 
pendent to a high degree. In this connection we 
recall that an error of 1% in determining the ap- 
paratus asymmetry coefficient leads to an error 
of 5— 10% in the value of S*. For this reason we 
used quite thin layers of aluminum in the measure- 
ments: ly for the lowest energies, 2 u for energies 
80 and 133 kev, and chose a foil thickness of 5 u 
starting from an energy of 170 kev. 
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FIG. 3. Experimental results: e — this paper; o — data of [*), 
The solid curve is the computation ofl?4], which does not in- 
clude screening. 
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Corrections. The following corrections were 
made to the measurements of S. Corrections for: 

1. Scattering of electrons from the backing of 
the gold layers, amounting to a total of 1— 10% 
for both scatterers. 

2. Polarization of electrons scattered by the 
aluminum in the measurements of apparatus 
asymmetry, 3 —4%. 

3. Finite angular spread, 0.5%. 

The results of the measurements are given in 
the table. The last column gives the ratio of the 
experimental value of S to the value obtained from 
the computations. [3,4] The errors arising in the 
interpolation of the data of [3,4] do not spoil the 
precision of the computations, which are estimated 
by the author to be 1%. As we see from the table, 
the discrepancy between the theoretical values, 
which were obtained omitting screening, and the 
experimental values decreases with increasing 
energy. But even at energies of 200 — 250 kev, 
there remain small deviations amounting to 3 —4% 
+ 2%. 

Figure 3 shows the data of the present work, 
the results of Sherman’s calculations, [3,4] and the 
data of Ryu L8J for energies of 100 and 120 kev. We 
are not aware of any other measurements of the 
value of S(120°) by experiments on double scat- 
tering. 

In conclusion, we mention the work of Bienlein 
et al"!2] who studied the asymmetry of Mott scat- 
tering, using the polarized electrons from Co® as 
a source. They studied the angular dependence of 
S and its dependence on the atomic number of the 
scatterer. In their work the absolute values of 
§ (120°) for energies of 120, 155 and 209 kev were 
obtained under the assumption that the polariza- 
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tion of the 8 electrons is exactly equal to the ratio 
of the velocity of the electron to the velocity of 
light. Such a determination of S is not an inter-_ 
nally complete experiment, and the result may 
turn out to be wrong, since even in the case of 
allowed transitions one observes considerable 
differences in the polarization of the electrons 
emitted from different nuclei. '1!J 
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The multiplicity dependence of the angular and energy characteristics of secondary particles 
in proton-nucleon collisions at 9 Bev is studied. A comparison is made with results of calcu- 
lations {!5>16] based on the single-meson scheme. 


‘Tae general properties of proton-nucleon (pN- 
interactions ) at 9 Bev were described in earlier 
papers [2,3] (see also [4]) Certain important de- 
tails of the phenomena, however, remained unclear, 
particularly those concerning the dependence of the 
angle and energy characteristics on the multiplicity 
and on the asymmetry of the c.m.s. angular distri- 
bution of the secondary protons in pn interactions. 
The present study was aimed at an investigation 

of these problems and at better results, which we 
had hoped to attain by increasing the statistical 
material and improving the procedure (more 
stringent selection of events, more accurate ioni- 
zation measurement, and measurement of the signs 
of the secondary-particle charges ). 

We scanned the primary-proton tracks, by the 
accelerated method (see [5]) in a pellicle stack 
made up of NIKFI-R emulsions irradiated by 9- 
Bev protons inside the proton synchrotron of the 
Joint Institute for Nuclear Research. We scanned 
a total of 3 km of track and found about 8000 inter- 
actions. The mean free path for the interaction 
was found to be 35.9 + 0.4 cm. 

From among the interactions found we sorted 
out the cases that satisfied the criteria for colli- 
sions between protons and free or quasi-free 
nucleons. /*s3] A total of about 900 events of this 
type were found. In order to obtain the cleanest 
material on the proton-nucleon interaction, par- 
ticular attention was paid to absence of a cluster 
in the center of the event, which could be due either 
to a very slow recoil nucleus or to a slow electron. 
We therefore chose for the measurement 425 such 
“‘clean’’ cases, of which 251 had an even number 
of secondary charged particles (pp interactions ) 
and 174 had an odd number of prongs (pn inter- 
actions ). 


*Some results of this investigation were also reported 
by V. I. Veksler. [1] 


The fast secondary particles were identified by 
measuring the multiple scattering and the ioniza- 
tion density. We used the g/g, (relative ionization 
density) vs. pf8 (for pions and protons) curves 
calculated by Barkas and Young. [6] These curves 
are shown in Fig. 1 together with the experimental 
points. 

In addition, we determined the signs of the 
charges of the secondary particles from the de- 
flection in the magnetic field of the proton synchro- 
tron.* Using the procedure described by Gramenit- 
skii et al,""] we determined the quantity yy 
= Omeas/Omult¥t . where Omeas — actual change 
in the direction of the particle over the length t, 
and 6mylt — mean square of the multiple-scatter- 
ing angle at the same length. The length of the 
track was not less than 6 cm here. To verify the 
method we measured yy, 0n the tracks of positive 
particles (particles from 2-prong events in pp 
interactions and particles identified as protons 
from the measurements of the ionization and scat- 
tering). For 14 out of 90 positive particles y, 
was negative, i.e., the sign of the charge, is in- 
correctly determined in (16 + 4)% of the cases, 
owing to the influence of multiple scattering. 

We also analyzed three-prong events among 
the pn interactions. In this case the number of 
positive particles was twice the number of nega- 
tive ones. Actually 57 and 28 particles were ob- 
served with positive and negative ym, respectively, 
i.e., the ratio of the number of positive to negative 
particles was 2.0 + 0.47. It can be concluded from 
this check that the sign of the charge of a particle 
with track longer than 6 cm is correctly deter- 
mined in 80—85 percent of the cases. 

The fast particles were measured and identi- 


fied with tracks having dip angles ¢ less than or 


*During the time of irradiation the stack was in the 12 000 
oe magnetic field of the proton synchrotron. 
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equal to 5°. Therefore to obtain the angle and 
momentum distributions and the mean values of 
the various quantities we introduced geometrical 
corrections "J for the number of particles which 
have an angle » greater than 5° for a given direc- 
tion angle 9. In the calculation of the statistical 
errors under these conditions we used the previ- 
ously obtained results. 8 

As noted earlier, #1 particles with pS ranging 
from 1.5 to 2.5 Bev/c (region where the pion and 
proton curves intersect in Fig. 1) cannot be iden- 
tified in practice by their ionization and scatter- 
ing. The same reference cites some indirect ar- 
guments in favor of assuming the greater part of 
the particles entering into this region being pions. 
In addition to the foregoing, we can also advance 
the following arguments. It is natural to assume 
the ratio of the total number of pions to the 
number of charged particles in the pp interac- 
tions to be close to 1.5. This ratio, calculated 
from the inelasticity coefficient under the assump- 
tion that all the particles in the intersection region 
are protons, was found to be 2.41 + 0.35. Thus, the 
assumption that all the particles in the ‘‘intersec- 
tion region’’ are protons must be excluded. 


Table I* 
| Protons Pions 
Multiplicity | De | Py De | Py 
2 | 1280+60 368+ 36 662+78 M4472 
4 1010 +950 439437 393430 260+ 28 
6-8 ie 9202E 10 549+71 442.443 3559 +45 


*Momenta given in Mev/c units. 
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FIG. 1. The dependence of the relative cluster 
density g/g, on pf: 1 — proton; 2 — pions. 


To estimate the percentage of protons in those 
particles we can use the result of indirect identi- 
fication of the secondary positively-charged par- 
ticles in the momentum interval 2.3—2.9 Bev/c, ob- 
tained with the aid of electronic circuitry in a 
study of the interaction between 9-Bev protons 
and beryllium nuclei. It was shown that in the 
secondary particles emitted with this momentum 
at 0—2° the number of protons is almost equal to 
the number of positive pions.* 

If we assume that this is true in the entire 
‘intersection region,’’ then we obtain for pp in- 
teractions the ratio n (1*°)/n (m*) = 1.40 + 0.23.7 
It must be noted that many other characteristics 
of pp interaction, particularly the natural require- 
ment of symmetry of the angular distribution of the 
pions and protons in the c.m.s., likewise do not 
contradict the foregoing assumption, which we have 
subsequently used in the reduction of all the ex- 
perimental results. 

In the analysis of the pp interactions, great 
interest is attached to the comparison of various 
characteristics of the secondary particles at dif- 
ferent multiplicities. Table I lists the mean val- 
ues of the c.m.s. momentum (pc) and the trans- 
verse momentum of the secondary protons and 
pions from the pp interactions. 


*The authors are grateful to M. F. Likhachev, V. S. 
Stavinskii, Ts’ui Yun-ch’an and Chang Nai-hsien, who com- 
municated the results cited. 

tIn the calculation we assumed all the negative particles 
from the ‘‘intersection region’’ to be negative pions, and 
each positive particle was assumed equally likely to be a 
proton or a positive pion. 
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FIG, 2. Angular distribution of protons in the c.m.s. for 
different multiplicities in pp interactions. The ordinates rep- 
resent the percentage of events. 


From the data of Table I we can conclude that 
the average characteristics depend relatively little 
on the number of charged particles.* 

The angular distribution of the protons in the 
c.m.s. for pp-interactions (Fig. 2) is highly iso- 
tropic at low multiplicity, and becomes close to 
isotropic on going to n = 6—8. 
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C05 65 
FIG. 3. Angular distribution of secondary protons (a) and 
pions (b) in the c.m.s., obtained in pp interactions; the 
smooth curve is calculated by the single-meson scheme. 
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Figure 3 shows the summary c.m.s. angular 
distributions of the protons and ions for all pp 
interactions. It is seen from the plot that the an- 
gular distribution of the pions is much closer to 
isotropic. 

From the data of Table I we can readily calcu- 
late the total number of mesons as a function of 
the multiplicity. Table II lists the results of such 
a calculation together with data on the number of 
protons per interaction. It can be seen that the 
total number of mesons increases somewhat with 
increasing number of charged particles. In the 


*The coefficient of inelasticity and the fraction of the 
energy lost by the proton (in the laboratory system) to the 
formation of pions were 0.56 + 0.08 and 0.40 + 0.05, re- 
spectively, for all pp interactions. These data agree, within 
the limits of errors, with the earlier results (seel’/). 
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Table II 

SSS Se ee ee eee et ee 

ey Total num- | Number of Number of Number 
Multiplicity ber of charged neutral of 

mesons mesons mesons protons 

2 2c0 26 | 0.96-+0.16 | 1,04+0,30 | 1.04+0.16 

4 4,16+0.34 | 2.72+0.18 | 1.44+0.38 | 1.28+0,18 

6-8 | 4.12+0.44 | 5.04+0.26 —_ 1,32+0,26 


case of large multiplicity (n = 6—8) there are 
practically no neutral mesons. 

For all the pp interactions taken together, the 
average number of protons, charged pions, and 
neutral pions is respectively 1.18 + 0.10, 2.24 
+ 0.14, and 0.90 + 0.30. An analogous analysis 
was made for pn interactions. 


Table III* 
Protons Pions 
Multiplicity 
Po | p i's Peo | p aL 
| 
3 1010+40 300 +43 | 428 +39 252+33 
3 918+70 441 +45 4387+41 291 +39 
7-9 | 813+80 943+75 420+90 | 228+25 


*Momenta given in Mev/c units. 


Table III lists the mean values of the c.m.s. 
momentum and of the transverse momentum for 
different multiplicities. 

As in the case of pp interactions, the depend- 
ence of the average secondary-particle character- 
istics on the multiplicity is relatively weak. The 
mean number of protons, charged pions, and neu- 
tral pions per pn interaction is respectively 1.11 
+ 0.10, 2.82 + 0.21 and 1.61 + 0.49.* 

The c.m.s. angular distribution of the protons 
shown in Fig. 4 is asymmetric, in accord with the 
results of the earlier investigations [2-4] (see 
also [10,11]) 

As was shown in [12] the c.m.s. angular distri- 
bution of the charged pions should be symmetrical 
for pn interactions. The observed angular distri- 
bution of the pions (see Fig. 4) does not contra- 
dict this statement, for the difference in the num- 
ber of pions emitted in the forward and backward 
hemispheres is 73 + 50. 

The analysis shows that the pN interactions 
have the following characteristic features: 

1) A relatively small fraction of the primary 
energy of the proton (~ 40%) goes in the mean 
into pion production. 

*It must be noted that the values given pertain only to pn 
interactions with n > 1 secondary prongs. The average number 
of protons per event for all pn interactions should be unity 
(seel’l), With our sampling, the average number of protons 
should be somewhat greater than unity. 
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FIG. 4. Angular distribution of protons (a) and pions (b) 
in the c.m.s. for pn interactions. 


2) The angular distribution of the protons in pp 
interactions is sharply anisotropic in the c.m s., 
and the degree of anisotropy decreases with in- 
creasing multiplicity. 

3) The c.m.s. angular distribution of the pions 
is much closer to isotropic than that of the pro- 
tons. 

4) The average characteristics of the secondary 
particles (Pg, Py, Np» n,) change relatively little 
with changing multiplicity. 

5) A noticeable asymmetry is observed in the 
angular proton distribution for pn interactions. 

At present there exists no consistent theory 
capable of describing the entire pN interaction 
picture. The statistical theory of multiple particle 
production describes well only certain character- 
istics of the interaction, for example the distribu- 
tion by multiplicities (see /!3»14J), On the other 
hand, the angular distributions of the secondary 
particles cannot be explained within the framework 
of the statistical theory. It is important that the 
statistical theory does not consider in principle 
the structure of the interacting particles, whereas 
even the crudest model representations are capa- 
ble of yielding rather interesting results. If, for 
example, we assume that the nucleon consists of 
a ‘‘meson cloud’? surrounding a central 
‘“core,’’/15] then we can expect two types of colli- 
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FIG. 5. Distribution of transverse momenta of protons in 

pp interactions. Smooth curve — result of calculation by the 


single-meson scheme. 
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FIG. 6. Energy distribution of the recoil nucleons in pp 
interactions. Smooth curve — result of calculation by the 
single-meson scheme. Area under each column of the histogram 
corresponds to the number of cases in percent. The square on 
the figure indicates the scale. 


sions to be present, ‘‘central’’ and ‘‘peripheral.’’ 
This division is, of course, arbitrary. 

On going from small to large multiplicities it 
is natural to expect the relative role of the ‘‘cen- 
tral’’ collisions to increase. This agrees with the 
experimental data, which indicate certain changes 
in the momentum and angular characteristics of 
the secondary nucleons (see Tables I and III and 
Fig. 2). On the other hand it is known that the 
number of charged secondary particles is not a 
sufficiently sensitive parameter capable of separat- 
ing the ‘‘central’’ collisions from the ‘‘peripheral’’ 
ones (see [46]), One might think that the energy 
loss would be a more suitable criterion. If we 
assume arbitrarily that the ‘‘purely central’’ col- 
lisions are characterized by greater energy losses, 
we must conclude that the number of such colli- 
sions is small, for only in about 6% of all the pN 
interactions with two secondary protons were both 
protons emitted in the same c.m.s. direction. 

It is apparently natural to classify as ‘‘periph- 
eral’’ collisions in which the recoil nucleon ac- 
quires little energy. We can attempt to describe 
such collisions by using the single-meson scheme 
in the pole approximation. [16,17] Calculation shows 
that the cross section of the inelastic pN interac- 
tion should amount to about 18 mb, i.e., an appre- 


Table IV 


| pn interactions 


pp interactions 


number of events, % number of events, % 


| cc 


a 


exp | theor | exp theor 
| 

2 TACT See ie lal 29.9442 |<4814 
4 A2.2+44,4 58 ee 46,045.41 65.2 
€ 10,6+2,1 620% By oS 16.1+3,1 15.7 
8 2 Ae a6: lea cOid | | 754-204 0.7 
Phe pe] Bah2rt: 0440. | lidn Odie 9 0.60.6 ee 
Non 3,06+0.14 2.96 
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ciable portion of the corresponding experimental 
value, which is approximately 30 mb. [1,18] 

It is therefore interesting to compare the ex- 
perimental and calculated data pertaining to the 
entire statistical material. Figure 5 shows the 
experimental and theoretical distributions of the 
transverse momenta of the proton for pp interac- 
tions, while Figs. 3 and 6 show the angular distri- 
bution of the pions in the c.m.s. and the energy 
distribution of the recoil nucleons in the l.s. 
Table IV lists the theoretical and experimental 
distributions by number of charged particles for 
pp and pn interactions. 


For pn interactions we have calculated the quan- 


tity 

A= (n forw. — ™backw.)/N 
(N —total number of interactions ) which charac- 
terizes the degree of asymmetry of the angular 
distribution in the c.m.s. We give below values 


of A for different multiplicites 
n 4 3 5 
+0,55+0.09 0.0+0.21 
+0.64 —0.03 


79 
—0,64+0,64 


—0,68 


A 


exp. 


Atheor. 70,43 


We do not give the experimental value of A for 


cases with n=1, for which only cases with 6, = 5° 


were considered. 

A comparison of the experimental data with the 
calculations based on the one-meson scheme indi- 
cates that they are in qualitative agreement. It is 


hardly expected to obtain quantitative agreement be- 


cause, in addition to single-meson interactions, an 
appreciable role can be played also by processes 
that follow more complicated schemes. 

The authors are grateful to V. I. Veksler, I. M. 
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Highly concentrated aqueous solutions of VOCl, are investigated by the EPR method. The 
dependence of EPR line shape on concentration and temperature is in agreement with the 
predictions of the exchange-narrowing theory. An exchange frequency We = 5 x 101° sec=! 


is estimated for a concentration of 6M. 


1B Liquid solutions of vanadyl (VO?*) salts are 
convenient systems in which to test the existing 
theories of paramagnetic relaxation in solutions.{!-3] 

Using the method proposed in [4] we have inves- 
tigated the behavior of EPR (electron paramagnetic 
resonance ) line width in aqueous solutions of VOCI, 
over the temperature range 278 to 390° K at concen- 
trations from M=6M to M=1M at the frequency 
v = 9430 Mc. 

As was shown earlier in a qualitative way, [5] 
pronounced exchange interactions between the VO?* 
ions are observed in this range of concentrations. 
Kubo and Tomita “J have developed the most com- 
plete theory of exchange effects in EPR. Hence the 
following discussion will be based, for the most 
part, on the results of [3] and [°], in which the 
effect of exchange on the magnetic dipole-dipole 
interaction !! and on the hyperfine interaction /®] 
is considered. It can be shown !®! that with very 
strong exchange, when the exchange narrowing 
predominates over motional narrowing, the ab- 
sorption line has the Lorentz shape with half-width 
(at half-height) Aw,/ 


Aw, at Ass -. A@pe+ Aws, 


(1) 


where Awgg is the dipole contribution to the half- 
width, 1 


Awss = h2g*BtS (S +1) D1<8> 7 [FE +E, + 2 Aa], 
i 
(2) 


Awpf is the contribution to the half-width from the 
hyperfine interaction {1 


Aop= +1 (+ 1) @ + $6) 02" [Eo + Fil, (3) 


and Aw#® is the contribution of the anisotropic part 
of the Zeeman energy {°] 


Aw? = < (AgBH /&)? t- [+ (1 + 05 te) ‘1. (4) 


Here 
a =(A + 2B)/3, b =2(A — B)/3, Ag =g, —8): 
Ex = (a/ 2) exp (— R205 / 203), 
we =(2FS(S+11%, P=N* > diz: 
ite 
We is the exchange frequency, J* is the mean value 
of the square of the exchange integral effective at 
one ion, and Tg is the correlation time of Brownian 
motion. Equations (2) and (3) are obtained under the 
conditions of strong exchange we72, > 1 and coinci- 
dence of exchange frequencies for AWgs and Awps.684 

We note that the contribution Aw? does not de- 
pend on exchange, since the anisotropic part of the 
Zeeman energy is neutralized only by thermal mo- 
tion and not by exchange. 

2. Experimentally, the concentration dependence 
of the half-width of the EPR line in VOCl, solutions 
in concentration region I (6 to 2M) differs in an 
essential way from that in region II (1 to 0.001M). 

In the present paper we limit ourselves to a 
consideration of the results pertaining to region I. 
These concentrations are characterized by a com- 
plete absence of any kind of hyperfine structure 
(hfs). In this region the shape and width of the 
single EPR are strongly concentration dependent 
(see the table). For the highest concentration M 
= 6M the ratio r = (AH*)!/4/(an?)!/ = 1.49 indi- 
cates a Lorentz shape for the absorption line. The 
smallest value of the width at these concentrations 
occurs at M=6M and is 175 oe, signifying strong 
exchange interaction in the sample (so-called 
‘‘exchange narrowing’’). The line gradually widens 
with dilution and at M ~ 2M acquires a wide 
plateau-like shape with r = 1.20, which is close 
to the value 1.16 computed for this ratio for an 
idealized rectangular-shaped absorption line. 

From this it can be seen that Eqs. (1) — (4) for 
the half-width Aw,/. of a Lorentz absorption line 
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Concentration, : | AH, ae g-factor 
6 1.49 174 1.963+0.005 
5 4,36 251 1,963-+0.005 
4 1o0) 347 1,963+0.005 
3 4.26 502 — 
2 4.20 653, _ 


in the case of strong exchange are suitable for the 
description of EPR in 5—6M solution. An addi- 
tional substantial argument in support of their ap- 
plicability is the very weak dependence of the line 
width on temperature in the highly concentrated 
solutions. Thus, at a concentration of 6M the width 
decreases from 175 to 160 oe as the temperature 
increases from 293 to 323° K, and with further 
heating it remains unchanged. Such a dependence 
can be explained on the basis of Eqs. (1) — (4) when 
it is realized that only the contribution from the 
anisotropic part of the Zeeman energy [Eq. (4)] 
depends on the temperature (through the corre- 
lation time T,). When tT, becomes short enough 
with increasing temperature so that Aw? is neg- 
ligible relative to Awgs, + Awps, the line width 
does not depend strongly on the temperature in 
accordance with Eqs. (2) and (3). In this temper- 
ature range the behavior of concentrated VOC], 
solutions is completely analogous to that of para- 
magnetic solids having strong exchange interac- 
tion (free radicals, many magnetically concen- 
trated ionic salts of elements of the first transi- 
tion group, etc. ).07] 

Using Eqs. (2) and (3) we can estimate from 
the temperature independent part of the half-width 
the exchange frequency we, a parameter difficult 
to measure by other means. Taking AH = 160 oe 
at M=6M, A= 200 oe, B= 76 oe, ray and 
S = % we obtain we = 5 x 10! rad/sec. Here we 
have used the values for the hyperfine coupling 
constants A and B obtained earlier in '*/ from 
EPR spectra of super-cooled ethanol solutions of 
hydrated complexes of VOCI,. Dilute liquid solu- 
tions in ethanol and water have isotropic hyper- 
fine coupling constants a = 110 oe and a =117 oe, 
respectively. The small difference between these 


values leads to the expectation that the use of the 
measurements of A and B in supercooled ethanol 
solutions is adequately justified. The strong ex- 
change condition w372 >> 1 for our solutions is 
apparently satisfied, since the viscosity of con- 
centrated aque6us solutions of VOCI, is rather 
large (at room temperature the viscosity of a 
6M solution amounts to 141 centipoise). 

When the concentration becomes somewhat 
lower than 2M, traces of resolved hfs can be seen 
on the wide plateau-shaped absorption line. How- 
ever, the dipole width of each peak in the concen- 
tration range 2 to 1M is comparable to the hfs 
constant a =(44)(A +2B). Hence the hfs is either 
not resolved at all (2M) or there are only traces 
of a resolved structure (1M). In this case the 
relations AH ~ 2Ia = 7 x 117 = 819 oe should be 
satisfied. Experiment gives the somewhat larger 
value AH = 930 oe for a 1M solution, as was to 
be expected. 

In discussing the results obtained at intermedi- 
ate concentrations (2—1M), we are limited to 
purely qualitative considerations, since existing 
theories |!~,6] go not treat this case. 
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It is shown that besides the model of the Fermi surface for tin proposed earlier, [1] another 
topologically equivalent surface satisfies the experimental data from galvanomagnetic meas- 
urements. The surface suggested is compared with the Fermi surface derived by Gold and 
Priestley [2] from a study of the de Haas—van Alphen effect. 


We reported earlier [1] that some general de- 
ductions could be made about the form of the 
Fermi surface of tin on the basis of a study of 
the galvanomagnetic properties. 

Recently Gold and Priestley fed reported the 
results of an investigation of the Fermi surface 
of tin obtained by measuring the de Haas—van 
Alphen effect. It was therefore of interest to 
compare the results of these two methods of 
studying the Fermi surface of metals. * 

The main experimental result of galvanomag- 
netic measurements is a stereographic projection 
of the singular magnetic field directions.1 A 
unique interpretation of this projection is not al- 
ways possible. The stereographic projection we 
obtained previously [41 made possible the follow- 
ing proposed model of an open Fermi surface: a 
plane net of ‘‘corrugated cylinders’’ with axes 
parallel to the [010] direction. The dimensions 
of the ‘‘cylinders’’ are such that [110] is an ad- 
ditional open direction. 

However, along with such a surface, the stereo- 
graphic projection of the singular magnetic field 
directions for tin can agree with an open Fermi 
surface formed by ‘‘corrugated cylinders’’ with 
axes directed along [110]. The [010] direction 
is then the additional open direction. 

This surface, as well as the surface discussed 
above, is equivalent, in a topological way, to a 
surface formed by two corrugated planes, parallel 
to the (001) plane and connected in the [001] direc- 
tion by tubular “‘bridges.’’ The mean diameter of 
the ‘‘bridges’’ can be calculated by using the ex- 
perimental data and Eqs. (3) and (4) of the previ- 
ous paper [1]. q = 0.55b and the mean distance 
between the planes: h = 0.5b, where b = 2 (27/a), 
a=5.84A. An open surface of this type is shown 
schematically in Fig. 1. 


Both variants of an open Fermi surface for tin 
are topologically equivalent and can be obtained, 
one from the other, by rotating the axes through 
an angle 7/4 in the (001) plane and changing the 
scale by a factor V2.* 

From the experimental data it also follows 
that tin has a closed surface (or several sur- 
faces ), with a volume equal to the volume of the 
open surface, but of opposite sign. According to 
measurements of the Hall effect the closed sur- 
face corresponds to ‘‘electrons’’ and the open to 
‘*holes.’’ Using the value of the Hall constant in 
the [001] direction, Rfo91j= 5 x 107° egs emu, the 
volume of the ‘‘bridges’’ can be calculated, which 
agrees with the principal dimensions of the open 
surface. This is the model of the Fermi surface 
of tin which results from the galvanomagnetic data. 

Gold and:Priestley proposed a model, accord- 
ing to which the Fermi surface of tin consists of 
seven closed and two open surfaces, the closed 
surfaces (except for one) being ‘‘electronic’’ and 
the open, “‘hole.’’ The total volumes of the ‘‘elec- 
tron’’ and ‘‘hole’’ surfaces are roughly equal. 
Gold and Priestley found that the results of their 
experiments on the de Haas—van Alphen effect 
could be explained within the framework of this 


*The Bravais lattice of tin can be chosen in two ways: it is 
either a face-centered tetragonal lattice with axial ratio a/c 
= 2.6, or a body-centred tetragonal lattice with axial ratio a/c 
= 1,8. Both lattices are equivalent in principle and differ from 
one another in that their periods in the (001) plane differ by \/2. 
In the previous paper the analytic expression for the isoener- 
getic surfaces is given in the axial system of a face-centred 
tetragonal crystal lattice, while the axial ratio a/c for tin 
was given in error for a body-centred lattice (a/c =~ 1.8). 
However, for the qualitative analysis of the topology of the 
isoenergetic surfaces only the property that a/c > 1 was used, 
and not the quantitative expression for a/c. 
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model. There is thus a qualitative agreement be- 
tween the two models of the Fermi surface of tin 
considered. 

We can only make a quantitative comparison 
for the open surfaces. Of the two open surfaces 
in Gold and Priestley’s model we must choose 
that which lies in the fourth Brillouin zone, since 
a surface in the third zone cannot give anything 
new for the galvanomagnetic properties. 

The open surface is the fourth zone consists 
of two ‘‘corrugated planes,’’ joined by ‘‘bridges’’ 
in the [001] direction. This surface agrees topo- 
logically with both variants of the Fermi surface 
proposed by us. It agrees approximately in shape 
with the surface shown in Fig. 1. The difference 
between these surfaces consists only in the first 
having the [110] direction open, while the second 
has both the [110] and the [010] directions open. 
However, this difference is insignificant since, 
keeping the cross-section area of the ‘‘bridges”’ 
constant, it is possible by small ‘‘deformation’’ 
of this cross-section to make the [010] direction 
open as well. The area of certain sections of the 
surface in the fourth zone can be calculated from 
the values of the periods of the oscillation of sus- 
ceptibility determined by Gold and Priestley, and 
its characteristic dimensions can then be found. 
The diameter of the ‘‘bridges’’ and the distance 
between the ‘‘planes’’ are roughly equal to 0.5b. 


The Fermi surface of tin obtained on the basis 
of the data of galvanomagnetic measurements is 
thus in good agreement with the surface derived 
by Gold and Priestley. 

We should also remark that the topological 
type of open surface suggested earlier [1] and in 
the present work is shown up in experiments on 
magnetoacoustic resonance, [4] in which, in par- 
ticular, open trajectories along the [110] direction 
are found. 

The authors express their thanks to Prof. I. M. 
Lifshitz and V. G. Peschanskii for their valued 
comments. 


! Alekseevskii, Gaidukov, Lifshitz, and Peschan- 
skii, JETP 39, 1201 (1960), Soviet Phys. JETP 12, 
837 (1961). 

2A. V. Gold and M. G. Priestley, Phil. Mag. 5, 
1089 (1960). 

31. M. Lifshitz and V. G. Peschanskii, JETP 35, 
1251 (1958), Soviet Phys. JETP 8, 875 (1959). 

4 Galkin, Kaner, and Korolyuk, JETP 39, 1517 
(1960), Soviet Phys. JETP 12, 1055 (1961). 


Translated by R. Berman 
191 


bea ee eee a 


SOVIET PHYSICS JETP 


VOLUME 14, NUMBER 4 


AGP RDG wells or 


NUCLEAR MAGNETIC RESONANCE IN METALLIC THALLIUM 


Yu. S. KARIMOV and I. F. SHCHEGOLEV 


Institute for Physics Problems, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 26, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1082-1090 (October, 1961) 


Nuclear magnetic resonance has been investigated in metallic thallium in a sample of natu- 
ral isotopic abundance and in samples enriched in T12% and T12°, Measurements were car- 
ried out over a range of fields from 550 to 5500 oe at helium temperatures. In a sample with 
natural isotopic abundance, it was observed that in weak fields the indirect exchange inter- 
action between the nuclei, due to the presence of conduction electrons, caused the lines due 
to the two isotopes to merge. The experimental results agree well with calculations based 
on the Kubo and Tomita theory of magnetic resonance absorption. A value A/h = 37.5 kc/sec 
has been obtained for the indirect exchange interaction constant. 


INTRODUCTION 


SEVERAL years ago Ruderman and Kittel [1] 
noted that in metals, in addition to the usual dipole- 
dipole interaction between nuclear spins,’ there can 
also exist an indirect exchange interaction due to 
conduction electrons. The operator for the indi- 
rect exchange interaction between the nuclear 
spins I, and Ig has the form Aggla' Ig- The 
constant Aap depends on quantities characteriz- 
ing the behavior of electrons in the metal and an 
expression for it was obtained in the one electron 
approximation by Ruderman and Kittel. [1] 

In the case of a metal containing several differ- 
ent isotopes possessing magnetic moments, this 
interaction must lead to additional broadening of 
the nuclear magnetic resonance (n.m.r.) line, 
and this was shown in a convincing manner by 
Bloembergen and Rowland l2] who measured widths 
of n.m.r. lines in samples of metallic thallium of 
different isotopic composition. However, in addi- 
tion to line broadening such an interaction, if it is 
sufficiently large, must give rise to another curi- 
ous effect: it must make the resonance lines of 
the individual isotopes approach one another, and 
it must make them merge completely in weak 
fields when the energy difference between the 
Zeeman levels of the individual isotopes becomes 
smaller than the energy of the exchange interac- 
tion. This is due to the fact that in weak fields the 
nuclei of the different isotopes coupled by the ex- 
change interaction behave as a single system. In 
strong fields the coupling between them is broken 
and each isotope gives rise to its own absorption 
line. This effect, which is to a certain extent anal- 


ogous to the Paschen-Back effect, has been ob- 
served in electron paramagnetic resonance, [3,4] 
and we have attempted to observe it in the case of 
nuclear spins in metallic thallium. 

Thallium has two stable isotopes, T12% and 
TI?" whose natural abundance is respectively 30 
and 70%. Both isotopes have spin ee and their 
magnetic moments differ by only 1%. Such a small 
difference between the magnetic moments on the 
one hand, and the appreciable value of the indirect 
exchange interaction on the other hand, have 
caused us to observe a complete merging of the 
lines of the two isotopes into one relatively nar- 
row symmetric line even in fields <1 koe. To 
convince ourselves that the observed effects are 
associated specifically with the presence in the 
sample of two different thallium isotopes, and are 
not due to some other causes, we have carried out 
measurements on isotopically enriched samples, 
one with 97.6% T12" and the other with 90% T1?%. 
These measurements also enabled us to deter- 
mine accurately the displacement of the lines 
from their initial position in a sample of natural 
isotopic abundance. Moreover, they have enabled 
us to obtain quantitative data characterizing the 
narrowing of the line as the magnetic field is de- 
creased. 

In order to describe the results obtained we 
have carried out calculations on the basis of the 
theory of Kubo and Tomita, [5] which have turned 
out to be in good agreement with experiment. The 
indirect exchange interaction constant enters into 
several quantities which can be measured experi- 
mentally and the values obtained from these dif- 
ferent measurements agree with one another. 
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FIG, 1. Recorded derivatives of absorp- 
tion lines in a sample of natural isotopic 
abundance. 


EXPERIMENT 


All the measurements were carried out at he- 
lium temperatures, since it is difficult to obtain 
a good signal-to-noise ratio in weak fields by any 
other method. 

The sample of natural isotopic abundance was 
prepared from metal of 99.9% purity. The sample 
enriched in T12% contained 97.6% T12, 2.4% T12% 
and less than 0.1% impurities, the principal one of 
which was Si. The sample enriched in T1?° con- 
tained 90% T1?°, 10% TI? and less than 0.2% im- 
purities, the principal one of which was again Si. 
These samples consisted of finely dispersed me- 
tallic powder mixed with vacuum grease. The 
metallic powder was obtained by reducing the 
oxide T1,03, in an atmosphere of hydrogen at 
265°C. The size of the particles in the samples 
did not exceed 1y, which is much smaller than 
the skin depth in thallium at helium temperatures 
in the frequency range used. Measurements in 
the case of natural isotopic composition were also 
carried out on a sample obtained by filing thallium 
with a barette file. The size of the particles in 
this case was 10 — 30y and was, apparently, some- 
what greater than the skin depth. The position and 
the shape of the lines obtained for all these differ- 
ent samples agreed within experimental error. 
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The n.m.r. spectrometer was briefly described 
previously. [6] The magnetic field was measured 
by means of proton resonance, and the accuracy 
of the measurement was limited by the instability 
of the magnetic field which did not exceed 107%. 
The modulation amplitude was different depending 
on the line width, and was so chosen that the cor- 
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FIG, 2. Absorption lines in a 
sample of natural isotopic abun- 
dance for different intensities of 
the magnetic field. The dotted 
curve shows the form waich the H=4207 Oe 
TI? absorption line has in an | 
enriched sample. 
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rection to the second moment due to the finite 
modulation“"1 did not exceed 1%. 


RESULTS 


Figure 1 shows recorded derivatives of absorp- 
tion lines in metallic thallium of natural isotopic 
abundance in three different magnetic fields. Fig- 
ure 2 shows the integrated line shape in the differ- 
ent fields. It can be seen that in weak fields there 
exists only one relatively symmetric resonance 
line. As the field is increased the line broadens, 
becomes asymmetric, and in the highest fields two 
lines appear due to the two different isotopes of 
thallium, and these were the lines observed by 
Bloembergen and Rowland. ?1 

The absorption lines of T1*° in the enriched 
sample behave differently. An increase in the 
magnetic field broadens the line only slightly. The 
absorption lines of Tl? in the enriched sample 
behave similarly, but the broadening is much more 
pronounced in this case since this sample contains 
a greater amount of the ‘‘foreign’’ isotope. From 
these measurements we have obtained for metallic 
T12% the ratio vres /Hres = 2.4975 + 0.0003 ke/ 
sec-oe, and for metallic T17° the value vres/H 
= 2.4723 + 0.0003 kc/sec-oe. These values were 
used to indicate in Fig. 2 by arrows those frequen- 
cies at which the Tl?” and 117%? lines occur in the 
corresponding fields. For comparison we have 
shown by a dotted curve in this figure the appear- 
ance of the T12% absorption line in the enriched 
sample in a high field. 

Figure 3 illustrates the manifestation in the line 
widths of the process of the smearing obliteration 
of the differences between the spins of the differ- 
ent isotopes as a result of the indirect exchange 
interaction.* Here we have shown the dependence 
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*We say that the spins are different if their gyromagnetic 
ratios are different. 
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FIG. 3. Dependence on the square of the field of 
the second moment of the T1°° absorption line in an 
enriched sample. 


of the second moment of the T12" absorption line 


in the enriched sample on the square of the exter- 
nal field. The linear dependence of the second 
moment on the square of the field observed in the 
highest fields is due to the anisotropy of the Knight 
shift. The dotted line extrapolates this linear de- 
pendence into the weak field region. The dotted 
line shows the manner in which the second mo- 
ment would vary if the spins of the two isotopes 

of thallium would remain different at all times. 
However, we see that in weak fields the second 
moment becomes smaller than it ought to be by 
approximately a factor of four. The origin of this 
effect can be easily understood: in high fields there 
exist nuclei of two different thallium isotopes and 
the exchange interaction between them gives a 
contribution to the second moment. In low fields 


all the spins become the same and, as is well 


known, the exchange interaction between identical 
spins gives no contribution to the second moment. 


THEORY 


For a quantitative description of the observed 
process of the merging of the lines and of the proc- 
ess of their narrowing we shall utilize the theory 
of magnetic resonance absorption developed by 
Kubo and Tomita."*] It enables us to calculate the 
first and the second moments of the absorption 
lines in a sample containing two kinds of spins. 

The first moments describe the effect of the shift 


0 025. O35 
FIG. 4 


NUCLEAR MAGNETIC RESONANCE IN METALLIC THALLIUM 775 


of the lines from their initial position, while the 
second moments describe the line narrowing 
effect. 

1. Following Van Vleck!*] we write the Hamil- 
tonian for a system containing two different kinds 
of spins in the form 
go = ROE eats H ee 2 > Bilizlez 
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The unprimed Manes in this expression re- 
fer to spins of one kind, and the primed quantities 
to spins of the other kind. The first two terms de- 
scribe the interaction with the external field H; 
the terms with the coefficients 


Pee ere + B.,) 3 
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take into account the dipole and the pseudodipole §?1 
interactions; the terms with the coefficients 


A,, = - al SLT a B,.) (Oye De Ag 


take into account in addition to the dipole and the 
pseudodipole interactions also the isotropic ex- 
change interaction. The subscripts a and # can 
refer both to spins of one kind and to spins of the 
other kind. In all the expressions for the coeffi- 
cients we assume that the gyromagnetic ratios of 
both kinds of spins are the same: y’ =; rqg is 
the distance between the nucleus a and the nu- 
cleus B; Yqp is the cosine of the angle between 
the vector rqg and the external field. We have 
omitted from the Hamiltonian all terms which 
lead to satellite absorption lines at frequencies 
that are multiples of the Larmor frequency, and 
we have not taken into account the Knight shift. 

2. In the case of high fields when two lines ap- 
pear we choose (for notation see !*J): 


Ho = Hz: KH = Hat He. 


In accordance with formulas (4.22) and (5.3) of 
the paper by Kubo and Tomita!*! we find by sec- 
ond order perturbation theory, for the case of 
spins I[=I’= we that in a polycrystalline sample 
the center of gravity of the line which was ini- 
tially situated at the frequency v = yH/27 will 
be shifted by an amount 


1 72 
a law —vyR DI flbe 


— (7 trae -- Bix). (1) 
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- For the second moment with respect to the undis- 


placed position of the line we obtain in this approx- 


imation Van Vleck’s expression: 


so. 9 2 9 2 2 
Av? = 20h2 Cin aie 45 h2 oie + | pe > Aig (2) 
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We shall see later that in our case by B<« Ag Bs 
and, therefore, in making comparisons with experi- 
ment we can negloet the quantities be g in com- 
parison with AZ g- Further, the expression ob- 
tained by Ruderman and Kittel [1] shows that ie B 
is inversely proportional to the cube of the dis- 
tance between the nucleus @ and the nucleus 8, 
at any rate at large distances. Therefore, the 
summation in formulas (1) and (2) can be re- 
stricted to only the twelve nearest neighbors in 
the hexagonal close packed lattice of metallic 
thallium by taking Ag g=A, bag=b for the near- 
est neighbors, and A, B= bag = 0 in all the other 
cases. As a result of this we obtain (cf. (J): 


dv/H = — 6x (A2/h*) f/(y — 4’) H?, (1a) 
Av? = = (62/h?) (1 — f) + 8 (A?/h%) f. (2a) 


Here f is the concentration of the ‘‘foreign,”’ 
primed isotope. 

The line displacement given by (la) causes the 
second moment with respect to the center of grav- 
ity to be smaller than (2a) by an amount (6v)?. 
However, this decrease is of the same order of 
smallness as the correction to the second moment 
which arises in fourth-order approximation of per- 
turbation theory. We therefore obtain the total de- 
crease in the second moment if we add to the above 
expression the correction evaluated in the fourth- 
order approximation (we note that all the third- 
order corrections vanish). As a result of this 
we have 
6 (Av*) =s55— yer 15 > Ane WE Pe [Ate Ale 

tk’ ilk’ + 

— A}, (Ain — Aw)?| a >; [4A re Air 

tk’ i’ 


— Aly (Are —Aw)*}} + (bv), (3) 


where N is the number of unprimed spins. Sum- 
ming this expression in the same manner as in the 
derivation of formulas (la) and (2a) we obtain 


8 (Av?) = 3x2 (A4/ht) (27 + 45/%)(y — 7’)? H?. (8a) 


3. In the weak field case we have only one reso- 
nance line, and we choose 


YH. =—hyH ps lat Dy ledh, 
HW) H Sea + Ste Bl 


In accordance with formulas (4.22) and (5.3) of the 
paper by Kubo and Tomita!*] we find that the cen- 
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ter of gravity of the line will be displaced with re- 
spect to the frequency v = (y/27) H by an amount 


bv = — Ww —v)f, (4) 


and the second moment with respect to the center 
of gravity will be given in a polycrystalline sample 
by 

ane fake 9 abs Pa b? \ S\2 1 (5) 

Vv" = 509A? 2: Gest tk’ 1 CV — V)?F —f). 
Rk k’ : 

On carrying out the summation in this case in the 
same manner as before we obtain 


Av? = 276? / 5h? + (20)? (y —7' PHF) — fp. (Ba) 


Similar formulas were obtained by a different 
method by Pryce. paps 

The magnetic field which separates the region 
of strong fields from the region of weak fields is 
given by the following expression ®! 


ies 3 Ail” | 2h (y — yy’) n VIATh (y —y'). (6) 
Rl 


COMPARISON OF EXPERIMENT WITH THEORY 


Our problem is to determine how well the ex- 
pressions (la) — (5a) describe the experimental 
data, and to obtain the values of the constants A 
and b, which describe the interaction of the nu- 
clear spins in metallic thallium. A rough esti- 
mate for the indirect exchange interaction constant 
can be obtained directly from the data shown in 
Fig. 2. The lines due to the different isotopes be- 
gin to be resolved in fields of approximately 1.5 
— 2 koe. If we assume that the difference in the 
energies of the Zeeman levels of the two isotopes 
in such fields is just of the order of the exchange 
energy, then we obtain for the constant A the esti- 
mate A/h x 35 —50 kc/sec. 

In order to justify the simplification introduced 
in obtaining formulas (la) — (5a), whereby we neg- 
lected the quantity b? compared to A?, we now 
obtain the value of the constant b, which charac- 
terizes the dipole and the pseudodipole interac- 
tions. This can be directly accomplished on the 
basis of the data shown in Fig. 3. As we have 
noted already, in the weakest fields when any dif- 
ference between the gyromagnetic ratios of the 
spins of the different isotopes completely disap- 
pears, the value of the second moment is deter- 
mined basically only by the dipole and the pseudo- 


dipole interactions, and is given by expression (5a). 


From this we obtain b/h = 2.7 kc/sec. The values 
of the second moment in weak fields in a sample 
of natural isotopic abundance and in the sample 
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enriched in Tl?" give for b/h respectively the 
values of 2.6 and 2.9 kc/sec. 

From the data of Fig. 3 it is possible to obtain 
also a more accurate value for the constant A by 
making use of the following considerations. In the 
strongest fields the second moment is given by 
formula (2a) and must be constant. As we have 
noted already, the observed linear increase is due 
to the anisotropy of the Knight shift which was not 


taken into account in the derivation of this formula. 


It can be taken into account if we add to the right 
hand side of formula (2a) a term proportional to 
the square of the field. A sharp decrease in the 
second moment in weak fields compared to the 
value which would be given by the linear depend- 
ence is due to the disappearance from formula (2a) 
of the term 3(A*/h?)f, i.e., of the contribution 
made to the second moment by the exchange inter- 
action between the different isotopes. Without this 
term formula (2a) goes over into formula (5a) (if 
f is sufficiently small), which specifically de- 
scribes the second moment in weak fields. Thus, 
by equating the quantity 3(A?/h?)f to the differ- 
ence between that value of the second moment 
which is obtained by extrapolating the linear de- 
pendence into the weak field region and the actual 
value of the second moment we obtain A/h = 36.0 
ke/sec. A similar procedure applied to the data 
obtained with the sample enriched in Tl?" gives 


A/h = 34.0 ke/sec. 
We shall now see how well the process of the 


merging of the lines is described by the theory. 
Formula (la) referring to this is valid for fields 

H > H* = 1.4 koe [this value is obtained from for- 
mula (6) by putting A/h = 36 kc/sec and f = 0.3]. 
Figure 4 shows the experimentally measured de- 
pendence on 1/H? of the relative displacement 
6v/H for the T12° line in metal of natural iso- 
topic abundance. The dotted line here shows the 
limiting value obtained in accordance with formula 
(4a) to which the value of 6v/H tends as H — 0 
[6v/H = —(y — y’)£/27]. The initial portion of 
this curve indeed turns out to be linear for fields 
H 23 koe. From its slope we find that A/h = 36.5 


_ke/sec. 


The process of line narrowing shown in Fig. 3 
is described by formula (3a) which is valid for 
fields H > H* = 500 oe. [ This value is obtained 
by means of formula (6) for A/h = 36 kc/sec and 
f=2.4x107?.] Figure 5 shows the dependence of 
6 (Av2) on 1/H?. It can be seen that the initial 
rectilinear portion of this curve extends from 
high fields down to H = 1.5 koe. From its slope 
we obtain A/h = 38.5 kc/sec. Similar measure- 
ments in the case of T12° yield A/h = 35 kc/sec. 
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The good agreement between the values of the 
indirect exchange interaction constant obtained 
from the different measurements testifies that 
the theory of Kubo and Tomita describes the situ- 
ation sufficiently well. The linear dependence on 
1/H? predicted by the theory with respect to the 
shift 6v/H and the decrease in the second moment 
6 (Av?) is confirmed by experiment, as can be 
seen from Figs. 4 and 5. 


DISCUSSION 


Thus, as a result of the reduction of the experi- 
mental data we have obtained the following values 
for the constants describing the interaction be- 
tween the nuclear spins in the metal: A/h = 36.0 
ke/sec, b/h = 2.7 kc/sec. The ordinary dipole- 
dipole interaction constant in thallium is y*h2a~® 
=1kc/sec (a is the distance between nearest 
neighbors ). Thus, it can be seen that the pseudo- 
dipole interaction is of approximately the same 
magnitude as the dipole interaction, and does not 
exceed 10% of the isotropic exchange interaction 
described by the constant A. 

As we have noted already, Ruderman and 
Kittel /4] have obtained an expression relating the 
constant A to the properties of the conduction 
electrons, which in the case I= I’ = % has the 
form 


Ai = Qm* <a> (81rip)* [2Rmi iz COS (2Rmi it) 

— sin (2knr:x)], 
where Q is the atomic volume, m* is the effective 
mass, (aj) is the value of the hyperfine interac- 
tion constant between the nucleus and the electron 
averaged over the Fermi surface, hk is the mo- 
mentum of the electron on the Fermi surface. Un- 
fortunately, this expression was obtained under 
highly simplifying assumptions; in particular, it 
was assumed that the energy is a quadratic func- 
tion of the momentum: E = h*k?/2m*. Apparently 
the last circumstance is completely excluded in 
the case of thallium."!!] Therefore, the estimates 
given below must be regarded more as an illustra- 
tion, and we cannot assume that they have any 
serious significance at all. 

As can be seen, the expression for A contains 
three unknown quantities: m*, (a) and ky. How- 
ever, we have at our disposal also the data on the 


Knight shift, in the expression for which obtained 
under the same restrictive assumptions these 
quantities appear in a different combination 

(cf., for example, [12]), 


AH | H = 3m) (ag) m*/ h’yk?,, 


where f, is the Bohr magneton. The method of 
averaging the quantity a, in this expression gen- 
erally speaking differs from the method of aver- 
aging it in the expression for A, but for order of 
magnitude estimates this is not significant. Ac- 
cording to our measurements, which agree well 
with the data of Bloembergen and Rowland, [1 
AH/H = 1.52%. If for the value of the maximum 
Fermi momentum we take k,, = t/a, then we 
obtain (a;,) = 101! cps, which exceeds the hyper- 
fine interaction constant in the free atom by a 
factor 10, and m*=0.2m. But if we take m* 

= 1.2m, which follows from data on specific 

heat, [14] we obtain km * 5.5 x 108 cm}, and 
(ax) = 10" eps. 

In conclusion we would like to note that there 
is an appreciable disagreement between our val- 
ues of the constants and the values obtained by 
Bloembergen and Rowland!21: A/h = 17.5 kc/sec, 
b/h = 5.5 kc/sec. In Fig. 4 we have shown by _ 
crosses those values of the second moment which 
are given in 2] for the sample enriched in TI? 
which contained 1.3% T1?°°. The values of the 
second moment themselves agree very satisfac- 
torily with the values obtained in the present work 
if we take into account the fact that in the evalua- 
tion of second moments fairly large errors can 
arise, particularly if the signal-to-noise ratio is 
not very great. An attempt might be made to ex- 
plain the small systematic discrepancy which, ap- 
parently, nevertheless exists by means of addi- 
tional line broadening due to the influence of the 
spin-lattice relaxation time T,: Bloembergen and 
Rowland have carried out their measurements at 
77°K and T, might not have yet reached very high 
values. However, these authors have made an er- 
ror in the reduction of the results of their experi- 
ments. They assumed that the second moment ob- 
tained by extrapolating to zero field the linear de- 
pendence at high fields is determined only by the 
dipole and the pseudodipole interactions. But in 
fact, as has been discussed above, the indirect 
exchange interaction also makes an appreciable 
contribution to it. Their neglect of this circum- 
stance caused them to grossly overestimate the 
magnitude of this pseudodipole interaction and to 
correspondingly underestimate the magnitude of 
the indirect exchange interaction. 
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The ratio of the photodeuteron to photoproton yield was measured for Al®"’ irradiated with 
y rays with Emax = 35 Mev. Within an energy range from 2.9 to 10 Mev the ratio was 


found to be 0.009 + 0.007 (which is much smaller than the ratio for Cu at E 


Mey [1 ). 


‘Tae experimental data on photodeuterons of en- 
ergies > 15 Mev can be interpreted on the basis 
of the so-called pickup process. [1,2] The study 
of photodeuterons of energy < 15 Mev has met 
with difficulties due to the small yield of the 
(y,d) reaction and due to the lack of a suffi- 
ciently trustworthy method of distinguishing be- 
tween singly charged particles of low energy. The 
investigations of the relative yields of photodeu- 
terons have led to rather conflicting results which 
also are sometimes difficult to compare. 

In the present work the ratio of the yield of 
photodeuterons and photoprotons was measured 
for Al?’ irradiated with bremsstrahlung of 
Ey max = 35 Mev. The charged particles were 
identified by the radius of curvature of their tra- 
jectory in a magnetic field and by their range in 
a nuclear emulsion. /31 Compared to the more 
frequently used method of grain counting in the 
residual range this method is less cumbersome 
to apply and more sensitive in distinguishing be- 
tween singly charged particles. 

The target was an aluminum foil of 7 mg/ cm? 
thickness. Together with the nuclear emulsion it 
was placed inside a vacuum chamber in a trans- 
verse constant magnetic field with H = 13500 oe. 
The nuclear emulsions, type NIKFI-Ya2 400 yu 
thick, were distributed in the interval 50° to 120° 
with respect to the photon beam. In addition to 
the range of the particles, the orientations of their 
tracks were measured in order to determine the 
radius of curvature of their trajectories in the 
magnetic field. The irradiation dose was meas- 
ured with a quantometer. [4] The background due 
to (n,p) reactions in the vacuum chamber and 
due to (y,p) reaction in the aluminum foil win- 
dows was determined in a run with the target foil 
removed from the chamber. A correction for the 
background was applied to the results. 
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ymax =.70 


The distribution of the radii of curvature as a 
function of the range is given in the figure. The 
solid curves give the calculated dependence p (R) 
for protons, deuterons, a particles and tritons. 
The ‘‘range of errors’’ also is indicated: for the 
protons by solid lines, for the deuterons by lines 
with crosses. The corresponding curves for tri- 
tons and a particles are not given. The measured 
events are indicated by open circles. 

From the analysis of the data we obtain for the 
ratio of the yield of photodeuterons of energy 2.9 
to 10 Mev to the yield of photoprotons of the same 
energies, Y(y,d)/Y(y,p) = 0.009 + 0.007. Thus ‘y 
the deuteron yield is less than two percent of the 
proton yield. Recently Forkman!5J] has used a 
method analogous to ours to measure the yield of 
photodeuterons from S, Co and Cu. His results 
agree in the order of magnitude with the results 
of the present paper. 

According to the evaporation model the yield 
of photodeuterons from light and medium nuclei 
(at Ey max = 30 Mev) is also a fraction of a per- 
cent of the photoproton yield. However, despite 
the agreement of the experimental data with the 
results obtained from the evaporation model the 
question of the mechanism of the production of 
photodeuterons remains open so long as the angu- 
lar and energy distributions are unknown. Another y 
probable process along with evaporation of deuter- 
ons is one in which a deuteron is emitted when an 
evaporated proton picks up a neutron while leav- 
ing the nucleus. Byerly and Stephens [8] point out | 
that this process is more probable than simple , 
evaporation. However, at present one can only 
confirm that if such a process of production of low 
energy photodeuterons exists its probability is of 
the same order of magnitude as the probability of 
the evaporation process. 

In the earlier paper [3] somewhat too large val- 
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ues were given for the ratio Y(y,d)/Y(y,p) for 
copper at E,, max = 70 Mev. When the data are 
more correctly analyzed with account of the back- 
ground, we obtain for particles with energies in 

the range 4 to 10 Mev Y(y,d)/Y(y,p) = 0.04 + 0.01 
and for the range 3 to 10 Mev Y(y,d)/Y (y,p) 

= 0.05 + 0.01. 

Chizhov and Kul’chitskii"!] have shown that the 
yield ratio for particles of a given energy interval 
increases with increasing bremsstrahlung energy. 
Such a tendency has been confirmed by our experi- 
ments. The observed rather sharp increase of the 
yield ratio is obviously due not to evaporation but 
to a different process of deuteron production. 

In the present work we also have estimated the 
ratio of the yield of photoalphas to the yield of 
photoprotons from Al", Neglecting a possible 
contribution from phototritons we obtain for par- 
ticle energies 8.8 to 14 Mev Y(y,a@)/Y(y,p) 
= 0.023 + 0.019. This relative yield of a particles 
is not in contradiction with the available experi- 
mental information for light and medium nuclei. 
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The cross section 09, for production of slow ions with various charges in single collisions 


of fast Ne® atoms and Ne’, 


Ne**, Ne®* ions with Ne, Ar, Kr, Xe atoms and of fast Kr’, 


Kr*, Kr?*, Kr** atoms and ions with Kr and Xe atoms was measured at accelerating po- 
tentials from 3 to 30 kv. The experimental data show that with increasing charge of the fast 
particle the cross section oo, increases as a rule. In atom-atom collisions slow ions are 
produced only by ionization and the cross section oo continuously grows with increasing 
velocity of the fast ionizing particle. The main processes that determine the cross sections 
Ook and their energy dependence in ion-atom collisions are charge exchange and ionization 


with capture. 
INTRODUCTION 
Neen fast atomic particles I®* collide with 


atoms A of a gas, slow ions can be produced by 
three processes: pure ionization 


Pet A [ht AM +. ke, (1) 
charge exchange 
Deas That AR 0. (nL pam) (2) 


and ionization with capture* 
se Aa ITA AC (mitokie n)e. (3) 


The cross sections of processes (1)—(3) can be 
written in general form as Cas where the super- 
scripts pertain to the initial and final charge states 
of the fast particle while the subscripts pertain to 
the charge state of the slow atomic particle. Since 
the ionization of atoms can also be accompanied by 
“‘stripping’’ of fast particles, the indices n, m, 
and k can range in principle from zero to the total 
number of electrons Zz and Za in the shells of 
the colliding atomic particles, and to describe the 
processes one must have complete data on the 
charge states of both particles before and after 
collision. Data of this kind can be obtained only 

by the coincidence method. 

Considering the limited capabilities of mass- 
spectrometric methods, which enable us to inves- 
tigate separately the charge states of only fast or 
only slow secondary ions, we use a two-index 
system. The cross sections for the production of 


*The possible existence of processes of group (3) was 
first pointed out inl’ 


fast secondary ions will be designated by super- 
scripts (o"™), while the cross sections for the 
formation of slow ions will be denoted by sub- 
scripts (do). In both cases, the first index de- 
notes the initial charge state and the second the 
final state. 

In our earlier papers [3,4] we reported measure- 
ments of the total cross sections for the formation 
of slow ions, denoted by o,, and the total cross 
section for the formation of free electrons (or the 
total ionization cross sections) o_, while in [5,7] 
we measured the charge-exchange cross sections 
o™ of differently charged ions. These measure- 
ments never determined the charge composition 
of the slow ions and the dependence of this com- 
position on the charge of the fast atomic particles. 
The first qualitative data of this kind were obtained 
for Ar* and Ar’* and for the atoms Ar and Kr. !°] 
The purpose of the present investigation was to de- 
termine the cross sections for the formation of 
slow ions of different charges (0);), and to de- 
termine their connection with the charge of the 
fast atomic particle by comparison with our ear- 
lier data. 4-71 

The procedure used to measure the cross sec- 
tions 09, was similar to that employed earlier, [2] 
but was modified somewhat. The choice of objects 
for the investigation was determined by the best 
conditions under which this procedure can be ap- 
plied, when the mass of the fast ionizing particle 
does not exceed the mass of the gas atom. We in- 
vestigated the following pairs: Ne“*—Ne, Ne™t—Ar, 
Ne™*-Kr, Ne™*-Xe and Kr™*-Kr, Kr™*-Xe. The 
charge n varied from 0 to 3, and the accelerated 
voltage V varied from 3 to 30 kv. 
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1. MEASUREMENT PROCEDURE 


The cross sections for the formation of slow 
ions of different charges were measured in the 
experimental setup described in [4], supple- 
mented with a secondary-ion analyzer. A diagram 
of this analyzer is shown in Fig. 1. The slow ions 
were produced in a gas broached by a fast atom or 
ion beam B. They were extracted from this vol- 
ume by a potential V, = +40 v applied to the plates 
of a capacitor C ina metallic container K insu- 
lated from the ground. To accelerate slow ions, 
an accelerating voltage Vp = +1050 Vv was applied 
to the container K and to the electrodes in it.* The 
ions then proceeded to the analyzer through a win- 
dow W in the capacitor plates; the window was 
covered with a loose metal grid. 

The potentials V_ and Vp and the potentials on 
the focusing system FS were determined by con- 
trol experiments similar to those described in C2], 

The analyzer was a sector type magnetic mass 
spectrometer with a deflection angle 90°, an aver- 
age trajectory radius 150 mm, and a 10 mm gap 
between magnetic poles. The analyzer was con- 
nected to the grounded outer container of the col- 
lision chamber CC. The measuring part of the 
analyzer was also at ground potential. This was 
the principal difference between our method of 
measuring cross sections and the method described 
in C2] where the analyzer and the ion receiver 
connected to the input of a vacuum-tube electrom- 
eter were at approximately 1000 v relative to 


*In measurements with fast ions the accelerating voltage 
V was increased by the same amount. 
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FIG. 1. Analyzer for slow ions. 


ground, so that the sensitivity of the electrometer 
could not be fully utilized. 

The beam of slow ions entered the analyzer 
through a slit S; (1.5 = 10mm). At the output 
of the analyzer was a slit Sy (2 x 14mm), which 
served to determine exactly the position of the 
lines in the mass spectrum and to verify the beam 
focusing conditions. When the cross sections do, 
were measured, the slit S, was moved out and the 
input aperture of receiver F, was limited by the 
aperture of the diaphragm D (25 mm dia). Re- 
ceiver F, was connected to a type EMU-2 elec- 
trometer with maximum sensitivity 2 x 10-%® 
amp/div. 

The analyzer chamber was evacuated with a 
TsVL-100 supplementary pump. In the presence 
of gas in the collision chamber the pressure in 
the analyzer chamber was less than 1 x 10°° mm 
Hg. That the collisions were single was confirmed 
by the presence of practically linear portion on the 
slow-ion beam intensity vs collision-chamber gas 
pressure curve. The pressure of the investigated 
gas did not exceed 2 x 1074 mm Hg. 

The slow ions were identified by comparing . 
the spectrograms with and without the investigated 
gas in the collision chamber. 

The cross sections for the formation of differ- 
ently charged slow ions was determined from the 
formula 


Gok — + Ap, (4) 


where a, —relative intensity of the lines of slow 
ions with charge k and o, — total cross section 
for the production of slow ions (per unit charge). 


—_ 


ntti 
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The cross sections o, for the atom-atom and 
single-charge ion-atom pairs investigated in the 
present work were measured by us earlier, [3] 
For doubly-charged and triply-charged ions, the 
cross sections 0, were measured simultaneously 
with oo,. It is obvious that o, is the sum 


Gi, = Boy + 2699 + Boog +... (5) 


In most cases the overall error in the measure- 
ment of the cross section o,, estimated from the 
reproducibility of the results, did not exceed 15%. 
In measurements made with krypton, the lines of 
the slow Kr** ions were masked by a large back- 
ground due to the Ny which has the same ke/M, 
so that an additional systematic error has crept 
into the measurement of the cross sections 003 
in krypton. 


2. MEASUREMENT RESULTS AND DISCUSSION 


We investigated the dependence of the cross 
sections for the production of slow ions of various 
charges (09) on the kinetic energy T of the fast 
ionizing particles. The results of the measure- 


FIG. 2. Dependence of the cross sections for the produc- 
tion of slow singly-charged (o4,), doubly-charged (ap,), and 
triply-charged (o,,) ions in neon on the energy T of the ion 
izing particles. The ionizing particles were Ne®, Net, Ne?’, 
and Ne**, 


FIG. 3. Cross sections for the production of slow ions in 
argon, 
ments for fast Ne’, Ne*, Ne?*, and Ne** particles 
are shown in Figs. 2—5 for the Ne, Ar, Kr, and 
Xe atoms, respectively, while the result for the 
fast Kr’, Kr*, Kr?*, and Kr** particles are 
shown in Figs. 6 and 7 for the Kr and Xe atoms 
respectively. 

It can be established, first, that in any given 
gas the cross sections oo, for the production of 
slow ions, increase as a rule with increasing fast- 
particle charge n, and that for neutral atoms the 
Ook (T) curves lie lower than all other curves. The 
course of the o9,(T) curves for different pairs of 
colliding atomic particles is not the same; in the 
case of fast neutral atoms the oy, increase con- 
tinuously with increasing cross-section energy, 
while for the ion-atom pairs the oy, both increase 
and decrease. In some cases the variation of 09, 
was not monotonic. 


A. Formation of Singly-Charged Slow Ions 


It can be seen from the general schemes (1)— 
(3) that when a neutral inert-gas atom I° collides 
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FIG. 4. Cross sections for the production of slow ions in Kr. 


with gas atoms A slow singly-charged ions A* 
are produced only via pure ionization 


GOAL LOA ache: (6) 


In the energy interval 3—30 kev, simultaneous 
‘‘stripping’”’ and ionization (I° + A —~I* + A* + 2e) 


can be neglected since of! is small compared with 


099, 

It follows from general considerations that the 
maximum of the energy dependence of the pure 
ionization should lie above the Bohr velocity e?/h, 
i.e., beyond the investigated energy interval in the 
case of heavy fast particles./°] In this connection, 
all the 09,(T) curves for fast neutral atoms in- 
crease with energy (Figs. 2—7). 

In the case of ion-atom collisions, single- 
charged slow ions can be created both via pure 
ionization 


m4 A>I*+ At +e, (7) 
and via single-electron charged exchange 


ye Aa, eS Ae At (8) 


FIG. 5. Cross sections for the production of slow ions in Xe. 


The form of the curves 0),(T) for the like pairs 
Ne*—Ne and Kr*—Kr (Figs. 2 and 6) shows clearly 
that the predominant role in the formation of singly- 
charged ions: is played by resonant charge exchange, 
the cross section of which decreases continuously 
with increasing energy. For other I*—A pairs, 

Oo, increases with energy because of the increase 
in the cross section for the non-resonant charge 
exchange and pure ionization. 

As a rule, 09, increases with increasing n, 
owing to the increase in the relative role of the 
charge-exchange processes. Only for the like 
pairs Ne*—Ne and Kr*—-Kr is 09; greater than 
for the pairs Ne**—Ne, Kr?*—Kr and Ne®*—Ne, 
Kr°*—Kr, since the cross section of the resonant 
single-electron charge exchange, o!°, is greater 
than the cross sections for the single-electron 
charge exchange o7! and 0%, [5-7] 

From a comparison of the data of the present 
paper and the earlier datal®-"] we can also es- 


SLOW-IONS PRODUCED IN GASES 785 


FIG. 6. The same as Fig. 4; the ionizing particles are Kr, 


Krt, Kr**, and Kr**. 


T, kev 


FIG. 7. The same as Fig. 5; the ionizing particles are 
Kr°, Kr*, Kr?+, and Kr°*. 


tablish that the o9;(T) curves for fast doubly- 
charged ions are similar to the o7!(T) curves 
for single-electron charge-exchange, while for 
the Ne**-Kr pair and the same velocity a, is 
very close to the charge-exchange cross section 
o*?, For the like pairs Ne®*-Ne and Kr**-Kr, 
the cross sections 0), and o* are also close in 
magnitude and increase simultaneously with in- 
creasing energy. We have no data to compare the 
pairs Ne**—Ar, Ne?+—Xe, and Kr**~—Xe, but the 
large values of oo; undoubtedly indicate that the 
charge-exchange cross sections of the fast triply- 
charged ions, which have not yet been measured, 
are large. 


B. Doubly-Charged Slow Ions 


For the I°-A pairs, the production of A2* ions, 
as of all slow ions with larger charge, must be 
ascribed to pure ionization. For the I"*—A pairs, 
a considerable contribution to the cross sections 
Oo2 is made by ionization with capture, and when 
n = 2 the two-electron charge exchange processes 
also contribute. 

An examination of Figs. 2—7 shows that for all 
the investigated I-A pairs oo) continuously in- 
creases with increasing energy T and with de- 
creasing energy of double ionization of the gas 
atom. In the initial region of the energies, the 
cross sections for the formation of slow ions, 

Oy (I°) and op,(I°) differ by one order of magni- 
tude and more; with increasing energy, this differ- 
ence decreases because of the steeper variation of 
the oo.(T) curves. 

For I*-A pairs 0 )(I*) also increases continu- 
ously with the energy, but much more slowly than 
Oy (I). The great difference between oo)(I*) and 
Jy (I°) shows that ionization with capture plays the 
predominant role in the production of A** ions, 
since this process involves less energy loss than 
pure ionization, by an amount equal to the energy 
required to neutralize the fast single-charge ion. 

With increasing charge of the fast ions, the 
cross sections do, increase and the character of 
their energy dependence changes. In the case of 
the like pairs Ne?*—Ne and Kr?*-Kr, doubly- 
charged slow ions are formed predominantly by 
resonant two-electron charge exchange, and the 
cross sections 09, decrease monotonically with 
increasing energy. It is easily seen that o9)(I**) 
exceeds 09; (I2*) in the initial energy range (6—40 
kev), since the resonant charge-exchange cross 
section 0”? exceeds the charge-exchange cross 


section o! [5] 
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For the Ne?*—Kr and Ne**—Xe pairs, a greater 
contribution may be made to do, by ionization with 
capture 


Pt+A>it+ A* +e, (9) 


rather than by charge exchange (I?* + A—I+ A?*). 
This is confirmed by the fact that the cross sec- 
tions 0y for these pairs are greater than the 
charge-exchange cross sections o29 measured 

in [6], and the o9)(T) and o?°(T) curves are dif- 
ferent. This relation obtains between the cross 
sections because processes (9) are exothermic 

for these pairs. 

For the remaining two pairs, Ne?*—Ar and 
Kr?*—Xe, processes (9) are endothermic and their 
contributions to do. is apparently smaller. For 
these pairs both the oo, and the o”° increase con- 
tinuously with the energy T. 

In the case of triply-charged fast ions the cross 
sections op, for the like pairs Ne®*—Ne and Kr** 
—Kr are only 2 or 2.5 times smaller than the cor- 
responding cross sections 0 ,, while for the unlike 
pairs they differ by a factor 6 or 7. We obtained 
the same relation for the cross sections of two- 
electron (o*!) and single-electron ( oo charge- 
exchange. [7 However, for the pairs Ne**+_—Ne, 
Ne®*-—Kr, and Kr®*—Kr, which are comparable 
with the data of (J, the Oo greatly exceed the 
capture cross sections o*!, since the Oo. include 
ionization with capture 


[3+ 4. A-+]** + A**+e, (10) 


a process that is exothermic for all the investigated 
pairs except Kr**-Kr. 


C. Triply-Charged Slow Ions 


The cross section 03 for pure triple ionization 
was measured only for the pairs Ne’—Ar, Ne°-Kr, 
Ne?—Xe, and Kr°-Kr. For the remaining two 
pairs, Ne’—-Ne and Kr°—Xe, the currents corre- 
sponding to triply-charged slow ions where below 
the sensitivity limit of the electrometer. 

For I2*-A pairs with n= 1, A** ions are also 
produced by ionization with capture, while when 
n= 3 three-electron charge exchange is added to 
these processes. An examination of Figs. 2—7 
readily shows that the o93(I*) differ from the 
O3(I°) in the mean by only 1.5—2 times, since 
pure ionization and ionization with capture 


I* + A> [0 + A3* 4+ 2¢ (11) 


are strongly endothermic processes and the rela- 
tive decrease in the energy of reaction (11) is small 
compared with the energy of triple ionization of the 
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gas atom. With increasing energy T, Oo3(I°) and 
o)(I*) increase continuously. 
For I?*-A pairs, the ionization with capture 
processes 
[tA Joe A oe, 


p+ + A>» ]Jo4+ A3* +e, 


(12) 
(13) 


are also endothermic and the cross sections 03 
increase with energy. However, the reaction en- 
ergy of the process (12), and particularly of (13), 
is considerably less than the energy of the pure 
ionization process, and therefore the 093(I°*) 
greatly exceed 0 3(I°) for almost all the I?*-A 
pairs. 

In the collision of triply-charged ions with gas 
atoms, I?*—A, the predominant role in the forma- 
tion of A** ions is played in the case of the like 
pairs Ne’*—Ne and Kr**~—Kr by the resonant 
charge-exchange processes. The cross sections 
03, like the three-electron charge exchange cross 
section 03), decrease with increasing energy. [7] 
For the Ne**—Ne pair at energies ~ 45—90 kev, 
the charge-exchange cross section o* is prac- 
tically constant and the increase in the cross 
sections 093 with increasing energy is due to the 
endothermal processes of ionization with capture 


(14) 
(15) 


p+ 4+ A» [2+ + A + 2e, 
P+ 4 A> I++ A* +e, 


and also to pure ionization. 

A comparison of oo3 with o® for the Ne®*—Kr 
pair shows that for the same energy 093 is 4—5 
times greater than 049, [7] since the processes (14) 
are exothermic for this pair, as well as for the 
Ne®*—Ar and Ne**—Xe pairs, and it is probable 
that these processes make a greater contribution 
to 093 than the three-electron charge-exchange 
processes. 


D. Quadruply-Charged Slow Ions 


The cross sections 09, were measured only for 
the collisions of Ne ions with Ar, Kr and Xe 
atoms. As can be seen from the data of Figs. 4—6, 
the cross sections 094, increase sharply with in- 
creasing energy and with increasing charge of the 
fast ions. The cross section oo, is on the order 


_ of 107!® em? for the Ne*—Ar pair and on the order 


of 107!8 cm? for the Ne*—Xe pairs. With increas- 
ing fast-ion charge, the number of ionization proc- 
esses with capture increases and the energies of 
these reactions are greatly reduced, thereby in- 
creasing 94. For the Ne**—Xe pair ionization 
with capture (Ne** + Xe — Ne’ + Xe4* +e) is an 
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Charge-exchange cross section o! (in units of 10716 em?) 
calculated from (18) and (19) (in parentheses) and 
determined by measuring the difference (co, —_) [3] 


En- Hy 
ergy Net — Ne Net+ — Ar Net — Kr Net — Xe Krt+— Kr Krt+ — Xe 
T, ¢ ¢ d x ) 7 
ot a ae pies mg OR i i 
id fe] tp ey ss, ¢ | sepe * Mohit 
6 — —=prll2 ychineb! Wak Ou os dao roME DRG — — 110.8] 8,4 
$911 6.7.0.4), 5.8: 12:7513,0 14.0) 4.25504 Pica pt 2054 17.8) [18 1205 9.3 
25 19.7 (4,1)| 4.2 [3.3 |3.45}4,25| 4;3 | 5,0 | 4,8 | 19.1 (16,4) |16,5| 12,8] 953 


exothermal process and this is apparently why 
Oy, reaches a value close to 1 x 107'* cm? for 
this pair. ; 


E. Estimate of the Cross Section for Ionization 
with Capture 


By examining the experimental data for the 
simplest cases, when the fast particles are singly- 
charged ions and oy, is the sum of only two cross 
sections, we can attempt to estimate quantitatively 
the contribution of the individual cross sections to 
the overall cross sections o,, starting from the 


6,10 19 om? 
6 


T, kev 


FIG. 8. Dependence of the cross sections of different 
processes in Kr on the energy of the fast Net particle. o,, 
Jo2» Oo, —CfOss sections for the production of singly-, doubly-, 
and triply-charged ions; ot, 02, o}} — cross sections for pure 
ionization: 03°, 03°, o3°—cross sections for ionization with 
capture; o'° — charge-exchange cross section. 


assumption that the pure-ionization cross sections 
are the same for fast neutral atoms and for singly- 
charged ions 


ott (J*) = 60 (1°). (16) 
In this case the charge-exchange cross section Onl 
which enters in 09;(1*), and the cross sections for 
ionization with capture, of% and of, which enter 
in Op and 093, are differences of the cross sec- 
tions 


19 = 6, (1*) —6,, (/°). (17) 


The assumption (16) can be verified by compar- 
ing the summary charge-exchange cross sections, 
obtained by adding the cross sections calculated 
from (17) 

oe = Sint Oye te G8 (18) 
and measured in [1 by determining the difference 
of the cross sections (o,-o_). | 

The values of o!° and (o, — o_) are compared in 
the table for 6, 15, and 25 kev (the cross sections 
are given in units of 107'® cm?). 

As can be seen from the table, assumption (16) 
is valid only for the pairs Ne*—Ar, Ne*—Kr and 
Ne*—Xe. For the remaining cases, the cross 
sections for pure ionization of gas atoms by 
singly-charged ions and by fast ions may differ 
appreciably. In particular, in the ionization of 
gas atoms by fast atoms of the same gas, the same 
amount of energy is consumed in ionization and in 
‘‘stripping,’’ and the cross sections of these proc- 
esses should be equal. [3] 

In ionization by ions with relatively low energy 
(3—30 kev), we can neglect the ‘‘stripping’’ of the 
ions and instead of (16) we can assume for the like 
ion-atom and atom-atom pairs 


alt ([*) = 26% (I), (19) 


thereby obtaining a good agreement between o” 


and (o,—o_) [the values of o!9 determined from 
(19) are, shown in the table in parentheses ]. 

By way of an example, Fig. 8 shows the esti- 
mated charge-exchange cross sections of) and 


788 


the cross sections for ionization with capture a. 


and es for the pair Ne*—Kr. The same figure 
shows also the summary cross sections 091, O99, 
and 0p3 as well as the pure-ionization cross sec- 
tions oft, off and oj}, determined under the as- 
sumption (16), and also the summary charge-ex- 
change cross sections a, It is seen from these 
data that in the initial energy range the relative 
contribution of charge exchange to 09; predomi- 
nates over the contribution from pure ionization. 
But since the pure-ionization cross section in- 
creases more rapidly with energy than does the 
charge-exchange cross section, the contributions 
from both processes are approximately the same 
at the limiting energy value. Pure ionization plays 
a small role in the formation of doubly-charged 
slow ions, while pure ionization and ionization 
with capture are approximately of equal weight 
in the production of triply-charged slow ions. 
All these conclusions are in good agreement with 
remarks in the preceding sections, based on en- 
ergy considerations, concerning the relative prob- 
ability of various processes. 

In conclusion, the author is deeply grateful to 
Professor V. M. Dukel’skii for a discussion of the 
results of the work. 
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The integral cross section for capture of two electrons by protons in helium is calculated 


in the first Born approximation. 


SEVERAL recent theoretical and experimental 
papers are devoted to the capture of electrons in 
atomic collisions. The purpose of these papers, 
in addition to a determination of the effective cap- 
ture cross sections, was to ascertain, by compari- 
son of the theoretical and the experimental results, 
whether a particular approximate calculation 
method is applicable. C1] tt has become clear, in 
particular, that the cross section for the capture 
of one electron by the protons in hydrogen, calcu- 
lated in the first Born approximation, agrees with 
the experimental cross section up to the limits of 
' applicability of the Born approximation. 

It must be noted that most published papers 
have been devoted to single-electron processes. 
In the present communication we determine the 
cross section for one of the many-electron proc- 
esses, namely the cross section for the capture 
of two electrons in a collision between fast pro- 
tons and helium atoms (when the Born approxi- 
mation is valid). In this case the Born threshold 
is about 100 kev (in the laboratory frame). This 
process has already been investigated theoretic- 


ally [2] at low colliding-particle velocities, and exper- 


imentally [3] at medium velocities. 

The differential c.m.s. cross section ofthe tran- 
sition of two electrons from the ground state of 
the helium atom to the ground state of the H™ ion 
is 
ds = =| f (0) |* 40; 

Bhs 
F (0) = ge \\ Very (ras ra) V (Bes Poy Fa) eth (Pas Pa 


dridr.dr, 
V (pi, pe, m1) = 2/ pr + 2/p2 —2/|m — pr}. 


Here s(r) is the radius vector of the proton 
(a particle) relative to the center of gravity of 
the helium atom (the H™ ion); Y, Yy(Pj,P2) are 
the radius vectors of the electrons relative to 


the proton (a particle); k,(k,) is the wave vec- 
tor before (after) scattering, with k? = uE, K3 
= u(E-E,+E,), where E —energy of relative 
motion, E, and E, are respectively the energies 
of the H™ and He ground states, w= ae —re- 
duced mass, ¢€ —the ratio of the mass of the elec- 
tron to the mass of the proton; 

p= (2 /a) eet, ag = (23 /aPem* ort) 
—respectively the wave functions of the ground 
state of the H ion and the helium atom; z = 0.69, 
z’ =1.69. These formulas are written in atomic 
units (fi =e =m =1); the cross section is in a? 
units (a) = 0.529 x 1078 cm?), 

The scattering amplitude can be reduced to a 
form convenient for numerical integration. Trans- 
formations analogous to those used in [4] yield 


(0) = 48uzta4n-2 (Jr — Jo); 


mee 
FiaaalG \ \ dx dy xy (1 — y) a*b®A-F1 (x, y), 
0 


0 


p 
Jo = \\dx dy xy (1 — x) (1 —y) a*0*A*Fs (x, y). 
00 


Fi = a®A? + 2Ab (a + b)* (8a” — 2ab + 6) 
+ 16ab? (a + b)*, 
Fo = 3A4 + 2A3 (2a? + 3ab + 26?) + 8A? [(a + 6) 
— ab (2a? + 3ab + 26?)] + 48Aab (a? + 6?) (a+b)? 
+ 128a°b? (a + b)4, 
a =1 +(a?— 1) x +x? (1 — x) x, 
b = 1 + (@—1) y+%(1—-y) y, 
A=(a +6)? +(8 + %x + xy)?, 


gai(jm—m) »=FGretres) 


kyk 
cos@ = ih,” 


a = 2/2’, 


The integrals J, and J, in the cross section 
are brought about by the interaction between the 
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i] 208 400 600 E, kev 


electrons and the incoming proton and by the in- 
teraction between the nuclei, respectively. At 
very high energies, they decrease with energy in 
like fashion. Indeed, as E — © we have 
i 1 1 L 
; ie yes qe 
lees \ xx eel hy ee ae 
0 0 0 0 


A is proportional to E in the entire range of 
values of x and y, and hardly depends on x or 
y; therefore 
1 2 
1 (es 4 ice 
h~ a \ wy, h~-{ iY ay} , 
0 
hence, after integration, 


ou OH 


Ji ~E*, J2~E*, 


From the physical point of view, it becomes obvi- 
ous that the contribution to the cross section from 
the interaction between the nuclei should decrease 
with increasing E more rapidly than the contribu- 
tion due to the interaction between the electrons 
and the incoming particle. 

Such a difficulty exists also in the analysis of 
the capture of a single electron. '*»8] Several au- 
thors 78] were able to reconcile the calculated 
cross section with the physical notions regarding 
the nature of the charge-exchange process. At 


GERASIMENKO 


low energies, however, the single charge exchange > 
cross sections calculated in!*-8] are practically 
the same. In the present note we calculate the 
double charge exchange cross section for energies 
where the corrections proposed in [7,8] are appar- 
ently still insignificant. 

The calculated integral cross section is shown 
in the figure as a function of the energy of the in- 
coming protons in the laboratory frame. At the 
present time there are no experimental data for 
energies greater than 100 kev. It would be de- 
sirable to obtain such data and to compare them 
with the results of this paper. We note that the 
negative hydrogen ion apparently has no excited 
levels. The calculated cross section can there- 
fore be directly compared with experiment. 
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An expression for the momentum increment of a high-energy particle (compared with the 
particles comprising the bulk of a plasma) due to passage of a hydromagnetic shock wave 


is derived and discussed. 


W: consider a plane hydromagnetic shock wave 
propagating in a direction perpendicular to a mag- 


netic field (perpendicular shock wave). The veloc- 


ity of the front relative to the medium 1 ahead of 
the front is v,, and that relative to medium 2 be- 
hind the front is v,. Let a charged particle of 
velocity v >v, be incident from medium 1 on 
the front of the shock wave. The particle-veloc- 
ity component parallel to the magnetic field will 
not change on passing through the front. We there- 
fore choose a system of coordinates in which the 
particle moves in a plane perpendicular to the 
magnetic field. We assume that the Larmor ra- 
dius of the particle is much greater than the width 
of the front and that this width can be neglected. 
Moving alternately between regions 1 and 2, the 
particle will describe circular arcs in coordinate 
systems that are stationary with respect to media 
1 and 2, respectively, the Larmor radius being 
determined by the magnetic field in region 1 or 2. 
Thus, a particle remains ‘‘tied’’ to the front for 
some time. 

If the angle between the particle velocity and 
the normal to the front, directed from 1 into 2, 
is denoted by , then the central angle 3} swept 
by the particle in medium 2 is connected with 
by the relation 8=1+2y. Here -—1/2 <9 = 1/2 
and 0 < ¥ < 27, and ¢ is positive when v > 7. If 
Vv > v, the displacement of the front Ax relative 
to the medium 2 during the stay At = 3/w of the 
particle in medium 2 (w is the Larmor frequency ) 
is equal to Ax = v, At = v,¥/w. On the other hand, 
Ax = rAd’ cos g, where r is the Larmor radius. 
Inasmuch as Av’ = 2Aqg, and wr =v = pe?/e 
(where p is the momentum of the relativistic par- 
ticle, € is the total energy, and c is the velocity 


of light ), we have for the change of the angle due 
to the finite stay of the particle in medium 2 


Ags = (v2 / 2v) (% + 2@)/COS @. (1) 


We obtain similarly the change in the angle dur- 
ing the stay of the particle in medium 1. It is nec- 
essary to take account of the fact here that the 
front moves in medium 1 with velocity v;, and 
that the same angle y, which by definition is posi- 
tive on going from medium 1 into 2, is negative on 
going from medium 2 into 1. Then 


Aer = (01 / 20) (» — 2¢) / cos @. (2) 


Along with the angle changes (1) and (2) due to 
the finite time of stay of the particle in each region 
(1 or 2), the angle will be increased by the change 
in momentum of the particle upon reflection from 
medium 2. The particle momentum component 
normal to the boundary, pj =p cos g, is increased 
by Ap, =2(v,—v,) €/c?, while the increment of the 
parallel component pj; =p sing is Ap) =0. From 
the equations 


Apsin g + pAgq’ cos @ = 0, 
Ap cos g — pAg’ sin @ = 2 (v, — 0.) € / c? 


we obtain for the increment Ag’ of the angle and 
for the change Ap of the momentum the following 
expressions 


Ag’ =—2(1—02) 8 /pe?=—2(,—%)o7siNg, (3) 
Ap = 2 (vy — U2) ec”? cos @. (4) 


The increment in the angle over the cycle 
(within a complete revolution of the particle 
through regions 2 and 1) is made up of the incre- 
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ments* (1), (2), and (3), viz., Ag = Ag; + Agy + Ag’. 


Dividing by the increment of momentum over the 
cycle as given by (4), and taking (1) and (2) into ac- 
count, we obtain a differential equation relating p 
and 9: 


dp | dp = pf (9), (5) 


where f(g) will be written out below. 

The angle at which the particle can no longer 
leave region 2 is gy = 1/2. We therefore, have for 
the complete increment of the particle-momentum 
component perpendicular to the magnetic field upon 
passage of the shock wave front 


p = poexp I (qo). (6) 


! (Q)) = 


n/2 
4 (1 —v2/ 01) cos? p dp 


ai (xt + 2q) v2 /01 + (a — 2) — 4 (1 — 02/ 01) Sing cos@ 
Po 


: 


(7) 
where @p is the initial angle of entrance into re- 
gion (2). 

The particle will experience maximum acceler- 
ation when g) = —7/2, i.e., when it travels parallel 
to the front in the same direction as the Lorentz 
force acting from medium 2 towards this front.f 

It is characteristic that the magnetic field does 
not enter explicitly into this equation. The incre- 
ment in momentum is determined only by the ratio 


*Direct calculation of the increment of the angle in the 
coordinate system 1 over the cycle reduces to the following. 
We determine the increment Ag, in medium 1 during the stay 
of the particle in this medium [formula (2)]. Then the angle 
oy + Ay, is transformed to the coordinate system 2, using the 
relativistic transformation formulas. 

We calculate the increment A(y + Ag,)’ during the stay of 
the particle in medium 2, and then the angle ( + Ay,)’ 
+A(~+Agq,)' is again transformed to system 1 and the angle 
increment over the cycle is calculated, viz., Ay = » 
—~@+Ag,)" —A@+Ay,)". The momentum change in system 
1, corresponding to this angle increment, is determined upon 
reflection from the medium with account of the fact that the 
particle energy does not change during its stay in medium 2. 
The results of this much more cumbersome calculation agrees 
with the data given in the text, apart from terms of higher 
order in the smallness parameter v,/v. But even without this 
calculation it is seen from the physics of the problem that the 
angle increment is the result of the effects listed in the text. 
It does not matter in what system of coordinates we determine 
subsequently the momentum increment from the differential 
equation (5), since the relative difference between p in sys- 
tem 1 and p’ in system 2 is of order v,/c,< 1. 

TIt is easy to see that if the source of fast particles is 
far fram the front (at a distance greater than the Larmor 
radius of the particle in the medium 1), then the initial angle 
of entry will always be y, = — 7/2, and the acceleration will 
be a maximum. This is indeed the real case. 
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of velocities of the front relative to the gas ahead 
and behind the shock-wave front, and increases 
with increasing density discontinuity, since 


1 —v,/0; = 1 — py / Pe, = (P2 — Pi) / Po, 
where p; and p, are the densities of the medium 
in the regions 1 and 2. Since in a weak shock wave 
the density discontinuity decreases with increasing 
ratio of the magnetic pressure H? /87 to the gas 
pressure P, for equal wave intensity, the weak- 
field case is the most favorable from the point of 
view of particle acceleration on the front. 

In the general case of hydromagnetic waves the 
expressions for v,/v, are quite cumbersome. We 
shall consider two limiting cases, weak and strong 
waves. 

In the case of weak waves we are interested only 
in the increment of the momentum of the particle 
under consideration, compared with the momentum 
increment of the average-energy particles making 
up the plasma in which the shock wave propagates. 
For simplicity we assume that the gas consists of 
particles with two degrees of freedom. Then the 
equation of state, which relates the pressure P* 
= P + H*/87 and the energy E*¥=E+ H2/42, coin- 
cides with the equation for a perfect gas, and 


2/0, = [(y — 1) M+ 21/17 +1) My), 


where the generalized Mach number Mj = v,/c} 
is connected with the ordinary Mach number M, 
= v;/c, by the relation 


(8) 


M? = M3 /(1 + H?/8xP); 


y is the adiabatic exponent, and in our case y = 2; 
ci? =yP;/p, is the magnetohydrodynamic speed of 
sound. 

Let us assume that Mf=1+6, 6<«1. This 
means that M; « V3 (1 + Hj/87P,)'/ and, gener- 
ally speaking, we can also have M,> 1. In first 
order in 6 we find from (8) that v,/v, = 1-26/ 
(y +1). Expression (7) yields in this case 


9 - 46co* gdp _ 26 x oa F 
Hod =\ “Gen = wey (a Si ao) (9) 


° 


I (— n/2) = 26 Ky +1). (10) 


Substituting the maximum value of I as given by 
(10) in (6), we obtain for 6 «1 


Ap/po = (p — po)/po = 26 /(y + 1). (11) 


Let us consider now the momentum increment 
of the particles of a medium in which a weak shock 
wave propagates. It can be shown that in the linear 
approximation in 6 the temperature discontinuity 
in a gas with two degrees of freedom is equal to the 
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discontinuity of total energy E*, i.e., in our ap- 
proximation almost all the energy on the front is 
dissipated into heat. Therefore, using the expres- 
sions for the discontinuity of E*, we obtain 


fe [21M 7? — (y¥ —1)] [vy — 1) Mj? + 2] 


i AKON ties 
: (y +1)? M,? oe 


"eeu 
(12) 
The increment of the mean momentum (velocity ) 
of the particles of the medium, p,/p, = VT,/T,, is 


Ap/ Pp: =(P2— Ps) /P1 =8(¥ — Iv +1). (18) 


We see therefore that in our case (y = 2), 
which corresponds to a greater heating of the me- 
dium particles then in the real case of particles of 
a gas with three degrees of freedom, the increment 
(13) of the momentum of the particles of the medium 
is half. as large as the maximum increment of the 
momentum of the particle under consideration (11), 
and is equal to the momentum increment of the 
accelerated particle if the latter is perpendicularly 
incident on the front (@) = 0). 

The formulas given above are valid for a real 
particle gas with three degrees of freedom in the 
case when Hi/87P, «1. Then M* » M=1+6. 
The increment of the average momentum of the 
particles of the medium (13) is 6/4, and that of 
the accelerated particle (11) is 36/4, i.e., three 
times greater. 

Let us consider a strong shock wave (Mj >> 1). 
In this case p;/p2 = V2/v1 = (Y—-1)/(y +1) and 


expression (7) reduces to 
T/2 T/2 


1(q) = \ F(@) de = \ 


The results of the numerical integration of this ex- 
pression with y = %, and substitution in (6) are 
shown in the figure. The maximum increment of 
the accelerated-particle momentum amounts to 
p/pp = 5.23 when gy) =—7/2. This means that 
the energy, say, of a nonrelativistic particle in- 
creases 27 times on passing through the front, 
while the energy of an ultrarelativistic particle 
increases 5.3 times. 

When Mj > 1 we obtain instead of (12) 


T2 
Ti S 


4 cos? pd 


yu — 29 —4sin@ceos@ ° (14) 


Ey 2r(v¥—1) yy 
ee Glan de My 
For a particle gas with two degrees of freedom 
(y = 2) (for which the heating is greatest), and 
when Mj? < 60, this quantity is less than the maxi- 
mum increment in the energy of the accelerated 
particles. Therefore not only weak waves but also 
intense waves up to M*< 8 will be most favorable 
for the acceleration of particles of the energy com- 
ponent of the plasma with minimum heating of the 
bulk of the gas, and can contribute to the decompo- 


(15) 
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Ratio of momentum p of accelerated particle after passage 
of the front to the initial momentum p,, as a function of the 
angle of incidence ¢, 


sition of the plasma into two energy components, 
hot and cold. 

An attempt to determine the particle accelera- 
tion on the front of a hydrodynamic shock wave 
was made earlier by Dorman and Freidman. !1J 
However, the approximation used in (1 was too 
crude and not rigorously founded. The formula 
for the energy increment obtained in that paper 
did not reflect the dependence of the increment on 
the angle of incidence of the particle on the front* 
and had the form 


4 (Cpo)? vy / V2— 1 
eeepc M & /2+1- 

For a strong wave [v;/v. ~ (y +1)/(y-1) ~ 4] 
we have he = 4.3 (6po)*_ 


as) Eo 
In the nonrelativistic case the total energy € 


~ mc and we obtain for the increment in the ki- 
netic energy 


x ii 2 eae SB 


0 Hf 


(Ee, /eR ~ 2.6), where « = mv?/2. In the ultra- 
relativistic case €) ~ cp) and Ac/ey~ 4x 4a 

~ 0.8. The authors themselves state that their es- 
timate of Ae is approximate, accurate to a coeffi- 
cient ~2—3 (as can be seen from the text of the 
present paper, the error is considerably greater ). 
It is therefore difficult to judge on the basis of 

the paper by Dorman and Freidman whether par- 
ticles can be accelerated on the front of a hydro- 
magnetic shock wave. 


!T,, I. Dorman and G. I. Freidman, Voprosy 
magnitnoi gidrodinamiki i dinamiki plazmy (Prob- q 
lems of Magnetohydrodynamics and Plasma Dy- 
namics), Riga, (1959). 
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*By averaging expression (6) over the angles, assuming iso- 
tropic incidence of these fast particles on the front, we would 
obtain a formula which would coincide with the results of” 
in order of magnitude. But this must not be done since, as 
already noted, in the real case the fast particles are incident 
on the front at an angle , = — 7/2, 
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A diagram technique is used for analyzing level shifts in single-electron atoms in an equi- 
librium plasma at a finite temperature. The level shifts are computed to first and second 
order in the coupling constant e?/2aT (a is the Bohr radius). Debye shielding is taken 
into account by summing over diagrams. At high temperatures (T & 10°°K) the shift 

is determined by the electron-electron exchange interaction and increases as T!/2, The 
problem of calculating level widths is discussed. 


1. INTRODUCTION 


I recent years considerable progress has been 
made 4] in analyses of the effect of a plasma on 
the spectra of atoms in the plasma; these analyses 
consider effects due to electrons and ions by a 
combination of collision and statistical methods, 
using both quantum mechanical and classical 
descriptions; the correlation between charged 
particles has also been included. Nonetheless, 
the problem of describing these effects by means 
of a unified point of view remains unsolved. The 
application of quantum field theory techniques in 
quantum statistics (the Matsubara technique /*1 
and the further development of the Green’s func- 
tion technique [3-5]) open the possibility of a new 
approach to the problem. In this case one can 
formulate a quantum description of the entire 
plasma and then take account of correlation with 
the atoms. 

Using the point of view of field theory we shall 
consider the state of an electron in the plasma in 
terms of single-electron excitations. These exci- 
tations will correspond to bound electron states in 
the atom if these states become single-electron 
states in an isolated atom as the charged-particle 
density of the plasma approaches zero. To use 
this approach we isolate one of the ions and con- 
sider the entire plasma in the Coulomb field of 
this ion. The energy changes of the single-elec- 
tron excitations then represent shifts of the 
atomic energy levels in the plasma while their 
imaginary parts represent the widths of the cor- 
responding levels. 


2. SINGLE-ELECTRON EXCITATIONS 


We compute the energy level shifts for single- 
electron atoms in an equilibrium plasma at tem- 


perature T=, !. The entire plasma is consid- 
ered in the ‘‘external’’ field due to an isolated 
ion, which is assumed to be fixed. The kinetic 
energy of the electrons and ions is included in 
the unperturbed plasma Hamiltonian Hy while 
the interaction Hamiltonian is written in the form 


Ay ae ep: + He; + Hi; +V, +YV;; (1) 
Hee = \\dx dyrp* (x) ~p* (y) u (x —y) ¥ (y) BC), 


Ve = \ dx y* (x) p (x) V (x), 
Hy = 22\ dx dy p* (x) 9+ (y) u(x —9) @ (W)@(%), 


Vi= —Z\dxg" (x) p(x) V (x), 


Ha = —Z\dedyy' (x) v(ux—ye ow. — 2) 


Here, ~* and ~ are electron creation and annihi- 
lation operators while y* and g are the same for 
ions in the temperature representation of the inter- 
action, u(x—y) =u(x-y)6 (x°~y°) is the poten- 
tial energy of the interaction for an electron pair, 
V (x) is the potential energy of an.electron in the 
external field, Z is the charge of nucleus* and the 
subscripts e and i refer to electrons and ions re- 
spectively. The integration over the 4-vector x is 
carried out over the entire three-dimensional 
space of the vector x and over the interval (0, £) 
of the temperature variable x, 

It follows from the spectral representation of 
the single-particle Green’s function [3,5] that its 
poles give the energy spectrum of the single- 
particle excitations. We consider the single- 
electron temperature Green’s function !?;4] 


G(x, y) = <S(B)>*<T {y" (x) b(y) SB), (3) 


*When Z>1 we assume that all perturbing ions are com- 
pletely ionized. 
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where S() is the Matsubara S-matrix, the T 
ordering is carried out over the temperature vari- 
able, while the averaging is taken by means of the 
density matrix of the noninteracting particles 

exp {Q + uN—H,)B}. As is well known, the 
Green’s function G satisfies the Dyson equation 


G(x, y) =S(x—y) + \dx'dy's (x — x) B(x’, GY’, 9), 

(4) 
where S(x-—y) is the Green’s function for the 
free electron 


(Stu + gg Ac)S(e—y) =8(e—y), (5) 


while 2* is the compact self-energy part. The 
quantity 2* represents the sum of all compact 
diagrams with two external electron lines. In 
Fig. 1 we show these diagrams for first (1—4) 
and second (in H,) order perturbation theory. 
The single solid line corresponds to the electron, 
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FIG. 1 


the double solid line corresponds to the ion, the 

dashed line corresponds to the Coulomb interac- 
tion and the starred line corresponds to the ex- 

ternal field. Using Eq. (5) we can obviously re- 
write Eq. (4) in the form 


(tut gg Av) G(e—y) 


—\de d* (x, 2)G(z, y) = 8(x —y). (6) 


The Green’s function is an antiperiodic function 
of the difference x?—y §4,5]; hence the integral in 


Eq. (6) must be the same function of this difference. 


This requirement is satisfied by two functional 
forms of the dependence of =*(x, z) on x’—z”: 
a delta function and an antiperiodic function. All 
diagrams in Fig. 1 except for 10, 11, and 13 refer 
to the first function; 10, 11, and 13 refer to the 
second. 

We remove from =* the term corresponding 
to diagram 1 of Fig. 1, which is independent of 
plasma density, and introduce the mass operator 


_M defined by =*(x, z) = V(x)6(x-z) + M(x, Z). 


Then, from Eq. (6) we obtain the equation 


[as tet pA —VO]G(x, y 


as \ dem (x, 2)G(z, y) = 6(x —y). (7) 


We let the density of charged particles in the 
plasma approach zero so that the mass operator 
approaches zero and (7) becomes an equation for 
the Green’s function of the single-electron atom. 
Thus, the mass operator in (7) takes account of 
the effect of the plasma on the atom. 

It is well known!4:*] that we can carry out a 
Fourier transformation over “‘time’’ x° within 
the temperature diagram technique: 


Gey ee 


B 
: \ en® G (x0) dxo, (8) 


where wy = 7(2n+1)/6 for electrons. In the fre- 
quency representation Eq. (7) is 


[_— ion +p + rq bx —V (x) G(x, Y; Mn) 
—\\dem (x, Z, Wn) G (z, y, @n) 7 8 (x — y) 


or, in operator form* 
+ (on) = — 


The poles of G (zeros of G7!) in the complex 
plane E = —iwn + » determine the spectrum of 
the energy of single electron excitations of the 
system; thus, the determination of this spectrum 
reduces to solution of the equation 


iw, +p + A,/2m —V (x) — M (@,). 


ES Ae LVR M (op LE iv) Xv = Evyy. (9) 


Using the perturbation method, we find the zeroth 
approximations (in M) of the energy levels Ey, 
and the eigenfunctions x), of the single-electron 
atom; in the first approximation 


E, = ES + My (on = iE) — ip), (10) 


where My, is the matrix element of M in the basis 
x). This matrix element paves the shift of the en- 
ergy level for the state ‘he 


3. MASS OPERATOR 


In the first approximation we obtain for M“ 
three terms, corresponding to diagrams 2, 3 and 
4 in Fig. 1. Diagram 2, which describes the ex- 
change interaction between electrons, corresponds 
to the matrix 


*For the delta-function terms in x°—y° we take M(x, y, an) 
to mean the multiplier for 5(x°—y°) in M(x, y). 
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M$? (x, y) = S (x — y) u (x — y) 
=O y*) Wet | Xe ¥ fo exp la (x y)7y an], 
(11) 


where x = (B/2m)!/. 
Diagrams 3 and 4 correspond to the matrices 


MS? (x, y) = 6(x—y) \ dau (x —2) N, 
MY (x, y) = —8(x —y) \ dz (x —z) ZN, 


which describe the interaction of the atomic elec- 
tron with the self-consistent field of the electrons 
and ions (mean densities M and Nj). Each of 
these integrals diverges separately; however they 
balance each other in a quasi-neutral plasma 

(N = ZNj). In the second approximation there 
are three pairs of compensating diagrams; these 
are not shown in Fig. 1. 

In the second approximation, we first must 
consider diagrams 5, 6, 8, 9, 10, and 11, which 
lead to divergent integrals and make the largest 
contribution to the level shift. Diagram 5, which 
describes the interaction of the atomic electron 
with the plasma electrons (which are polarized 
by the field of the nucleus ), corresponds to the 
matrix 


MY? (x, y) = 8 (x —y) (2m)-*\ dke“™*P® (k, 0) V (k) u (k), 
(12) 


where u(k) = 47e*k~?, 

Diagram 10, which describes the exchange in- 
teraction (taking account of the polarization of 
the plasma electrons ), corresponds to a matrix 
of the following form in the momentum-frequency 
representation: 


M$} (p, @n) = 2 (2x)? p> 


x >,\ aks (p —k, ®n—m) Pe” (k, @m) uv? (k), (13) 
where S(p, wy) = (-—iwyn + yu - Ep)? for odd fre- 
quencies while the second-order electron polari- 
zation operator is 


Fy Ma Tpit (€, = e5ek) 


2 2 
(e, aes &y_-k) ci on 


P® (k, @on) = (2n)*\ dp 


and zero for odd frequencies; here, fp and Ep are 
the Fermi function and the kinetic energy of an 
electron with momentum p. For a nondegenerate 
plasma and zero frequency we have 


PP (k, 0) = — NBI (Kk) = — NB(1+ ke), 
1 
ie [ e-sa-s/ads; 


0 


(14) 
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for nonvanishing frequencies and small k we have 


P® (Ke, tn) = — NB2 fe he 

; 2mn 

Diagrams 6 and 11 correspond to the expres- 
sions obtained from (12) and (13) when the electron 
polarization operator is replaced by the ion oper- 
ator ps The last is obtained from (14) if N is 
replaced by Nj and x by kx, where x? is the 
ratio of electron mass to ion mass. 

The integrals in the matrix elements (12) and 
(13) diverge at small k. In order to avoid this 
divergence we must take account of the Debye 
shielding “*-*.6], that is to say we must consider 
plasma polarization in all the orders. This can 
be done by introducing the effective electron in- 
teraction potential, obtained by summing the most 
important polarization diagrams of Fig. 2, con- 
taining successively m electron and n ion 
branches. We replace these branches by the most 
general compact polarization diagrams; then, 


00-0 00-0- 


FIG, 2 


taking account of the equal and independent con- 
tributions of diagrams differing in order of alter- 
nation of the electron and ion polarization opera- 
tors Pg and P}* we find the effective electron in- 
teraction potential: 


(m+ n)! 


m! n! 


u (k, @,) = u (k, @;) y 


m, n=0 
x [u(k, @s) P2 (k, o;)]” [Zu (k, os) P; (k, ,)]” 


= u (k, @;)/ {1 — LP: (k, @.) + Z°P; (k, @)] u (k, 5)}, 
(15) 
where u(k, ws) =u(k)/2. Thus, U=u for odd 
frequencies. The effective potential is obtained 
from Eq. (15) by multiplying by — Z for the elec- 
tron-ion interaction and by Z? for the ion-ion 
interaction. 

The divergences in (12) and (13) can be avoided 
by taking account in Eq. (15) of the polarization 
operators Pg and P}* in the first nonvanishing 
approximation; they are replaced by P2’ from 
(14) and by Pf). 

Summation of diagrams of type 5, in which the 
line of interaction is replaced by the chain of — 
Fig. 2, obviously means that the function u (k, 0) 
is replaced by u(k, 0) in Eq. (12). Adding a 
similar summation of diagrams of type 6, we have 
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Mpot (x, y) = 8 (x —y) 2 (2m) \ dke-ikx [P(k, 0) 


+ Z?P?)(k, O)1V (k)u(k, 0) 


= 6 (x — y) (Ze*/d) (1 — | x |/2d), (16) 
where d = [4me*(1 + Z) NB17!7 is the Debye 
radius. * 

In summing the exchange diagrams of type 10 
and 11, in which the interaction line is replaced 
by the chain of Fig. 2, we must take account of 
the fact that the exchange diagram 2 is a first- 
order delta function in x?—y°, while in all the 
remaining orders it is antiperiodic. Hence the 
summation can be carried out conveniently start- 
ing with second-order diagrams 10 and 11. This 
means that in Eq. (13) the quantity wPe is re- 
placed by U—u: 


Mexc(P, @an4s) = (20)-* BD) dkeS (p — ke, 2n42—2n) 


[PO(k, Wem) + Z2P®) (ky ym )] 4? (k) 


2 ee ee ee eee 17 
4 — 42 | PY (k, w,,,) + Z2PP(k, @ym)] 4 (k) ” 


In this sum the term with m = 0 is appreciably 
greater than the sum of all the remaining terms 
so that as an approximation we can write 


Mexc (p, Wonti = iE, — iw) 


dk 


(12a) (EF 8,4) ae) 


== eN(I +2)\ 


Diagrams 8 and 9 also give divergent matrix 
elements and the divergence is again avoided by 
replacing u by &. Using diagram 8, which de- 
scribes the interaction of the atomic electron 
with the plasma electrons (taking account of the 
interaction between the latter), we obtain the 
matrix element 


4G Ce iw NE 
M?) (4 y) = 6 (x — De aha Na? 
(a is the Bohr radius). The matrix element for 
diagram 9 is obtained from (19) by multiplying by 
—x?; consequently these do not compensate. 


(19) 


4, LEVEL SHIFT 


Equation (10) shows that to find the energy level 
shift for state yyj caused by the plasma we must 
compute the diagonal element M (x, y, py = iE? 
—iu) in the basis Xpjm- The shift due to plasma 
polarization is obtained from (10) and (16): 


*This part of the mass operator describes the additional 
energy of the electron in the Debye field and can be obtained 
by expansion of the Debye potential —(Ze’/r) exp (—1/d) in r/d. 


Ze {a 4 
bE xy) pol = { 


<< lg—a(a) Bt —rd4+m}, 20) 


and falls off with temperature as Tt? Diagram 8 
corresponds to the level shift obtained from (19): 


Ane? (XK 

8Ent = waraes Na’, 

and falls of as T~! with increasing temperature. 
To compute the level shift which corresponds 

to the exchange diagram with the effective poten- 
tfal we note that the matrix element (18) depends 
on the difference x—y in the coordinate represen- 
tation. Hence it is diagonal in the momentum rep- 
resentation; using the appropriate hydrogen func- 
tions, we have from (18) 


(21) 


OF a! exces \ dp | Xnim(P) 7M exc (p, Won p= t1E,—ip)=CaT “ 


2aT 
FSS eye Wo; 


(22) 


where w, is the plasmon energy, Wy = (4r7e2Nm~!)1/2, 


The numerical factor Cyj depends on the quantum 
numbers n and 1 of the state being considered, 
being 0.442 for the 1s state, 3.3 for the 2p state, 
and 3.58 for the 3d state. This shift increases 
with temperature as qi? 

We now clarify the region of applicability of the 
results that have been obtained. For this purpose 
we note that perturbation theory has been used 
twice in the above—in solving Eq. (9) and in calcu- 
lating the mass operator. The mass operator in 
(9) is small because it is proportional to the 
plasma charge density. The effect of the plasma 
on the atom is characterized by the number of 
electrons inside the Bohr orbit, that is, the pa- 
rameter Na, which is small compared with unity 
for the gas state. All the mass operator diagrams 
are proportional to N but the summation carried 
out above leads to a dependence of the form M 
~ N!/ for the largest terms. 

We have computed the mass operator above by 
means of the thermodynamic perturbation theory, 
i.e., expansion of S(8) in H;. The largest term 
in H, is the interaction energy of the atomic 
electron with the nucleus ~ e?/a; thus in the 
present case the role of the coupling constant is 
played by the quantity e?/2aT = (x/a)°o4.e.6ine 
ratio of the atomic ionization energy to the ther- 
mal energy. We can limit ourselves to the low- 
est approximations in S(f) in the expansion of 
e*/2aT «<1.* Thus, the obtained results apply 
for high temperatures, (temperatures appre- 
ciably greater than 1.5 x 10°°K). 


*For example, at high temperatures the ratio of level shifts 
corresponding to diagrams 7 and 2 is of order e’/aT. 
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A comparison of the shifts (20) and (22) shows 
that at high temperatures the important factor is 
the exchange shift (22), which is a rather large 
quantity. Thus, when N = 1016 em=3 and T = 10°°K 
the Hg(3d — 2p) line is shifted by 9.4A. 

The level shifts corresponding to the alpha sec- 
ond-order diagrams not considered in detail above 
are found to be of order (21) or even smaller at 
high temperatures and for this reason need not 
be considered. 

The accuracy in the measurement of the shift « 
of a spectral line depends on line width. For this 
reason we must consider the possibility of com- 
puting the broadening of the levels due to the ef- 
fect of charges in the plasma (Stark broadening ). 
The notion of level width applies only in a con- 
tinuous energy spectrum which, in the scheme 
considered above, occurs only when E, > 0, (un- 
bound electron states). Analytic continuation of 
the mass operator for computing the level shift 
of this state makes it necessary to deform the in- 
tegration contour and gives an imaginary part in 
6E,. The latter can arise only in those terms of 
the mass operator which depend only on frequency 
Wy, i.e., terms that are not diagonal in x? iy in 
the temperature representation. For example, in 
computing the exchange shift of the energy of the 
unbound state we find an imaginary part in the 
zero-frequency term in the sum (17): 


Im Mexe (p, Wont = iEy 7x ip) 


ace Beas dk 
Ea years 

aT ie NS BU Mes (donay J Bes 1g 
Sh dap fed (perp y (2%? 


8 (E, — &p—x) 


(23) 


where p,, = (2mE}/ ANG ace compute the level width 
we must average this expression over unbound 
electron states. 
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In the scheme being considered we have a dis- 
crete energy spectrum for the bound electron 
states (E, <0). Analytic continuation of the mass 
operator for these energies leads to an integral 
which has no singularities along the contour of 
integration and is thus real. Hence, the width of 
the negative levels is zero in this scheme. This 
result is due to our assumption that the nuclei 
are fixed. Actually, the atomic energy spectrum 
for bound states is continuous because of the ki- 
netic energy of the atom. Consequently we must 
take account of the motion of the nuclei in com- 
puting the width of the energy levels for the bound 
states. This approach can be carried out by de- 
scribing the atom in the plasma by means of the 
two-particle electron-ion Green’s function. 

The author wishes to thank A. I. Akhiezer, 
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A quantum mechanical analysis is given for the complex dielectric tensor of an electron 
plasma in a magnetic field; the orbital motion of the electrons in the magnetic field is 
quantized in this treatment. The transition to the classical and quasi-classical cases is 
studied and the relation to well-known results is established. {1,341 The limiting quantum 
case is investigated. An expression is derived for the anti-Hermitian part of the tensor, 
which is responsible for dissipation. The magnetic-field dependence of the interaction 
screening range is discussed. 


ia The dielectric tensor of an electron plasma Ho = (p — eAd/c)?/2n, (2) 
with a Maxwellian distribution function in a uni- 
form magnetic field has been given by Sitenko and 
Stepanov! on the basis of classical kinetic theory. 
In strong magnetic fields, however, the energy of a ay We [a (6 Wee ae)] ol ays 
Larmor quantum is of the same order as or larger 2 N 
than that of the random motion of the particles and and A’ is the vector potential of the self-consist- 
the classical theory no longer applies because the ent field. We shall use the gauge: 
orbital electron motion must be quantized. ap ieee ; 

In the present paper we derive the quantum- =0, — div (— A’) = 4ac Sp {p' (r’) 8 (r —r')}. (4) 


A) = {—Hy, 0, 0} is the vector potential of the 
uniform magnetic field 


méchanical dielectric tensor ¢jj(w,q), which The vector E = —(1/c)A’ obeys the equation 
plays a central role in investigations of the elec- patty: irs 
tromagnetic properties of plasma; the correlation rou rol. Begs 2 ali = eeneTs E), (5) T 


energy of the particles is expressed in terms of 
this tensor. As has recently been shown by Silin,/?] 
this tensor also plays an importan role in shielding re isp {5 (r'W[(B Je) Age ny ge r’)| \ (6) 
of the Coulomb field of particles in the collision in- H m 


where 


tegral, so that the formulation of the quantum collision 2. To form €;;(w,q) we use Eq. (1) to express 
integral for Coulomb particles in a magnetic field 6’ in terms of A and then find the current-density 
also depends on the quantum-mechanical tensor vector (6); Eq. (5) can then be used to find €jj(w,q) 
€jj(w, q). directly. This calculation is carried out conven- 

In computing ¢jj(w,q) we shall use the linear, _jently in the representation based on the eigenfunc- 
self-consistent field approximation. The orbital tions of the operator i, (Landau representation): 
electron motion in the magnetic field is quantized % 
by describing the particle motion with a single- Ho|Rxr Re, N> = Ex, n| Rx Re n>, 
particle statistical operator 6, whose equation of Ex, n= Ey = hQ(n +42) + HPk2/2p, (7) 
motion assumes the following form in the present 
approximation: V> =(Rx, ke, n> 

indp'/ Ot = (Ho, P'\_ + (H's Pol (1) =(4n%a)~* exp (ikex + ik.z) Dn ((y + 07k,)/a)], 
where [A, B]_ and [A,B], are the commutators at aed, =| e|H/ne. (8) 
and anticommutators for the operators A and B; 

is the ground state operator, p’ is the per- en ee anne 

“ae see of p (p= < +f’), which is a linear *[A 1 (B— = Ao) AY NES Spee 


functional of the self-consistent field trot = curl. 
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re ae 


Assuming that 6’ ~ E ~ exp (iwt — iq’r), using 3. We now consider limiting cases of Eq. (14). 
(1) we find the following expression for the matrix First we show that (14) yields the classical result 
elements of the operator p of Sitenko and Stepanov. [1] We assume that fy is 3 

aes fo (v’) — fio (v) iene a Maxwellian distribution function and expand the : 
<v' | p|v> = fo (v) bw + ‘Ep By hoi <v' |dt" |'v>. difference 

(9) 
From (3) and (8) we have fo Exztaz.n') — fo (Ekg. n) = — fo (Exz,n) (Ex, +42, nt — Ez n) 
ZR (17) 

Rey Re, NH" | Rx + Ger ke + Gz, 0’) in terms of q, and n’— n. 


Since the operator J is unitary (11), we have 


(No (2n)* pat) 5) \ defo (Rey n) (Kow)e (Kun); = 0. (18) 


n’n 


= (e/ pc) K, (9, 9.) A (9 4.) 
Kin (Io 9) = te (Kn| pQ [y, JI, |n">, 


<n | [p,> ci |n’>, <n| (2hk, + hq,) Ja )). (10) The components of the vectors Knn’ are replaced 
by their asymptotic expressions for large n, cor- 
responding to the transition to the classical limit 

(n—o, h—O, nh is finite): 


Here, J = exp { a*q%8/ay} and A’(qx, qz) is the 
Fourier transform of the self-consistent vector 


potential. ; Pi Neues 2 2 "aly 
The operator J is unitary: CL ME! Sed Ute Stor CHa NG 
ji = hs (11) x (gx / V2)" Ln” (0t'qe | 2) 
where I is the unit operator. = (— 1)" “Varn (ge Vin +n + 1), (19) 
To compute the current density we must write F 
the matrix elements for the kinetic momentum for n’=n. Here Lq ~"(x) is the Laguerre poly- 
operator nomial and Jy’_yn(x) is the Bessel function of order 
(n’—n). 
Sek. 1 | p— eAnie\k.,.k., n> = '6.(k, — kg.) Using the recurrence formulas for the Bessel 


x 6(k, —k, + 4,) functions we have 


{<n'|pQy| n>, <n'|p,| n>, <n’ | hk, |n>}- (12) ma ny 5g ann (4 Vi FA) 
SI alec nad aces TORT reorae 


<nlloy He |a’> = BV Balen (age Vil FF 1), 
3 
Dd} (0? (mem — 84j) + &1; (o, G)} Ez =0, (13) (tke + hqz/ 2) <n| J |n'> = hkelw—n (ogeV i ++ 1); (20) 


Z=1 


Using (6) and (9) — (12) we obtain from (5) 


n =cq/o, % = qi! q; in which we have taken account of the fact that 
€47(@, q) = 8 + 400, (w, q)/ iw, (14) [¥,J]_=0 in the classical limit. Converting to 
the variables 
3, (w, qa b+ Wo tsi ST 
ite iw 27a (ik)? /2p0 = y?, nhQ/0=2, s=V30/p, 
k bere ys Fe: Vip = ci sag iE Var! oun 
x lim > \ de, 7s, = oe = a ——— (Knn’)i (Kain), *“/2( — nQ) | (sqz) = Za, b= V/s sqx/Q, > = 4ne*No/p, 
A>0 4, n’ Rotqz, 1’ kz,n hw iA 
(15) we have from (14) in the classical limit 
where Np is the mean particle-number density: SSiaeatht ae ~y 
by) (tide Oe a 0h \ te-t dt ie pak 
No = (2n?a*) >\\ dkefo (Ex, n) i 
n x (D (n/h; id/O0, y) Jn (At): 
The tensor €jj(w, q) [and consequently o4j(, q)] x (D (n/a, — i0/ OA, y) Jn (Ad)))3 
satisfies the well-known Onsager amet rela- 
Steve D(n/A, id/Or, y) = {n/h, id/ Od, y}, (21) 
A which coincides with Eq. (11) of Sitenko and Stepa- 
bij = (—1) Eji; ei (q, H, w) = epi (— Qsisss H, w) nov. [1] 


16 
as) We now find the quasi-classical limit for €jj 


(the number a indicates how many times y ap- for a plasma with a Fermi distribution function. 
pears in the indices i and j). This case is of importance in the plasma model 
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of a metal. For complete degeneracy we have 


fo (Re + qua n’) — fo (kz, n) 
= — 6 [hk / 2» — AQ (no — n)] LE, nt — Exons 


(22) 
and, from Eq. (11), 
nt 
(On? » Noa?) ea 7 Ao (rm — n') | 
x (Kan) (Kana) = 827, (23) 


where hQnp = Ey — AL/2, Ey is the Fermi energy 
(more precisely, the chemical potential ). 

Using the asymptotic forms of (19) and (20) and 
assuming that n = ny sin’. we have from Eq. (14) 


0 


sin 0 dd 
€1(, xr Jz) = 917 — Da 


802 con F 
\ Uo7z cos B + 2Q— @ 


n=—oo 0 


a (D (+ ; = ,cost) J tk Sin 9) 


Z 


x(D(4, — ee cos 8) Jn(xsin 8). (24) 

We note that two components of Eq. (15) for 
04j(W,q) have been obtained by Mattis and Dres- 
selhaus 3] for a purely transverse field (ox, and 
Ozz,). This equation has also been obtained in tHe 
quasi-classical limit being considered here by 
Cohen, Harrison, and Harrison. [4] tm both of these 
papers Im w =1/T was assumed to be known and 
independent of magnetic field, and the frequency w 
was identified with the frequency of the collisions 
between the electrons and the impurities or the 
lattice. There is reason to believe that these as- 
sumptions do not apply in the quantum region 
(strong magnetic fields) or in the short-wave re- 
gion, where spatial dispersion is important. 

We now consider the limiting quantum case cor- 
responding to small quantum numbers n or strong 
magnetic fields. In this case n =n’ = 0 if ny< 1; 
this means that all the particles are in the n = 0 
level and that all n> 0 levels are empty. For 
these magnetic field strengths 


e,,(@, Gyr 9,) = (1— 02 / @*) 8, 
— exp (— aq? / 2) w2a? (2070? N ae 
fo (Ry + 2) —fo (ke) 
i? (q2 + 2k,4,) | 24 — ho — id 
x (D(0, ihg,, 2hk, + hg,)),(D (0, —ihg,, 2hk, + 4,)); 
(25) 


x lim \ dk, 


A—0 


It follows from this formula that the tensor ¢jj re- 
duces to a scalar and there is no spatial dispersion 


for waves characterized by qz = 0 and qx = 0, i.e., 
waves that propagate at right angles to the mag- 
netic field: 

€,,(w) = (1 — o2/o?) 85; (26) 
This result follows from the fact that a strong mag- 
netic field inhibits particle motion perpendicular 
to the field. This feature does not apply for waves 
characterized by qz = 0. 

The quantity ng increases as the magnetic field 
is reduced, and as soon as ny = 1 motion across 
the magnetic field develops discontinuously. When 
1 <n)<2 [for waves that propagate across the 
field (qx # 0, qz =0)] the expression for €jj be- 
comes 


“ @% Q? ag? 
Ex, = oe se Ta thse — OF exp | — 5 ; 
w? Oda qe a*q? 
tay = 1 gh {la exp (nell 
@ poe 2 
we Q2 a9? 
0 4 28 
Pash at rs $y eae exp (— 2 }}. 
foe Q 292 292 
satan ge (1 ler). on 
Furthermore, €,; =0 when j ~z. 


As the magnetic field is reduced, ng increases 
still further and when np =m (m is a whole num- 
ber) the tensor €4j(W,q) changes discontinuously 
and a new level becomes populated. 

4. The investigation of the dissipative proper- 
ties of the plasma is based on the anti-Hermitian 
part of the tensor €jj(w,q) which we denote by 
efj(w, q) below. Using the general formulas (14) 
and (15) we find 


@2 
e;(% 9) = FaNguatot 2) dkz {fo (kz + Ger 1’) 


— fo (Re )} (Knn’)e (Kn'n)s 9 [Eeztaz, 2’ — En,,.n— ho]. 
(28) 


For waves propagating across the magnetic 
field (q, = 0) 


wo? ° ; 
€f)(@ dy) = “ge (2ncaNon)* >) \ dhe Ufo (key 2’) — fo (Re, 1) 
x (Knn’)e (Knin)y 8 (RQ (n’ — n) — ho). (29) 
Using the asymptotic expressions for the vectors 


Kyn’ 25 n> © and assuming a Maxwellian distri- 
bution function we have from Eq. (29) 


802 


oe) 


. > it 
e7 (w, 9,) = 4V a 22 dt-te-*(D 


0 


GB. 1.0) Jaa) 


x (Pig ay 0) ein (Mt) 
Fy deals dt. te" J2,,9 (At), 
0 


e;,=0 for j+#2, (30) 


while for a degenerate Fermi distribution we have 


= Het T Op (2 tush cos #) Jn (x sin 8)) 


&( 9,) = 260 xQ’ Ox 
0 
x (DIZ, — 2, cos 0) Jn (x sin 8));sin 848, (31) 
where X = qxv)/2. We may note that €fj in Eq. (31) 


approaches zero when the magnetic field is switched 
off; this follows from the asymptotic behavior of the 


Bessel functions. 

The results of the present work can be easily 
extended to the case of several particle species 
subjected to Coulomb interactions in a fixed mag- 
netic field. 

5. We discuss briefly the potential g ofa 
charge e moving with velocity v) in a medium 
for which €jj(w,q) is given. The expression for 
gy is 


g (r,t) = (20) 


we \ Ane dq dwefar—/ot (9,9,8;; (@ q))7 5 (w —qvo). (32) 


The denominator in (32) is the longitudinal dielec- 
tric constant € (w,q): 


qe (w, q) = 9,9,8;; ( 4)» (33) 
which, by (14), is 
4 
e(w, q) =1 — aes him 3) <n d |n’>|? 
fo (foe q>> n i fo (R,, n) 
” \dhe ER Ags ft ae Ex, n— ho — iA , 64) 


In the classical limit and with vp) = 0 we use 
(32) and (34) to find the isotropic exponential de- 
cay of potential with distance (Debye shielding 
with radius rp). This case corresponds to the 
inequality rp > xp (xp is the de Broglie wave- 
length of an electron at the Fermi surface). When 
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rp ~ xf the potential oscillates and the shielding 
differs considerably from Debye shielding, depend- 
ing on the magnetic field if such a field is present. 
The oscillations of the potential of a point charge 
in a plasma are associated with the diffraction of 
the electron de Broglie waves in the inhomogenous 
potential produced by the point charge; this effect 
does not appear in the classical limit. 

In strong magnetic fields the Larmor radius 
rj, plays the role of the Debye radius. The in- 
equality rj, < xp holds for Fermi statistics with 
Ny < 1 and we obtain the following expression for 
the potential g (cylindrical coordinates ): 


2 Se 
CC age Saas 
x {¢ — a (2ue?/ i) =o noe (— ang? / 2) 
— V 2m + gi / 2 V 2m — xq, / 2 


Sc pes 


where qi = qe + gy while €(w,q) is computed 

in 1. Analysis of this formula shows that when 
Ny S 1 the anisotropic shielding is important only 
in a region of space characterized by dimension 
a. Electromagnetic wave propagation can be stud- 
ied in the quantum case by means of the disper- 
sion equation which follows from (13); the deter- 
minant of the system is set equal to zero. 


—1 
Ay a eee, re 9) SSS Se 9 
V 21 + 24, / 2 — V 2M —a9,/ 2 \ 
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The fraction of high-energy electrons and photons in extensive air showers located at dis- 
tances of up to 3 m from the shower axis is calculated assuming that 7’ mesons are pro- 
duced continuously throughout the atmosphere. The angles of emission of the 7’ mesons 
are taken into account. It is shown that the theoretical calculations can be made consistent 
with the experimental results if, besides taking the 7’ meson emission angles into account, 
we assume that the energy spectrum of the photons produced is much softer than the spec- 
trum of the nuclear-active component in EAS of energy = 10!!— 10! ey. 


Ir has been shown!!-3] that, in the core of exten- 
sive air showers (EAS) at distances of 0—3m 
from the shower axis, the energy spectra of the 
electron-photon component are considerably softer 
than should be expected from calculations based on 
the electromagnetic cascade theory. The fraction 
of high-energy (E = 10° ev) electrons and photons 
at 0—3 m from the shower axis has been deter- 
mined experimentally and theoretically: 


A= N (> 10)/N(>0). 


The experimental value A for showers with a total 
number of particles N = 104—5 x 10* equals 

(16 +3)%. For a cascade parameter s = 1.2, the 

theoretical calculation of A (see (41) at different 
energies Ey of the primary photon gives 


Eo, eV; 101° 1014 10% 1038 1034 
Ae Wo 15 33 39 39 44 


The variation of A with the initial photon en- 
ergy Ep and the depth of production of the cascade 
shower t is illustrated in Table I (where t is ex- 
pressed in radiation lengths, Ey in ev, and A in 
percent ). 


It can be seen from the table that in order to 
make the theoretical calculations based on the 
purely electromagnetic theory of EAS development 
consistent with the experimental value of A it is 
necessary to satisfy one of two conditions: either 
the electron-photon component of EAS is produced 
mainly by protons with energy <10?9 ev, or the 
energy spectrum of secondary photons with an 
energy 10° ev or higher should be characterized 
by a large value of the cascade parameter s 
(>1.4). It is very difficult to reconcile either of 
these assumptions with a number of experimental 
facts. 

A comparison of the data on the energy flux 
carried by electrons and photons near the axis of 
EAS/56] and on the mean energy per electron at 
various distances from the shower axis "J with 
the calculations based on the electromagnetic cas- 
cade theory has also shown that the core region in 
EAS is poor in high-energy electrons. 

In the present paper, we attempt to explain this 
deficiency of electrons by taking into account the 


Table I 


|S P,2sh 4,0 | 4,27] 4.4 

is 5 46 walt tol t 121 4,3 ses 

av ; 0.8 0.951 ft t 2 13 ie 

al 5,8 9 1,05 AS 24 13 id 

a 2 10,85 5.95 f 03 eer “) 22 26 th 
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angles of emission of 7 mesons. We have car- 
ried out the calculation of the fraction of high- 
energy electrons and photons in the range of 

0 —3 m from the shower axis assuming a contin- 
uous production of 7 mesons in the atmosphere, 
and taking their angles of emission into account. 
The lateral distribution of the nuclear-active par- 
ticles in the showers was neglected; it was as- 
sumed that the 7° mesons are produced within 
the shower core.* The transverse momentum 
obtained by the 7° mesons was assumed to be 
constant, independent of the energy, and equal to 
p,; =4x10%ev/c. The angle @ at which 7° me- 
sons are inclined to the EAS axis is equal to 0 

= pc/Ep. 

It has been assumed that the y rays produced 
in the decay of 7’ mesons conserve their direc- 
tion of emission. If the y ray is produced at an 
atmospheric depth t, then, at the observation 
level ty, the axis of the cascade shower produced 
by the photon deviates from the center of the EAS 
by a distance 7 ~ H@ = Hpjc/Ey (where H is in 
meters ). 

The number of electrons and photons N(to, R, E) 
at depth ty in a circle with radius R around the 
EAS axis in a shower with total energy E’ is equal 
to 


PEG; Bs Is ty) — t) dE, dt. 


where F (Ep, E, R, ty—t) is a function giving the 
number of electrons and photons with energy >E 
arriving at the depth ty within a circle with radius 
R originating from one proton with energy Eg pro- 
duced at the depth t and deviating from the shower 
axis by the angle 6, and (Epo, t) is the number of 
photons with energy Ey produced at the depth t as 
a result of 7’ meson decay. 
For the function F (Ep, E, R, t)—t) we have 


*The correction for the lateral distribution of nuclear- 
active particles in the shower was introduced only for small 
altitudes (< 1t), where it plays a larger role than the deflec- 
tion of photons. 
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where p(r, Ep, E, t)—t) is the flux density of par- 
ticles with energy =E ata distance r from the 
cascade shower axis. From the cascade theory, 
we have 
0 = Taf tt Eo. Es tot Non: 

fr Esl Ey Ey = Zale. 
where f(r, Ep, E, ty—t) is the lateral distribution 
function of electrons and photons with energy =E 
at a depth ty produced by a photon with energy Ey 
at a depth t, "41 and N(Ey, E, t)—t) is the total 
number of such electrons and photons. [81 

Similarly, the number of electrons with energy 
greater than 0 in the circle of radius R was de- 
termined. For this, it was necessary to use the 
results of the cascade theory taking the ionization 
losses into account. 

1. We have assumed that the primary photons 
in the atmosphere are produced according to the 
function e-Ht, and have determined how the frac- 
tion A of high-energy electrons and photons var- 
ies as compared with all electrons within a 3m 
radius as a function of the initial photon energy Ep 
and of the factor uw (Table II). The calculation 
was carried out numerically. 

Furthermore, we have determined what the pho- 
ton spectrum (Epj,t) should be so that the theo- 
retical value of A will agree with the experimen- 
tal one for 1/u= 160 g/cm”. The spectrum was 
assumed to be represented by a power law 
6(E),t) = AE~’, and the following possibilities 
were considered: 

1) If y = 2.0* in the 10° — 
range, then A = 19%. 

2) If y =1.5 in the 10?—10" ev energy range 
and y = 2.5 in the 2 x 10!!—2 x 10" ev energy 
range, then A = 20%. 

3) If we choose y = 1.3 and consider the pho- 
ton spectrum up to 2 x 10! ev, then A = 43%. 

It is impossible to determine the exact ana- 
lytical shape of the spectrum from these calcu- 
lations. It is, however, clear that the flatter the 
spectrum for low energies, the steeper it should 
become at higher energies. 


2x 10 ev energy 


*Earlier, [23] the value Y = 1.7 was obtained for the elec- 
tron and photon spectra within a 3 m radius about the EAS 
axis in the 2 x 10°—10*° ev energy range. We can assume that 
the spectrum of photons produced by the electron-photon 
shower component is not less steep. 
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Table II. Calculated values of A , % 
ee ee ee 


1/ - Ep, ev 
cea 7-10" | 2.404 | 5.5-4104 | 4,5-402 4-10" 
180 5) 47 09 64 70 
160 4 40 03 60 66 
120 3.0 34 38 45 
70 1,7 9 17 29 


2. We have used the theoretical spectra of pho- 
tons produced as a result of the 7° meson decay 
at various depths in the atmosphere for an initial 
nuclear energy Ej = 10'* ev and Ej = 1018 ey 
calculated by Guzhavin and Zatsepin!?1 using the 
Landau model!!°] of the nuclear collision. If the 
spectrum 6(Ep),t) is assumed to be of the power 
law form @ = AE7Y, then, as shown in [°1, the 
value y varies with the depth of the atmosphere. 
The mean value of y (for Ej = 10" ev) is then 
y + 1.8 in the 5.5 x 104'—1.1 x 10" ev energy 
range, while y ~ 0.9 in the 1.35 x 10?—10%ey 
energy range. 

If we assume that the nuclear-active component 
produces photons with a probability decreasing as 
e-Ht, then, according to [9], the value for 1/p 
varies with photon energy from 70 g/cm? for E, 
=4x 10" ev to 190 g/cm? for Ey = 4 x 10° ev. 

Using this spectrum @(Ep,t), we have deter- 
mined the values of A for Ej and Ej withina 3m 
radius about the EAS axis, both taking into account 
and neglecting the angles of emission of 7’ mesons 
(Table III). As can be seen from the table, when 
the angles of emission of 7’ mesons are taken into 
account, the fraction of high-energy electrons and 
photons within a 3 m radius about the shower axis 
decreases by a factor of 1.5. However, the theo- 
retical and experimental values of A are still 
markedly different. In order to obtain an agree- 
ment with the experiment, we have assumed that the 
photon spectrum is softer than that calculated by 
Guzhavin and Zatsepin. "9! In fact, we have simply 
cut off the spectrum ®(Ep,t) at the energy Ey 
= 1.5 x 10! ey at all depths of the atmosphere, 
obtaining for A a value of 18%.* 

From the above discussion it can be seen that 
the calculated value of A may agree with the ex- 


*In the calculation, we have not taken the distribution of 
 P, into account, but have assumed its value to be constant. 
In order to estimate the influence of p,; , we have calculated 
A for E' = 10%* ev for Py =-2 x 10° and 8 x 10° ev/c, and 
have obtained A = 28% and 26% respectively. After cutting 
off the spectrum at the energy 1.5 x 10°? ev, we have ob- 
tained A = 20% and 16% instead of 18% as given in Table III. 
Hence, it can be seen that taking the exact distribution of p i 
into account cannot introduce any significant changes. 


805 
Table III 


Calculations based on the model of] 


Taking into account 

the angle of emis- 

sion of 7° mesons 
and cutting the 
spectrum off at 


1.5 X 10°” ev 


Neglect- 
ing the 
7° meson 
angles of 
emission 


Taking into ac- 
count the 77°" 
meson angles 

of emission 


Experiment 


E’, ev® | (1—5)-40%] 1014 | 40 | 101 1014 4016 
A, % 1643 45 27 39 18 24 


*For E’ = 10'6 ev, A is somewhat larger, since at this energy the 7° 
meson spectrum is flatter than for E'= 10!4 ey. 


perimental one without making any assumptions 
concerning the steepness of the 7’ production 
spectrum in the low-energy range (10524072 ev). 
Taking the emission angles of 7’ mesons into ac- 
count decreases the difference between the theo- 
retical and experimental values of A, and enables 
us to assume a less steep spectrum in this energy 
range. However, for energies > 101! ev, we still 
have to assume that the spectrum of the produced 
photon may be considerably steeper than the spec- 
trum of the nuclear-active component in the show- 
ers.* The difference between the spectra of 7° 
mesons and the spectra of the nuclear-active par- 
ticles produced with mesons has been observed 
independently by the Bristol group. [11] 

I am pleased to express my deep gratitude to 
Prof. G. T. Zatsepin for constant attention and 
helpful advice, to S. I. Nikol’skii and L. I. Sary- 
cheva for discussion of the results, and to V. V. 
Guzhavin for making the detailed calculations of 
[9] available. 
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It is shown that within the ‘‘axiomatic’’ approach for the construction of the scattering 
matrix, supplemented by the requirement that the theory be ‘‘renormalizable,’’ some very 
strong restrictions arise on the possible degree of growth of the matrix elements. 


1. INTRODUCTION 


lw the last five years a lot of attention has been 
devoted to the study of the aaa structure of 
local quantum field theory.'!~4] A central ques- 
tion in these investigations is the problem to what 
extent is the theory determined by only general re- 
quirements—relativistic invariance, unitarity and 
completeness of the system of positive energy 
states, locality—and without specific dynamic as- 
sumptions, that are made when the theory is con- 
structed on the basis of the Hamiltonian approach. 
The basic system of physical assumptions may 
be formulated in various ways. It seems conven- 
ient to us to start from the scattering matrix §, 
as was first proposed by Heisenberg, [5] and to 
formulate these physical assumptions as require- 
ments that must be satisfied by the matrix ele- 
ments of S. In addition to the S matrix it is nec- 
essary to introduce into the theory some local op- 
erators, since without them different points in 
space-time cannot be distinguished and the causal- 
ity requirement cannot be formulated. This can 
be done (cf.{4]) by writing the S matrix as an 
expansion in normal products of asymptotic fields: 


S= SS de... AxXn D” (x4, -- 65 Xn) 2 P (Xr) -  -P (Xn): 
n=0 


(1) 
and then extending it off the energy shell by remov- 
ing the condition 


(G— m) 9 (x) = 0. @) 


Then Heisenberg local operators can be constructed 
by variational differentiation with respect to the 
fields g(x). 

A system of basic assumptions of this type has 
been formulated by Bogolyubov [6] for a theory with 


adiabatic switching on and off of the interaction; 


this system, as was shown by Bogolyubov and 
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Shirkov, [7] gave within the framework of pertur- 
bation theory the same results as the conventional. 
Lagrangian formulation and renormalization the- 
ory. Later this set of assumptions was reformu- 
lated and made more precise by Bogolyubov and 
the authors [41 * especially for derivation of dis- 
persion relations and spectral representations of 
the Kallen-Lehmann type. We shall refer to this 
approach for the construction of quantum field 
theory, based on the set of fundamental assump- 
tions of BMP, Sec. 2, and resting on the methods 
of dispersion theory, as the dispersion approach. 
The significance of the dispersion approach to 
quantum field theory is not restricted to the lim- 
ited number of exact results, that have been ob- 
tained with its help, but determines a new method 
for the construction of the entire theory. 

In particular, if one attempts to satisfy the fun- 
damental conditions of the dispersion approach by 
a formal series expansion in powers of some 
small parameter, then one will, as always in per- 
turbation theory, be able to obtain consistently 
one term in the expansion after another. The ad- 
vantage over the conventional theory will lie in 
the fact that it will now no longer be necessary 
to resort to the physically unsatisfactory adiabatic 
switching on and off procedure, and one will be 
able to work with only renormalized quantities, 
thus avoiding the meaningless in the modern the- 
ory question of the relation between ‘‘renormal- 
ized’’ and ‘‘unrenormalized’’ quantities. As was 
recently shown, [8] the consecutive terms in the 
expansion are determined in this way accurately 
to within a finite numbgr of constants, whose sig- 


*To be referred to in the following as BMP. 
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nificance is that of the counter terms in the con- 
ventional Hamiltonian approach.* 

The number of such constants is determined by 
the degree of growth of the matrix elements. Given 
the interaction Lagrangian, these degrees of growth 
are determined in a well known manner. It has 
been repeatedly suggested (1,41 that specifying the 
degree of growth replaces in the dispersion ap- 
proach the specification of the Lagrangian. It was 
obvious at the same time, {!58] that the degree of 
growth could not be specified completely arbitrar- 
ily. 

This work is devoted to the clarification of the 
extent of the arbitrariness with which the degree 
of growth of various matrix elements can be spe- 
cified. We find, somewhat unexpectedly, that this 
arbitrariness is quite limited, and that for the im- 
portant class of ‘‘properly renormalizable’’ the- 
ories the degree of growth need not be specified 
as a separate postulate, since it is almost uniquely 
determined by the set of basic assumptions of 
BMP and the transformation properties of the 
fields. 

It turns out that the investigation for the sim- 
plest case of a self-interacting spin-zero field 
can be carried out without explicit use of pertur- 
bation theory. 


2. EQUATIONS FOR THE MATRIX ELEMENTS 


From the set of basic physical assumptions for- 
mulated in BMP one can deduce in a variety of 
ways [8] a system of equations that couple with 
each other generalized vertices with various num- 
bers of legs, i.e., matrix elements corresponding 
to various numbers of particles in the initial and 
final states. Since in the derivation of this system 
of equations use is made of the causality condition 
it is necessary, as has been already remarked, to 
consider in addition to the S matrix some kind of 
local Heisenberg operators. A minimum of two 
such operators must be introduced, their signifi- 
cance being that of first and second variational 
derivatives of the scattering matrix or, more pre- 
cisely, of ‘‘radiation operators’’ (see BMP) of 


*Let us note, by the way, that in the dispersion approach— 
and this represents another of its advantages—the origin of 
the counter terms, as well as the reason for the appearance 
of divergences in the conventional theory when $-functions 
are unjustifiably multiplied by insufficiently regular func- 
tions, become particularly clear. Sach an operation reduces 
in momentum representation to an application of the integral 
Cauchy formula to a function that does not vanish at infinity 
without taking into account the integral along the large circle 
(cf. discussion in BMP, Secs. 1 & 4). 
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first and second order. We then can formulate 
the theory in such a way that all other “‘legs,’’ ex- 
cept for one and two respectively, can be real and 
lie on the energy shell.* 

We thus investigate the matrix elements of two 
Hermitian operators J and J(x) taken between 
states on the energy shell: 


IND eee Ga ecee eae) 

= <pi; . sa) P,|/ | a1 ° . »q.>> (3) 
Pee Dives SacD ye Gask aca ag) 

= (pi, - oy Drie MGs Fo (4) 


The operator J is simply the Heisenberg current 
operator evaluated at the origin of the coordinate 
system in order to exclude its trivial x-dependence 


JO Uae ign St (5) 


As a consequence of translational invariance its 
matrix elements are related to the matrix ele- 
ments j(x|...p...3.-.q.-.-) of the operator 

j (x) by the formula 


I Bas ess Dt eed) 


= f(x |Pir---> Pp Wr--+ 4,) noes det i? 


The second operator, J(x), is the retarded radia- 
tion operator from which again the trivial coordi- 
nate dependence has been removed: 


I(x) = —6i(— 5) [9 (=) #@ =J@). 


Its matrix elements (4) coincide with the functions 
mee introduced in BMP. Let us note that in fact 
the matrix elements (3) contain one momentum that 
does not lie on the energy shell 


(7) 


P—Q#0, P=S)pp» Q2=)}%> (8) 
1 

and the matrix elements (4) contain two such mo- 
menta: (8) and the momentum corresponding to the 
explicitly appearing coordinate x. 

It is easy to see that the matrix elements (3) 
and (4) are connected, independently of the causal- 
ity condition, by the relations? 


J (Ps Press Pi dr + Q)= P(=—* —-) 
mPa T 
4 
x 8 (p — di) J (iy. - «9 Ps Gar- +s 9) — Gay Vip 
x ded (%| Pay. 65 PG s+ 2 


; P—Q 
«es fi(e+ 58) e7 
*The authors are grateful to N. N. Bogolyubov who called 
their attention to the usefulness of such an approach. 
tThe operator P in Eq. (9) is the symmetrization operator 


in the appropriate arguments, as defined by Bogolyubov ~ 
(seel’], §18). 
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Werte. 5 Ps 4, Gis... - s 9s) 
=P (i) 8 (mi —a) J (po, ee NDE GO 
— aah pany atd tw peehy peg teks a0) 
xexp {i (—4 +252) xt, (9”) 
J (x) —J (— x) = i fj (#2) j (— x12) —j (— 212) j (x12), 
(10) 


and the causality condition imposes on the opera- 
tor J(x) the additional restriction 


Ax) = 0 forex =< 0. (11) 


And so we have obtained a system of equations 
(9) — (11) for determining the matrix elements of 
the operators J and J(x). It may be that this sys- 
tem is sufficient to determine the operators in 
question; in any case it can be shown, by methods 
analogous to those used previously, {®] that this is 
indeed so within the framework of perturbation 
theory. 

In order to exclude from the above system the 
operator J(x) we first rewrite Eq. (10) in terms 
of matrix elements: 


UatA | Diy.» a din. ss Gs) 
eX Dye it Gis. «>.> 4s) 
eae 
=i > 5 \ dk... ae Pp So RE eS 
v=0 


Pa ae creas Ry: Gr, s+ 5. Ys) 
x [voli E42 — x) =} ex {-i( 2-H) }]. 


k=1 
Now one must further take into account the restric- 
tion imposed on J(x) by the causality condition 
(11), as a consequence of which J(-x|...p...3 
..q...) vanishes when x? <0. Formally this 
can be accomplished by introducing into Eq. (12) 
a factor 6 (x°): 


Me rete s O Giy sy. «0 Gs) == t SI sr dks.» - dk, J 
ee mii sadig 5 Rv) su has ae ne pds U x) 
x [exp {i (P4* —x) x} —exp = i(2£2— x) xt]. 
(13) 


Naturally this operation, as is well known, may 
turn out to be devoid of precise meaning if the in- 
tegrands do not fall off sufficiently rapidly and 
would then result, when applied literally, in the 
appearance of divergences. In such cases, as is 
known from dispersion relations, it is necessary 
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to perform a subtraction under the integral sign, 
as a consequence of which a certain polynomial 
will appear in momentum representation on the 
right hand side of Eq. (13). It is in this sense 
precisely that we will understand Eq. (13) and 
will not, in what follows, write out the polynomial 
explicitly. 

Keeping these reservations in mind we can sub- 
stitute Eq. (13) into, for example, Eq. (9’). We then 
arrive at an infinite system of coupled equations: 


J(D, Dis ++ +s Pts Gy + ++ Qs) 
es (Gara) 8 aI Pus + + PH Mar «+ Ge) 
ioe Sar Bb = dk (as Bt as oes 
DG Urs ova Ry Gite sea) 
eee CS cnet ar Se (14) 


and an analogous system, arising from Eq. (9”), 
from which to determine the matrix elements of 
the operator J. 

It will be more convenient to deal not directly 
with the matrix elements of the operator J but 
rather with the relativistically invariant matrix 
elements 


EDs eas Gis, oles) 
= Vip BRB BEY (pus «- qs) (15) 


which are normalized in the conventional manner. 
(In order to establish the connection with the usual 
results let us recall that since we have already 
taken translational invariance into account, the 
number of arguments explicitly appearing in the 
matrix element is by one less than the number of 
legs of the corresponding generalized diagram. ) 


+» Pls Gis-- 


For the matrix elements I(...p...;...q...) the 
basic set can be rewritten in the form 
EMD Dien he ieee ne 
Se Oh te 0 bet 
= P(g ty) Veto q:) 
: ead tea el cee 
ml Disses Pe Gases + 4s) — (2m) ire ere: 
MU Diy ase) Dis Risen s Rad Weis ces. Giseenotdas 
O (pct B aK see Oe ey , 
x [Reppin — SREP PES 6") 


The lower limit in the summation over v is de- 
duced from the following considerations. First of 
all, as is easy to show, only connected diagrams 
contribute to the current J; therefore the summa- 
tion over v cannot include the value v=0. Next, 
we recall the conditions for the stability of the 
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vacuum and the one-particle states, BMP I, Eq. 
(6), as a result of which it is necessary to set 


I(i—-; =1; =1(—3¢q = 0. 
Therefore, if even one of the numbers 7 or s is 
equal to zero, then the summation over v starts 
at two. 

The second half of the system of coupled equa- 


tions is obtained in a fully analogous manner from 
Eq. (9”) 


(17) 


EA De aretes PT Ge Ie 3 las a Gs) 
- piste EEUE —o oA 09,70 
als pbs q) V 2p? 2q 
A pata 1 dk. . . dk, 
x I (pe, sey Pls Fis e+ qs) — (2s) Seelean a 
Ki Peeces Vis yeas Ry) waleaseenieyy Give Gs) 
{woe aS ae} (16”) 
Kos Pas Gg? Sie KR igs te J 


We recall once more the polynomials discussed in 
connection with Eq. (13)—although not explicitly 
written out they should not be forgotten on the right 
sides of Eqs. (16). 

In accordance with Eq. (17), matrix elements 
with two legs on the energy shell are absent from 
the system (16). Therefore it is necessary to go 
off the energy shell in order to be able to include 
proper energy parts in the considerations. It is 
convenient to do so by defining the four-dimensional 
Fourier transform of the matrix elements (4) by the 
formula 


T(R\ pr, - Pe Pigdinn: sot gs) 
Bare oped... ..2qet e 
ene sel Pi, > Ha diy ey Ge ae (18) 


According to Eq. (12) we obtain for these Fourier 
transforms the following expressions 


TAR pe * y Pls Wi» + bo Ga) 
© 4 6 dk... dk, 
= (2m)? $1 —- \ ———— I! (p,, ... , pis kt, .. - , Ry) 
Lar) re ONS aka 
SEL pation coves anna esas) 
x { d[k + (P+ Q)/2 —K] 
=P — (P+ Q)/2+ K —ie 
_ 8 fk=(P+.9)/24K) 
PEP TORR eh 


which, in particular, make it possible to find the 
proper energy parts when the remaining matrix 
elements on the energy shell are known. It can 
be said that Eqs. (19) represent the formulas for 
‘leaving the energy shell,’’ since the vector k in 


them is not restricted by the condition k? = m?. 
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One can also write the inverse relations: 
I (p, Pas s+ > Pls Jar vers qs) 


=P eae V 27°29? I (p,, see PE Yay +++ 5 Ys) 

—(n)"T (p +752 |p... 
under the condition p? = m?. 

Without going into the ways of solving the sys- 
tem (16),* which represents in essence the rela- 
tivistic analogue of the Low equation, we shall 
make use of it to make estimates of possible de- 
grees of growth of the matrix elements of the 
operator J. 


3. DEGREE OF GROWTH OF MATRIX ELEMENTS 


The dependence of the matrix elements on the 
many momenta may be quite complex and we do 
not pretend here to discover what it is in detail. 
We address ourselves to a much simpler problem. 
Namely, in analogy to the procedure followed in 
perturbation theory (cf., for example, {7], Sec. 26) 
when it is desired to establish the degree of growth 
of some diagram, we will be interested only in the 
total degree of growth when all momenta are uni- 
formly stretched. 

We require for every matrix element 7 and s 
the existence for every kind of momentum of a 
finite growth exponent—that is a minimal integer 
w(l,s) such that upon stretching of all momenta 

P= EP, 65) Pp EP, Ge =P. ee, 
= NE i Fat 8 (21) 
the matrix element I(pj,...,PJ;44,---,4g) grows 
slower than P“(/,8)*@ for an arbitrary a > 0. We 
will refer to theories for which this condition is 
satisfied as renormalizable.{ In what follows we 
consider only renormalizable theories. 


» Pi Gress qs) (20) 


*Difficulties of two kinds stand in the way of getting a 
solution for a system of this type. Such systems express 
lower matrix elements (i.e. matrix elements with fewer argu- 
ments) in terms of higher ones; it is therefore altogether not 
clear how to go about getting an exact solution for such a 
system. If, on the other hand, an approximation of some sort 
is being considered then one is faced with the problems 
arising from the overdeterminacy of the system—from the cau- 
sality condition follows not only the system (16), but also a 
large variety °] of other infinite systems of similar character. 
If we were to find an exact solution of the system (16), then 
that solution would automatically satisfy all the other pos- 
sible systems; an approximation, on the other hand, good for 
one system may turn out to be very poor for another system. 

tSuch a definition of renormalizable theories is some- 
what broader than the conventional definition, wherein it is 
also required that the number of matrix elements with non- 
negative growth exponents be finite. The discussion that 
follows tends to support the view that the difference of the 
classes of theories defined in these two ways is empty. 
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We now wish to see whether the equations in 
(16) impose some kind of restrictions on the pos- 
sible choice of the numbers w(l,s). The right 
side of (16) consists, except for the uninteresting 
contribution from nonconnected diagrams, of an 
(infinite ) sum of nonlinear terms of identical 
structure: 


dk,... dk, ’ 
Voge Pe Py fea ee sy k.) 
MBER Gis... 5/9.) 
Beer BPE Wy ys 110-04) 
Ko — Po — p0— ig — Ke + Qo — po — ig 4 


Each of them contains 3v integrations over the 
components of the momenta k, v factors k® in 

the denominator, and the three-dimensional 6- 
function divided by a one-dimensional energy de- 
nominator. In addition there appears under the 
integral sign the product of the matrix elements I 
corresponding to the numbers 7, v and v, s, whose 
precise dependence on the momenta is unknown. 
Clearly, therefore, we cannot determine the mo- 
mentum dependence of the entire integral. If, how- 
ever, we make the plausible assumption that in the 
integration over k;,...,k, the important contribu- 
tions come from large values of the momenta, then 
it will be sufficient to know the asymptotic behavior 
of the matrix elements in the integrand when all 
momenta are increased, which is governed by the 
growth exponent w(l,v) or w(v,s). But then the 
determination of the behavior of the integral when 
all momenta are increased reduces, just as in per- 
turbation theory, to the counting of the powers of 
momenta. In view of what has been said such a 
count gives 

sv —v— 3—1+0/(/, v) +0 \(v, s) 


=o (1, v) + @ (v, s) + 2v —4. 


In order to make now an estimate of the entire 
right side degree of growth we remark that it would 
be most unnatural if the higher momentum powers 
in various terms in the summation over v on the 
right side of Eq. (16) were to cancel each other 
without some physical reason. Such a cancellation 
could only be due to the existence of some sort of 
a group, as is for example the case for the well 
known compensation of high powers in electrody- 
namics as a consequence of the group of gauge 
transformations. 

Therefore, if the theory does not admit any 
groups (which is assumed to be the case in what 
follows for the sake of simplicity*) it follows from 
Eq. (16) that the exponent of growth of the matrix 


*The case when such a group exists must be investigated 


(22) 


separately. 


Pee 
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element on the left side can in no case be less than 
the degree of growth (22) of each term of the right 
side. In this way we arrive at the two sets of in- 
equalities: 


o (J+ 1,s) > (/, v) + © (v, s) + 2v — 4, 
o (/,s + 1) >o (J, v) +0 (v, s) + 2v — 4, 


which must be satisfied for all 1, s, and v which 
fulfill the conditions 


wie > lS eel Ve tla 2 Net ash ae (24) 


In a fully analogous manner we obtain from Eq. (19) 
an estimate for the degree of growth of the off the 
energy shell matrix element I: 


@ (1, s) >o (1, v) + @ (v, s) + 2v — 4. 


(23’) 
(23”) 


(25) 


It is easy to imagine that the degree of growth 
should not depend on the numbers J and s sepa- 
rately, but only on their sum (that is the total 
number of legs in the diagram), i.e., that 


o (1, s) = Q (/+s). (26) 
In that case the two sets (23) become one: 
Q+s+)>Q(l4+v+Q~+5 + 2—4, (27) 


with the same conditions (24) on the numbers I, s, 

and v. It is easy to see that if all the inequalities 

are replaced by equalities then the system (27) has 
as a particular solution 


Q, (nr) =38—n. (28) 


Therefore the general solution can be conveniently 
looked for in the form of a sum of the particular 
solution and a certain addition N(n): 


Q (rn) =3—n-+N (n). (29) 


After this substitution the basic system takes on 
the form 


N@+s+1)>N(l4+%)+N (s+). 


The considerations that have led us to Eq. (30) 
cannot, of course, be taken as yet as a rigorous 
mathematical proof. A mathematician would call 
them heuristic and would try to produce counter 
examples. Without attempting to give here a rigo- 
rous proof let us present one more argument. The 
matrix elements in the integrands on the right side 
of Eq. (16) consist, in part, of the counterterms. 
Since the momentum dependence of the counterterms 
is in the form of polynomials the integrand is ex- 
plicitly known and so the part of the integral in- 
volved in the counter term can be exhaustively 
studied by elementary methods. Actually such a 
study is unnecessary since exactly the same prob- 


(30) 


% 
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lem has been studied in detail in the theory of R- 
operation (see [7] Sec. 26). 

Let us go on to an investigation of the system 
of inequalities (30). We establish first of all that 
all N(n) are nonpositive. To prove this it is suf- 
ficient for odd n to set in Eq. (30) v=s +12 2, 

1 —arbitrary. Then the left side cancels the first 
term on the right and we get 


0>WN (2s + 1) for s>1. (31) 


For even n we set s=l=1 and v=1, which 
again is allowed by the conditions (24). We then 
get 


2N(I+ vy GN (2+ 1) <0, (32) 


where we have used Eq. (31) for the last inequality. 
Thus 


Q (n) <Q, (n) =3 —n for all n>2. (33) 


In this way we verify that the particular solu- 
tion (28) gives the maximum possible growth ex- 
ponent for the matrix elements I(p;,..-pP73 44, 
..-d,). From this result it follows in particular 
that the number of matrix elements with positive 
growth exponents is finite and that consequently 
our definition of renormalizable theories coin- 
cides with the conventional one. 

We show next that the possible growth expo- 
nents are bounded not only from above but also 
from below. To this end we set v = 1 —its mini- 
mum possible value, and denote the argument on 
the left side of Eq. (30) by the single letter n, so 
that 


N(n) >N(n—s)+N(s+]), (34) 


where n and s are restricted according to Eq. (24) 


by the conditions 


ies Sit 2) Bou bs (35) 


The same formula (with a new value for n) can 
be applied again to the first term on the right side 
of Eq. (34). Repeating this procedure k times we 


obtain for N(n) the lower bound 
N(n) >N(n—ks) + RN(s+1)N. (36) 


At that, in view of Eq. (35), in choosing k one must 


satisfy the condition 
k> (n— 2)/s. (37) 


Setting in Eq. (36) s =1 and k equal to its max- 
imum possible value k =n—-2, we find that for all 
n => 2 we must have 


N (n) > N (2) + (n — 2) N (2) = (n— 1) N (2). 


The result (38) is not an underestimate, by which 


(38) 
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we mean that the lower bound for the values of 
N(n) indicated by it can actually be attained. In- 
deed, if we let the N(n) in the basic system (30) 
take on the minimum values allowed by Eq. (38), 
then that system reduces to the condition v = 1, 
which is satisfied according to Eq. (24). 

The limitations on the possible values of N (n) 
are not exhausted by the above conditions (32) and 
(38). Namely, should N(n) for some n = Ny > 2 
exceed the minimum value (38) then new restric- 
tions are imposed on N(n) for n> np, which can 
be derived from Eq. (36) by setting in it s equal 
to some number larger than one. We will not de- 
rive these conditions here. 

Finally, relations (25) provide us with a lower 
bound for the growth exponent for diagrams with 
two legs off the energy shell: 


W (1) =G(1) —2 =o (1| 5; —252N (9), 
Veet. 
In this case there is no upper bound. 


4, PROPERLY RENORMALIZABLE THEORIES 


(38’) 


In the preceding section we have derived from 
the basic equations (16) of the theory the system 
of inequalities (23) by assuming the theory to be 
renormalizable. To that end we made use of the 
requirement that the growth exponent on the left 
side of Eq. (16) could not be exceeded by the 
growth exponent of any of the terms on the right 
side, i.e., it had to be either larger than or equal 
to the largest growth exponent of the terms on the 
right side. It would be desirable to make this con- 
dition stronger and replace the inequality by an 
equality. Since, as we have repeatedly emphasized, 
in addition to the explicitly written out integrals 
it is understood that there appear on the right side 
of Eq. (16) certain counter terms, such a strength- 
ening of the conditions requires an additional as- 
sumption. 

We shall call a theory properly renormalizable 
if the power of the polynomials added to the T 
products does not exceed the growth exponent of 
the corresponding T products. Let us now sup- 
pose that we are dealing with a properly renormal- 
izable theory. Then the conditions (23) can indeed 
be rewritten in the stronger form: 


o({-+ 1, s) = max {o(/, v) + @(v, s) + 2v— 4}, 
w (l, s+ 1) = max {(/, v) + w(v, s) + 2v— 4}. (39) 


For the quantities N(n) the stronger conditions 
become 


N(i+s+1) =max {N(l+v)+N (s+ v)},. (40) 


where the maximum is to be taken over all values 
of the arguments allowed by the conditions (24). 
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Table I 
sesame 
5an3-2 5342 | 4 | 
T2413 | 54+2| .6 | 
oie =5+4 | 6+3 | 7+2 | 8 | 
11=6-+45 | 7+4 | 843 | 9-42 | 10 | 
13=7-46 | 8+5 | a4] 1043] 42] 2 | 
45=847 E 946 | 1045 | 1144] 1243] 1342] 14 
11948 | 1047 | 1146 | 1245 | 1344 | 1443 | 1542 


We attempt to solve this system. Let us write 


it in the form: 
N (ny) =max {N (nz) + N (ns)}, (41) 


where now the maximum is sought over values of 
ny and n3 satisfying the set of conditions 


nme+ ns =m—1+2v, m >vSil,n>v>Sl. (42) 


To obtain a solution of the system (41) we write 


the totality of pairs N(n), over which the maximum 
on the right side of Eq. (41) is taken, in the form of 


two tables (I and II, for even and odd values sepa- 
rately ) with two entries, in which the rows are 
labeled by the sums of n, and n; and the columns 
by the differences. The sums in the cells in the 
tables represent all possible decompositions of 
ny—1 + 2v into the sum of n, and nz, satisfying 
Eq. (42); it is obvious that they represent simul- 
taneously the sums standing under the maximum 
sign in Eq. (41). If any of these combinations of 
Nn, and ng satisfy the inequalities (42) then so will 
obviously, for fixed n,, all the combinations ap- 
pearing below in the same column since displace- 
ment downwards in a column corresponds simply 
to an increase in v. By giving v the smallest 
possible value v = 1 we convince ourselves that, 
according to the first equality (42), only the rows 
with n, +, ng =n, +1 enter into the region over 
which the maximum in Eq. (41) is sought for a 
given n;. As regards the number of columns that 
enter this region, this is determined from the con- 
dition (n,—n 3) < (n,+ n3) — 4 which follows from 
Eq. (42). The resultant regions are shown in 
Tables I and II and marked by the corresponding 
values of n,, which are denoted in italics. It fol- 
lows right away from a study of Tables I and II 


that 
N (2)<N (4), (43) 


since it is seen from Table I that the region over 
which the maximum for N (2) is sought, is fully 
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Table II 
4=242 | 3 | 
p54 | 4+2 | 5 | 
8-444 | 548 | 642 | 7 | 
10=5-45 | 6-+4 | 73 | 842 | 9 
vicre7 | a46| 943 | soa | 1143 | whe 


contained within the region over which the maxi- 
mum for N (4) is sought. 

Next the situation becomes more complicated 
since in passing from N(3) to N(5) not only a 
new (the third in Table II) column is added, but 
also the element 2 +2 gets eliminated from the 
first row. However as a consequence of Eq. (43) 
N(2)+N(2) = N(4) +N(2), and the combination 
4 +2 also enters both allowable regions. Conse- 
quently we may write a new inequality: 


N (8) <N (6). (44) 


It is easy to see that this state of affairs will be 
preserved at each successive step. That is, each 
time as we go from n to n+2 the shrinkage of 
the region over which the maximum is sought will 
turn out to be immaterial as soon as chains of in- 
equalities of the type Eqs. (43), (44) are established 
for all k <n+1. In this manner a complete induc- 
tion turns out to be possible and we arrive at the 
infinite chains 


N(Q2Q)<N4<KNAK...CNRA)<K (45’) 
and 
NEB) <KNSHKCNYNS N (2+ 1)< Spar 


On the other hand, however, all N(n) are bounded 
from above by the condition (33). Thus the two non- 
decreasing sequences of integers (34) should reach 
their upper bounds, i.e., there should exist 


max N(2k) =—a<0 and 


max M(2k+1)=—b<0 (k>1). (46) 


Observing now that the region (42), over which 
the maximum in Eq. (41) is sought, includes for 
any ny, arbitrarily large n, and n3 we conclude 
that instead of Eq. (41) we could write 


N (2k) = max {—a—b} =—a—b, 
N (2k + 1) =max {(—a— a),(—d — )}. 


Consequently N(2k) and N(2k+1) are independ- 
ent of k. But then 


N (2k) =—a =—a—bB, i.e. 6 =0, 


(47) 
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and, further, 

N (2k + 1) =— 6 = max {— 2a, — 2b}, 
i.e., -a <0. 


And so the solution of the system (40) is of the 
form 


N (2k) =—a, (48) 


where a is an arbitrary nonnegative integer. Ac- 
cording to Eq. (29) this means that the general ex- 
pression for the possible growth exponents of ma- 
trix elements I in a properly renormalizable 
theory is given by 
Q, (2k) = 3 — 2k — a, 
QO (2k + 1) = 2 — 2k, a>0,aeéN. 


There remains to write the condition for the 
growth exponent for the diagram with two legs: 


N (2k + 1) =0, 


(49) 


N (1) = 2max N (v) = 0, (50) 


v>2 


Q (1) = N (1) +2 =2. 


5. DISCUSSION 


The most important of the results obtained in 
the two preceding sections is the upper bound (33) 
for the possible growth exponents. Only matrix 
elements with three or four legs (n= 2 or 3) 
(beside the proper energy parts, that do not enter 
the system (16)) can have nonnegative exponents. 
But this means that only these matrix elements 
may possess counterterms (being polynomials in 
the momenta they could not have negative growth 
exponents! ). We thus see that within the disper- 
sion approach framework the ‘‘dynamical prin- 
ciple’’ is almost superfluous—the specification 
of the transformation properties of the fields alone 
specializes the character of admissible interac- 
tions accurate to within a small number of con- 
stants. For the case of the spinless field here 
considered only two such constants appear—the 
constant quadrilinear counterterm (n=3) as 
well as the trilinear one (the formally admissible 
linear counterterm is forbidden by relativistic in- 
variance considerations ). 


Particularly strong limitations arise in properly 


renormalizable theories. We note that a condition, 
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Conventionally one deals in fact with counterterms 
(in a broad sense) of two kinds. Along with proper 
counter terms (renormalization constants), aris- 
ing in the determination of products of singular 
functions, one also considers ‘‘charges,’’ which 
come from the original Lagrangian. The degrees 
of the corresponding polynomials are not deter- 
mined from a minimality condition but are pre- 
scribed ad hoc when the theory is formulated. In 
our approach all counterterms are treated uni- 
formly, the ‘‘charges’’ appearing on the same 
footing as the ‘‘renormalization constants.’’ Both 
kinds play the role of inhomogeneities or a kind 

of boundary conditions for the basic system (16); 
there are reasons to believe that in their absence 
only the trivial zero solution would be admissible. 
This is certainly so if we accept an expansion in 
some small parameter in the spirit of Led, 

In that connection the requirement of minimum 
growth adds to the logical scheme of the theory a 
particular beauty: in the absence of counterterms 
the system (16) would possess only the trivial so- 
lution; nontrivial solutions are obtained only if 
counter terms are introduced; introducing them, 
however, does not add extraneous elements to the 
system (16) but rather use is made of the non- 
uniqueness present in the system, owing to its 
singular nature. Were the system (16) regular > 
there would be no internal reason for adding 
counterterms and we would arrive at a unique— 
zero—solution (cf. [10]) 

We thus impose the condition of ‘‘minimal 
growth’’ also on the counterterms, normally in- 
cluded in the ‘‘bare Lagrangian.’’ This, naturally, 
may lead to stronger restrictions on the accept- 
able class of theories—the class of properly re- 
normalizable theories already is the class of 
theories renormalizable in the conventional sense. 
In particular this eliminates the theory with one 
trilinear interaction of scalar particles—the Hurst- 
Thirring field. In this theory the growth exponent 
of the simplest diagram with three legs is equal 
to minus two, and is even smaller for more com- 
plicated three-legged diagrams. Therefore from 
the point of view of minimal growth such diagrams 
should not be accompanied by counterterms and 


that appears to be identical to the proper renor- 
malizability condition, is always imposed in the 
conventional construction of perturbation theory; 
namely the choice for counterterms in momen- 
tum representation of polynomials of the minimum 
possible degree (cf., for example, {"], Sec. 26) 
(without such a condition it would be impossible 
to construct the R-operation). A significant dif- 
ference arises, however, in the following point. 


the charge should be equal to zero.* 

It is interesting that a properly renormalizable 
theory with two types of scalar interactions—tri- 
linear and quadrilinear simultaneously—is pos- 


*It is interesting to compare these considerations with 
the indications that have appeared in the literaturel*'] that 
this theory is internally inconsistent. 
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sible. Indeed, the growth exponent of the trilinear 
vertex (2) may be chosen in Eq. (49) either 
equal to zero or negative on account of a, but the 
one corresponding to the quadrilinear vertex (3) 
is necessarily equal to zero, i.e., in the theory of 
interacting spin zero particles there necessarily 
appears the quadrilinear interaction. 

The authors are grateful to N. N. Bogolyubov, 
V. 8S. Vladimirov, and I. F. Ginzburg for fruitful 
discussion and a series of valuable remarks. 
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The electron thermal conductivity produced in very pure superconductors by scattering of 
electron excitations on phonons is calculated on the basis of the microscopic theory of 
superconductivity. The absorption of sound in superconductors is also discussed. 


W: consider in this paper the electron thermal 
conductivity of superconductors, due to the scat- 
tering of electrons on phonons. This interaction 
plays a major role in the investigation of the ther- 
mal conductivity of very pure semiconductors. In 
addition, it makes a certain contribution also when 
the impurity concentration is not too high. i] The 
final formula for the corresponding coefficient of 
thermal conductivity was given earlier. [2] We 
present here more detailed calculations and a 
comparison with experiment. We consider also 
the absorption of ultrasound in superconductors. 


1. THERMAL CONDUCTIVITY OF PURE SUPER- 
CONDUCTORS 


The electron distribution function satisfies the 
kinetic equation 


of me ot (ot) : (te 1) 


where f is the electron distribution function, which 
we seek, as usual, in the form 


f = fo +e (e, 25. 


In the electron-phonon interaction Hamiltonian 


igh == St Vix sAnsdq + c.c. 


Ke kiys 


we change over to new Fermi amplitudes that de- 
scribe the electron excitations of the superconduc- 
tor by making a canonical transformation, follow- 
ing Bogolyubov "J: 

Apo = UpAk, 1/, — Unde, tay 

Opi = UzO_z, —y, + Updiz, Wy» 


u—=+(1 +£/e), w=>(1 —8/e) 


(€ —energy of ordinary electron reckoned from 
the Fermi surface, « — energy of electron exci- 
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tation, « = Vv &*+ A2(T), A(T) —size of gap in 
the energy spectrum ). 

We now rewrite the kinetic equation in terms 
of the new amplitudes (the left half is transformed 
in accordance with (41), 


gem ie Fa (vew (1+ BS) 
x [p (e’, 2’) —@ (e, Q)] e*/" fo (2) fo (2’) 
04s! —teo} dq+\\V PNo(1 a =~ \lee’, Q’) 
—(, Q)] e/" fy (8) fo (2’) 6 (2 — &’ — hw) dq 
+ \IVPN (1-2 S*) Ip (e', 2) —9 (e, Qi 
x eM! Fy (e) fo (e’) 8 (2 + & — hw) dq, 
Now (eo Dk (1.2) 


We recognize further that the phonon wave vec- 
tor q is small compared with |p|. We therefore 
expand g(’) in powers of q’=p-—p* (p* isa 
vector directed in the p direction of length |p’ ). 
This method-of investigating the kinetic equation 
was first developed by Landau and Pomeranchuk. [5] 
Integrating then over the angle / (the polar axis is 
chosen in the direction of the vector p), we obtain* 


ae 
gett fe MeV re (14+ BS) 
Ip (2 + hw, 2) —¢ ( ae ce 
x & w, s¢) —®@ (é, e+ho 
ne ET 41) Oy 


Bey — Aa 
x Fe gdgde + \NolVP Senet ae nee 
e/T 


(4 
x Ip (e ayaa ho, Q) Pr (2, Q)] (e'F EY 1) (gt hone 


+1) 


m ee’ 
x FE gidgde + \NolVP reteT 


x(i-B=*) [p (tw — &, Q) —Q (e, Q)] 


*The temperature is in energy units throughout. 
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+) Moll reteT + He) ere 


m Dp 2 nee 

» asa Pq OQ? 49;9 dq dg yet 1& | 
eholT 

Sea Sar oleae ‘Pd a 4i 


eT (I— BS) 


qi9° dq dQ. (1.2’) 


We make the approximate substitution 


aw 
aoe 


as was done in the calculation of the phonon thermal 
conductivity, [6] and integrate both parts of (1.2’) 
with respect to ~. In the right half we make at the 
same time the expansion!°] Px /P = (px /p )p = Po 

+ ax. We then seek a solution in the form g(e, 2) 
= 94(Q2) + pole, 2), with py > gy. Using dé 

=e de/é to change over to integration with respect 
to € we obtain 


co 2) 24 
\ fetazV 2 — dz =|V' PT? \ s 
6 0 


e*t* dz dg 
Berner rh 


\ Ip (2 +x, Q) 


svi pre 22 (tos (e— 2, 9) —o0 2 


b-+-x 
x—b 


e” dz dp \ [oe (x eae Q) 


ely -4) 


a a 
2b 


} &* dzdq 
— Qo (z, 2)] —————_ 
ie caste) Cts 
riomat xed (et dedp Ps 
+ |V ee \ 3 cas (e7 + 1) (Ga + 1) AQ? 
opel de ded | 
+ |V’ heft (24 i). (e7 + 1) (e7—* + 1) AQ? 


co x—b 
a y' E T4 ee eax \ e* dzdp Ppa 
—1 
2b b 
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We use the notation «€/T =z; iw/T =x; A/T=b; 
|v’? =| V? |/a. 

The first integrals, which contain ¢2(¢, 2), 
make a zero contribution (to verify this we make 
the substitutions z — z +x in the second integrand 

and z —x-—z inthe third). We then find 
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Q 
@ = ROT V1 oe "2Ve—Badee ; 
(4x Ke 
O(T) = ee oS 
") | cary (F414) 
foe) x—b 
Peas dz 
+) ae (?-+-1)(e? + e*) he} 


where a (&) depends on the angles that determine 
the direction of motion of the electron. 

We calculate next the heat flux from the formula 
Q= d évxfdp. Taking (1.3) into account, we obtain 


(\ fiezV2—68? dz)’ : 


Calculation of the integrals in (1.4) leads ultimately 
to 


const 


Q=anT a (2) (1.4) 


oT const 
<< -0/E-snlh Sep, a8 
where K,(bs) is a Bessel function of imaginary 
argument, and 


® (T) = 966 (4) In (1 + e-*) + y s-5e-2bs (80 bts! 


s=1 


+ 160 63s? + 240 b?s? +. 240 bs + 120) 


—In (e+ Ny s~4e—2s (64 53s? + 96 67s? + 9663+ 48). 
s=1 (1.6) 
In the temperature region close to Tc, where 
the contribution of the electron-phonon interaction 
to the heat flux is most significant, we obtain 


S (= 1) 


a Sa 
s=1 


% = Xn eae 


36 O(T,) 7 
a O(T) | 


2 
+2In1+ Fag : (1.7) 
where Ky, —thermal conductivity of the normal 
metal. The results obtained agree quite well with 
the experimental data. [7,8] 

Expression (1.5) for x differs from that ob- 
tained by Bardeen, Rickayzen, and Tewordt. [9] 
These authors used a direct variational method 
and trial functions for f that differed appreciably 
from the true function (1.3). 


2. ABSORPTION OF ULTRASOUND IN SUPER- 
CONDUCTORS 


Let us examine the absorption of sound in super- 
conductors when the frequency satisfies the condi- 
tion w > 1/t (w —frequency of sound, Tt — relax- 
ation time for electron excitations; see below). 
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FIG. 1. Experimental points correspond to x — tin, [7] 
O — indium,l® solid curve — theoretical. 


Since the period of the sound wave is in this case 
less than the relaxation time, we can disregard 
the relaxation processes completely and consider 
only the absorption of sound quanta (the number 
of which is N > 1) by the electron excitations. 

Writing for the probability of absorption of a 
sound quantum 


Wr = DIVE (xe — now)? NF (1 — f’) 8 (e’ — © — fio) 
k 


+ (Ueda + Unde)? N (1 —f) (1 — fF) 6 (e" + & —ho)] 
(f —number of electron excitations with energy ¢, 
N —number of phonons of frequency w) and for 
the probability of the reverse process 


Wi ~>; | V/? [(ugtey ae UpUp')” (N + 1) 
k 
X(1 — f) f’6 (8’ — & — ho) 
ot (tip 0p" + Up'Up)” (N a 1) ff’6 (e’ ob oo hw)] 


and substituting the expressions for u, and vx, 
we obtain for the absorption coefficient, which is 
proportional to the difference W,— Wy], the ex- 
pression 


Sie (i+ 2S") 6) 8 (e' — eho) 
+(1-EB SF) —f— 7) de +e — ho} 


p? dp sin 3 d} de 
An*h* ; 


(2.1) 


From the momentum conservation law we obtain 
for the angle } between p and q, in the case of the 
scattering of electrons by phonons (p’ =p +q) 


cos 0 = (2mE’ — 2mE + q*)/2pq. 


In the creation of excitation pairs (p +p’ =q) we 
have 


cos 0 = (— 2mf’ + 2mE + q*)/2pq. 


Taking these relations into account, we obtain 
upon integration over the angles (the polar axis is 
chosen in the direction of the vector q) and after 
changing to integration with respect to ¢€ 


and! Ve "Zo RRESIN 


co 


Y =const- \ (1-3 
A 


pee mes eg) Ue MY aerer4 an 


p (2. to) fl, ho D2A 
10, fio < 2A. 
The function D (hw/T) has been introduced be- 
cause creation of excitation pairs is possible only 
when hw = 2A. 
We put approximately 


1 +(§&’ — A?)/ee’ = 2; 


A2 ; ee’ 
JG =f ey 


(2.2) 


(2.3) 


and consider here frequencies that satisfy the con- 
dition hw < T. We then obtain 


x—b 


t= const-T[\ (F=f) dz +D (x) \ (herder jal dz|; 
foe +i, 6=AlT, 2= 


Simple integration results in a general formula 
for the ratio of the ultrasound absorption coeffi- 
cients in the normal and superconducting states [1] 


Ysl'¥n = {x — In [(C?** + 1) (€? + 1)})4-D (x) [26 — x 
+ 2 In [(ex-® + 1) (eo — 1)7))}/ In [(e* +.1)/2]. (2.4) 
When x « 1 we have yg/yp = 2/(e2 +1), which 
agrees with the result obtained by Bardeen, Cooper, 


and Schrieffer “!°Jand experimentally confirmed by 
Morse and Bohm. -!4] 


Zee] See 


3. ABSORPTION OF LONG-WAVE SOUND 


We now investigate the absorption of sound in 
superconductors for the case when w << 1/7; for 
electron excitations we have according to [41] 

T~ 10-'—10-® sec. We consider first the ab- 
sorption of sound by electron excitations, which 
makes the main contribution to this absorption. 

We consider the sound field as a factor that de- 
forms the lattice. The irreversibility of the de- 
formation process indeed leads to the absorption 
of sound energy. The problem thus reduces to a 
solution of the corresponding kinetic equation and 
subsequent calculation of the dissipation function, 
which determines the absorption of the sound wave. 

We write the kinetic equation 


(2) = DIVE we — oer FI WD) 
q 


—f (VP) N10 (6 8) te 
— fA —F) WS UT 8(a a) — Teas} 


+|V[P (uevw + uxroe)® IN (1 — f) (Ll —F') 


— (N + 1) ff'16 (e’ 4+ 8 — ho); (3.1) 
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where N is the number of phonons of frequency w. 

When the sound field is turned on, the electron 
is in a lattice with a somewhat modified constant, 
so that its momentum becomes dependent on the 
deformation tensor. 121 Therefore 


of of & 
(4). ae ese ek (k) wie 


(ujxk — deformation tensor; ¢€j,(k) — tensor de- 
pendent on the direction of k). We assume that 
1 > (1 —mean free path, ’ — wavelength of 
sound). We can then neglect the electric defor- 
mation fields. 1191 
We seek the distribution function, as usual, in 
the form f = f) + g(€,2), where fy = (e€/? +1)-! 
_and g(e,) depends on the energy of the electron 
excitation and on the angles that determine its di- 
rection of motion. We expand g(e,®) in Legendre 
polynomials and confine ourselves as usual to the 
first term of the expansion, i.e., we assume g (€, 2) 
=g(¢€)px/p (p —electron momentum, px —its 
projection on the direction of the sound), g(e€) 
_being sought in the form 


Then (3.1) is rewritten as 
ne Ejelig = \Nolv (1 ce a 


x [@ (e') = —o (0) ] fofvet9 (e' — & — ha) dg 


+ (Wo lvp(t+ S44) [9 (eS 


— 9 (e) =] fofse"78 (2 — &' — ho) dg 


p 
a )le ee) 2 yee 


+\yive(s 


~9 (e) =] fofve™*”79 (e-+ 2’ —he) dq. (3.2) 

For the momentum projection averaged over the 
azimuth y we have qx = 27(px/p)qcos ¥ (3% — 
angle between p and q; the polar axis is chosen in 
the direction of the vector p), with cos J = —q/2p. 
We integrate further over the angle ¥ and put ap- 
proximately 

‘— h? ee’ 
(1B ) ier 2. 

We seek y(c€) inthe form y(€) =p + 94(€), 
with ~o > ~1 (¢) = const). Introducing further 
the variables z = ¢/T, b = A/T, x =fiw/T and in- 
tegrating with respect to z and with respect to the 
angles in the momentum space of the electrons, we 
obtain 


Pt. et 
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co 
2x4 dx \ dz dQQo 


tataded = VT" \ re a an 
6 


co oe 
(e +4)? Q 
e? dz dQ 
ge a Jo a) eee 1 
IVP =|VP/q. 
We see therefore that the sought function g has 
the form 


0» 


= const 1 
FTE eh 4) OUT 
For #(T) see (1.6). 

The impurities do not play any role in this proc- 
ess. They cause elastic scattering of the electrons, 
and their effect can be accounted for by adding a 
term (f-f))/r to (3.1). This term, however, 
drops out in the integration over the angles in the 
momentum space of the electrons, a natural fact, 
for in this case elastic scattering cannot lead to 
establishment of equilibrium. 

We now find the dissipation function, which de- 
termines the absorption of the sound energy. The 
entropy of a gas of electron excitations is 


SSG. shin df ae 
k 


(3.3) 


which leads to the following expression for the dis- 
sipation function: 
SS sea Pee all 
W=TS TDi tart (3.4) 
Substituting f, from (3.1) and then integrating with 
respect to € and the angles in the phonon momen- 
tum space, we obtain, with account of approxima- 
tion (2.3), 
VW =| de dzq (2) [@ (2 + x, 2’) —@ fz, Q)] 
0 é om a 
ez t* e 
2 EN CP SOK) 
Se Nee +1) | i 
x [p (2 — x, Q') —¢@ (2, Q)I ( : 


2° — f) fe" 4) (eo ea) 


x—b 


“4 x2dx \ @ (2) Ip (x —z, 2’) 


b b 


@ (z, Q)] 


2 dz 
(e741) (e* 74-1) (e*—1) 


We therefore find 


const if 


T> (e644)? (T) a) 


This formula was first derived in [2], it is seen 
from (3.5) that W is a universal temperature func- 
tion. Consequently, the coefficient of absorption 

of long-wave sound by electron excitations, which 
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is proportional to W, is given by 
FIG. 3 


4® (T ,) 
iseles Tne P12 (T) , 
where Yne = const/T° is the coefficient of absorp- 
tion of sound in the normal metal (i3]. @(T) is 
given by (1.6) (see Fig. 2). 

We determine similarly the absorption of sound 
energy by phonons. The sound field changes the 
phonon frequency to w’=w(1+aQjp,ujp,p); here ajp 
is a tensor dependent on the direction of the phonon 
wave vector and uj, the deformation tensor. The 
kinetic equation for the distribution function of pho- 
nons interacting with electrons in a superconductor 
in a sound field has the form 


h . 
= Nel  ctivitey = Vive {2 (Uettiy — Onde’)? 


(3.6) 


SUP IN 4 1), — Nf (i fre (et eee) 


+ (Ugdy + Ugg)? [(N + 1) Ff’ 
—N(1—f)(l —/f’)]1 6 (e’ + & — hw)} p?dp dcost dg. 
(3.7) 
The perturbation of the phonon distribution 
function R = N—Np can be determined from this 
equation by a method similar to that used in Esa, 
and has the form 


R = — Neer (x)/T; 
4 __ const nN e dz 
Lilie (e* +41) (7 t* +14) 


b 


dz 
D st Se a 
Fi (x) (e* + 1) (eo? + 7 


(P=[i, 25a) 


For the dissipation function of the phonon gas we 
have 


Wpn= — T >)RN/No (No +1). 
q 


Evaluation of this function yields (see Fig. 3) 


TsplYnp =F (T)/F (To); 
FD) = — 8 (09 air) (eo Ls Gta) Aer e) 
— 3 (e? +1) s s~%e—26s (4625? + 4bs + 2) 


s=1 
+66 (4) (e& — 1) — (e® — 1) 5} s4e-25s (869s? + 12575? 
s=1 


+ 12bs +6) + 325% (e2 — 1)-1 


Ur s {se-2s Ei [— s (26 —a)]} + 6 >) s*e-2s; 
s=1 


a= 2b — 0.16; 


s=1 


co 
G(s) = Sins; 6 (3) = 1.202; ¢ (4) = 1,082. 
n=1 
Here Ygp and Ypp are the coefficients of absorption 
of sound by phonons in the superconducting and nor- 
mal states. ygp is also a universal function of the 
temperature. The total absorption coefficient is 
Ys > ¥Yge * Ysp* 

The absorption of sound by phonons increases 
with decreasing temperature because the phonon 
mean free path is increased by the deduction in 
the number of electron excitations. This absorp- 
tion mechanism is significant at temperatures not 
too close to Tc. 


(3.8) 
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The transverse diffusion coefficient for particles in a fully ionized plasma in a magnetic 
field is calculated by a graphical method. The Born parameter e”/fivy is assumed small. 
The magnetic field is considered to be strong, the electron Larmor frequency being con- 
siderably larger than the collision frequency. Account is taken of the role of electrons and 
ions in screening the electron-ion interaction, of the deformation of the interacting-particle 
Debye clouds, and of the inelastic nature of electron-ion scattering. The numerical factor 
in the Coulomb logarithm is estimated in the case when the electron Larmor radius is much 
greater than the Debye radius. Corrections to the diffusion coefficient due to the effect of 
the magnetic field on electron-ion collisions are estimated. The case when the Debye radius 
is smaller than the Larmor radius of the electron but larger than that of the ion and when 
the magnetic field exerts a significant influence on the collision act is also considered. 


is A characteristic feature of the kinetic proper- 
ties of a system of particles interacting in accord- 
ance with Coulomb’s law is the divergence of the 
Coulomb scattering cross section at small momen- 
tum transfers. In a neutral system, the interaction 
between charged particles, which leads to screen- 
ing, cuts off the interaction potential at distances 
on the order of the Debye radius 1/x = (4me?2/kT)7!7 
(n — plasma electron concentration, e — electron 
charge, T —temperature). The cross section for 
the scattering on a screened potential is always 
finite, and the principal role is played by collisions 
with small momentum transfers, on the order of 
he. Starting from these considerations, Landau!!1 
derived a kinetic equation for a system of charged 
particles. 

These qualitative considerations, however, still 
leave a few points not completely clear. Thus, the 
Debye clouds of the particles colliding in the plas- 
ma can become noticeably deformed, and it would 
be interesting to ascertain the influence of this ef- 
fect on the kinetic phenomena. Further, the screen- 
ing of the interaction in an electron-ion plasma 
should be not only by the electrons but also by the 
ions, and it would be necessary to ascertain the 
extent of the ion contribution. Finally, we wish to 
know whether low inelasticity of the collisions be- 
tween the electrons and ions of the plasma is es- 
sential; such inelasticity would cause, for example, 
the interaction between the electrons and ions to 
proceed via exchange of collective excitations of 
the plasmon type. 


These questions are answered to some extent 
by Konstantinov and Perel’, [2] whose proposed 
diagram technique [3] yielded a kinetic equation 
for the plasma electrons in a weak electric field. 
The Born parameter e/ivy was assumed small 
(vy = ¥2kT/m, where m is the electron mass). 

In the present paper we investigate, also in 
the Born approximation, the transverse diffusion 
of particles of a completely ionized plasma in a 
magnetic field H. We consider the case QT >1 
(Q = eH/mc is the Larmor frequency and T is 
the electron relaxation time). In this case both 
the screening by the ions (see 21) and the defor- 
mation of their Debye clouds proved to be signifi- 
cant. However, exchange processes between the 
electron and the ion via plasmon-like oscillations, 
although theoretically possible, always make a 
negligibly small contribution. 

When KR >1 (R=v7/®&), the coefficient of 
transverse diffusion is proportional to In (q7/k), 
[4,5] where ap =mv7/h. An account of the fore- 
going factors enables us to find the coefficient 
under the sign of this logarithm. The corrections 
for the diffusion due to the effect of the magnetic 
field on the electric scattering are small when 
KR > 1. We also investigated the case kR < 1, 
when the effect of the magnetic field on the elec- 
tron scattering cannot be neglected, and the solu- 
tion cannot be obtained by iterating the equation 
of [2], the left half of which contains the Lorentz 
force. In this case the Coulomb logarithm is a 
function of H. 
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2. Let the magnetic field H be directed along 
the z axis and let the electron and ion concentra- 
tion gradients and the electric field E be directed 
along the x axis. Then we have for the electron 
and ion current densities (the ions are assumed 
to be singly charged) in the linear approximation 
(E=-Vo¢): 


ie — oD Vite 2 DM ns +- Ox.Vx9/e, (1) 
a — DEN xe ere DiV gh a OrrVx@/e. (2) 


The first term in (1) is the diffusion electron 
current, while the second is the electron current 
proportional to the gradient of the ion concentra- 
tion, brought about by the action of the non-equi- 
librium ion distribution on the equilibrium electron 
distribution, i.e., the ‘‘dragging’’ of the electrons 
by the ions. The expression for ox has the fol- 


lowing form [2,6] 
Ae ees (3) 
0 ’ 
2; —p ig d: 
on = Re \ et dt > i <e maT exp i U (2) =| 
—oo Ad’ pp! 
X (Gr ap')o (ax ax) Urry (4) 
0 , 
Cb ot eB t J p8# de 
w= rou dt 2 2 0 ic exp \ U (2) =| 
X (ap Oy))y (AXA): Vin hy’. (5) 


Here B=1/kT, Vj) is the normalization volume, 
s is the adiabatic parameter (s >0, s—0), 


Gor yeerop (2!) Sp exp(—BHo), 
Ht’ = Ho —CeNe —GNr + U = Hy + U, (6) 


3) is the Hamiltonian of the free electrons and ions, 
Ne (Nj) is the operator of the number of electrons 
(ions), &@ (¢;) is the chemical potential of the 
electrons (ions), and Tc is the symbol of order- 
ing along the contour C, shown in the figures as a 
dash-dot line. Furthermore, 


U (2) = exp (Hoz/ih) U exp (— Hoz/in); 


U = Uee + Uej + Uji is the interaction operator, 
with 


Opps = Mh > 4a cr fest | v’> 6 | ear! 8’) atayafas, (7) 
yy’ 38’ gq 
Ves =D) D Dian re | '> <3 |e“ 8’) avav-AT Aw, (8) 
yy’ 88’ q 
Ui = 4d) SVD) Ha Sr Lett | 1") <8 em" | 8°) AFAR Aw. (9) 
vy’ 88° q 
Here ay and ay( Ay and Ay) are the operators of 
creation and annihilation of the electron (ion) in 
the state y; when the vector -potential has a gauge 
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A = (0, Hx, 0) this state is determined by the 
quantum numbers n, pz (momentum projection on 
the z axis), and X (coordinate of the center of 
the Landau oscillator ); ey (Ey) is the energy of 
the electron (ion) in this state 


Ug = \ dru (r) eF/Vo= 4ne7/V oq", 


vin’ (Vi /) are the matrix elements of the oper- 
ator of the x component of the electron (ion) | 
velocity. 

From the meaning of the formula (3) [2] it is 
clear that o¥% determines the electric current 
due to the action of the external electric field on 
the electrons only, while o€} is the electron cur- 
rent due to action of the electric field on the ions 
only, which then drag the ‘‘equilibrium’”’ electrons. 
The possibility of representing o€, in the form of 
a difference of these two quantities stems from the 
fact that the current is calculated in an approxima- 
tion which is linear in the field. But such a repre- 
sentation enables us to relate o and D with the 
aid of the Einstein equations 


De. re Ox./ne*p, pe. = of/ne’B (1 0) 


(analogously for Di¢ and Di, ). 

On the other hand, it is clear from general con- 
sideration that ofs = oly = 0. This can be verified 
by writing out the equations of motion for the sys- 
tem of interacting electrons and ions and going 
over to a new system of coordinates with the aid 
of the transformation r=r’ + ct[E x H]/H* (see 
(4,5]), But then 


(11) 


Finally, it is easy to show that ogi = aif. Of the 
equal quantities given in (11), we deemed it most 
expedient to calculate o€§. 

The general formula (4) can be expanded in 
powers of the small parameter 1/Q2T. We note 
that the first term to be calculated in this expan- 
sion contains the electron-electron interaction 
only to the extent that it determines the screening 
of the electron-ion potential, while the direct 
electron-electron scattering produces a zero 
contribution. 

3. To calculate o€€ we apply to Eq. (4) the 
Konstantinov and Perel’ diagram technique. |?,?1 
We calculate the term of lowest (namely second) 
order in the particle concentration n in o§§. For 
this purpose it is necessary to take into account 
graphs with not more than two irregular lines, 
and the factor 1—n, corresponding to the regular 
lines must be replaced by unity. 

If the electron-ion potential were to fall off 


oe = of 
XK 


i of = git. 
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FIG. 1 
with distance more rapidly than the Coulomb po- 
tential, then the conductivity would be determined 
in the Born approximation by the sum of the graph 
la and the other graphs of the like type with ver- 
tices 1 and 2 occupying all possible positions on 
the contour C. In order to eliminate the Coulomb 
divergence at small q, it is necessary to add here 
the sum of other graphs of higher order in the con- 
centration, but containing on the other hand higher 
powers of 1/q. These renormalizing graphs are 
chains which can end only in ion loops and have in 
the middle either ion or electron loops, since both 
particles participate in the screening of the elec- 
tron-ion interaction. It can be shown that if we 
sum over all the electron (or ion) indices on 
which such a loop depends, then the incoming and 
outgoing momenta are equal, and therefore such 
chains actually produce an accumulation of diverg- 
ences in 1/q. 

As noted earlier, direct electron-electron in- 
teraction does not contribute to epee But we cannot 
draw such a conclusion beforehand when this inter- 
action is renormalized via the ions. Consequently 
we must consider along with the chain-like graphs 
of type la also graphs of types 1b, c, and d. 

To calculate the sums of these graphs we em- 
ploy the procedure proposed in [2]. We consider 
the expression 


lq (21, 22) = Cea he [(Bq)z, (B_q)2.]>, (12) 
which we call the plasmon line. Here 
By =>) <r le" |y> Gray — Ay Ay). (13) 


Oe 
The plasmon line is the sum of all the graphs at- 
tached by means of the two interaction lines to the 
point z; and Z»), and consequently is the renormal- 
ized interaction line. 
If the plasmon line is regular (z,. ahead of z, 
on the contour), then 
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La (21, 22) = Ly (21 — %) = \ dw, (w) ef 4-22), (14a) 
On the other hand if the plasmon line is irregular, 
then 


Lg (29) 20) == Gj (z, eae Zo) = \ dw®, (w) eh gia (21—Ze) | 


(14b) 


Here 


@y (0) = Z Die | Ck | By’) Pd (one — 0) 
RR’ 


=o ED. (ale (15) 


k and k’ label the states of the entire interacting 
electron-ion system; Z = Sp e~P'; seh = (k|3¢’ |k). 
We put furthermore 


o-++i00 6-100 
1 - 4 a 
Iq(t) = Sap \ Lq (ny e™ dn, q(x) = vr \ Lq (n) e™ dn, 
o—L00 3—i100 (16) 
— ° — nt se a 1 
Lq (n) = \ e-"1, (t) dt = \ do®, (0) a» (17a) 
0 —oco 


L, (n) = \ e-], (t) dt = \ dw®, (w) e®? ae? (17b) 
0 —oo 

Lg(n) and Lg ( 7) are functions analytic in the right 
half of the complex 7 plane. 

In the calculations it was found convenient to 
leave the integrals with respect to A, but carry 
out the integration with respect to t. If we con- 
sider each graph as a result of such an integration, 
then the rules for setting up the analytic expressions 
in correspondence with the diagrams are as follows: 
1) to each regular fermion line corresponds a fac- 
tor 1—n,, and to each irregular line—a factor ny; 
2) to each vertex on the upper (lower) time axis 
corresponds a factor Ug /ih (—Ug /if ); 3) to each 
point on the ‘“‘temperature’’ axis corresponds a 
factor (—u,) and one integration with respect to 
dv; 4) to each regular plasmon line corresponds 
a factor Lg(n ); 5) to each interval between points 
on the horizontal portion of the contour corresponds 
a factor [s +i(w;— ioe a? where hw, is the total 
energy of the lines entering from the left into this 
interval and hwe the total energy of the lines leav- 
ing to the right; the plasmon line is assigned a di- 
rection from left to right and an ‘‘energy’’ ihn; 
6) the graph is multiplied by (—1)Pi*Pe, where 
Pj,e is the number of intersections of the fermion 
lines of one type with each other; 7) in the final 
expression the summation is over all the electrons 
and ion indices and over all q, and the integration 
is over A and 7. The integration over 7 can be 
carried out by closing the contour in the right half- 
plane. 
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4, Our problem is to express the sought sum of 
graphs in terms of known functions Pq(w) and 
Kg(w) (see below). 

The sum of the graphs la and b assumes after 
renormalization the form of a graph with a single 
plasmon line (Fig. 2). There are six graphs of 
this type with different placements of the vertices 
on the contour C (see Fig. 3). Graphs with points 
on the ‘‘temperature’’ axis only are pure imaginary 
and therefore not considered here. For the case 
when one end of the plasmon line is on the ‘‘tem- 
perature’’ axis, the integral with respect to A is 
calculated in Appendix 1. 

The sum of graphs of the type of Fig. 2, with 
the points placed as in Figs. 3a, b, and c, is 


— 2 yueRe dD) mLg (8 + toga) <A | (x — Xp) eT] p> 
q Ap 


eet XA, pe | >. 
We made use here of the identity 

van /(s + i@ay) = <A] x — X,|A’D (s +0). (18) 

The sum of the graphs of the type of Fig. 2, with 
points situated as in Figs. 3d, e, and f, is 
Fe Syug Re Si mala (8 + oa) <0 | (x — X) "| HD 

q Ay 

x! <p | (« — Xp) oF] AD. 


Consequently the sum of all the graphs of the type 
shown in Fig. 2 is 
ee SusdRe J) (Xn — Xp) mag (8 + ios) Cle | ud 

q Ap 


x <H| (x —X,) er] A). (19) 


/ eae ads! Tew eae 
fae 5 Mads bd 9% Pa Mk eats 
Uiepigect!. = ne 
. a | b | e 
Oe EE ee eee Mt Dees 
Se Sate mle he 
at as ice Riri h ade 


DIFFUSION IN A MAGNETIC FIELD 


825 


We interchange the dummy indices \ and yp in (19) 
and take half the sum of the resultant expressions. 
We also take account of the fact that 


(X, — X,)? = (c/eH)? (py, — py)? = (ch/eH)? qi, 
and that the difference 


(20) 


Lg (s — iw) — e”*L, (s + iw) 


is, on the basis of (17) pure imaginary when s — 0. 
Then we obtain ultimately 


(FY See Sina <A |e |W) PF © (oy). 
q 


Ap 


(21) 


We consider now non-renormalized electron- 
electron interaction graphs such as Figs. 1c and 
d. Their sum is 


—n (=) 93 eur es ds NNO (Wpa 


q rp yy" 

+ Wy) | <A |e" | ¥’D P| <p ef" | 1 

There can be four types of electron-electron 
scattering graphs with a single plasmon line, each 
type including 14 graphs. Figure 4 shows the prin- 
cipal graphs of the first type. The remainder are 
obtained by transferring the non-renormalized 
vertex from the upper segment of the time axis 
to the lower one (or vice versa). Figure 5 shows 
the characteristic graphs of the three remaining 
types. For the cases when both ends of the plas- 
mon line (or one end and one simple vertex) are 
on the temperature axis, the integrals with respect 
to A are calculated by a method similar to that 
developed in Appendix 1. 

The sum of graphs with one plasmon line is 


(F) (ar) qua >) >) ere | AD/? 


Ap yy’ 


(22) 


x | ae en | p> |? nynyd (Ory ie Wy’) Re Kg (O73 bor se is). 
(23) 
We have introduced here the notation 


Ly (s + iw) —Lq (s + iw) = iKg (w — is), (24) 


the meaning of which will become clear below (see 


Sec. 5). 

There are four types of graphs with two plasmon 
lines (see Fig. 6). Each corresponds to 30 graphs. 
Their sum is 
— 4 (ar) G44 DD dre A> Pdr ley p 

q Ap ory’ 

x nynyd (yr + @y~') | Kg (yp — is) P (25) 
The total contribution to the conductivity from the 
renormalized electron-electron interaction is the 
sum of the expressions (22), (23), and (25): 
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—T (ar) > qi, us yy Dy Ay8 (Ory ++ Wy) 
at og Ap. yy’ 
x |<Ales iy > Pl <mlea|y’> PP 1 
— (tq/ ht) Kq (@yp.— ts) |. 
5. Generalizing the methods of [>7] to the case 
H =~ 0, we obtain for e’n!/8/kT «1 the following 
expression 


Kq () = BhnVo [Pq (w) + Py (w)] {1 + (e2/ @?) [PE (w) 
+ Pq (w)]}}4. 


The function PG(w) has been calculated in [89] ana 
is equal to 


(26) 


(27) 


8 


piss, BOC pes chg ee 
Poo) == az \ die sin (=t - 5 sin Qt) 


0 


2 > : 
fe 42 4) cth se see *) 


ents ce 2m8 mQ 


(28)* 
where qi = qk + q} and Pi (w) is obtained by re- 
placing the electron mass m in (28) by the ion 
mass M. 

In analogy with [2] we obtain relations (24) and 


Lq(s + iw) +L, (s + iw) = 2n®, («) 


= Im Ky (w — isl — e***). (29) 
The first of these was already used. 
We note that in the absence of interaction 
D4 (w) = Woe °°? LFS (w) + Fa (o))], (30) 
where 
F Im ip (@) 
Fq() = BB ah (io / 2) 
1 w 3/2 7, , 
syne pa | <A] ef" | A> |? 2, (w— rr’) (31) 


and similarly for the ion function. 
We represent the 6 function in (26) in the form 
00 
\ dwd (w + @y) 8(— © + oy) 


and transform this expression using (31). We in- 


(32) 


troduce into (21) an additional integration with re- 


*cth = coth. 
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spect to dw, witha factor 6(w-—w pr)> and again 
use (31). Adding the two resultant expressions we 
obtain ultimately 

mamnceert’ ./ c .\2 hme2\2 ¢ F4(@) FG (@) 
Pe = sn (ar) \ aay ( P ) \ oe A? (@, q) + B*(o, q 


wa 


= [ne*/n V 2m" (kT) Q?) ¥, (33) 
A (o, q) = 1 +24? [Re Py (w) +Re Py (w)], (84) 
B (w, q) = x2q~ [Im P§ (w) + Im Pg (o)). (35) 


The products of the electron functions in the nu- 
merator of the sum of (21) and (26) cancel each 
other, i.e., the electron-electron scattering, even 
when renormalized with the ions, makes no contri- 
bution to o€€ or Dg. 

The final expression is an integral over all the 
momentum transfers fq and the energy transfer 
hw due to the product of the electron and ion func- 
tions, divided by the renormalizing denominator. 
If the interaction potential were to decrease with 
distance more rapidly than the Coulomb potential, 
simple considerations following Titeica!?] would 
yield for DE the formula (33), but without the re- 
normalizing denominator. In the case of Coulomb 
interaction, this denominator takes into account 
both the screening of the electron-ion potential 
and non-static effects connected with the inelas- 
ticity of the electron-ion collisions. In particular, 
the quantity A can vanish for certain connections 
between w and q. If B is also small, then this 
connection between w and q yields the dispersion 
of the collective excitations in the plasma. An in- 
tegrand with a sharp maximum in (33) corresponds 
in this case to a process in which the electron and 
ion exchange one of these excitations with each 


‘other. 


Let us make one fundamental remark. The 
functions FG(w) and Fq(w) tend to infinity as 


827 
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q,— 90 and w—0. By virtue of this fact, Eq. (33) 
diverges logarithmically at small q, when inte- 
grated with respect to w. This divergence is con- 
nected with the specific properties of scattering 
in a magnetic field, discussed, for example, by 
Adams and Holstein!!!] and by Skobov. [12] itis 
eliminated in fact by taking some cutoff mechan- 
ism into account. This gives rise in the expres- 
sion for D€¥ to a term containing In q¢R, where 
dc is the characteristic cutoff momentum (which 
can be estimated [11,12]) In many interesting cases, 
however, the coefficient of this logarithm is so 
small that the entire term can be discarded com- 
pared with the others. Then the final expression 
does not contain qc at all. This is precisely the 
case, for example, when kR > (m/M)!/, 


FIG. 8 


6. Let us ascertain on what basis we can dis- 
ecard other graphs with four (or less) points. 

The contribution from graphs such as shown in 
Fig. 7, being pure imaginary, is zero. The graphs 
consisting of two parts connected by a single inter- 
action line or by a single plasmon line (Figs. 8a 
and b) are proportional to Ug lq=o and are conse- 
quently equal to zero. The graphs on Fig. 9 rep- 
resent corrections to the electron-ion scattering 
in an approximation higher than that of Born, and 
are therefore disregarded. The graphs on Fig. 10 
are corrections to o€§ of next higher order in 
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1/Qr, and should therefore yield zero when 
summed. Graphs with overlapping or superim- 
posed plasmon lines were estimated in [2] for 
the case H=0. They are in any case small if 
e’/hivyp « 1. 

7, Let us start with an investigation of the case 
KR > 1. Expression (28) is no longer dependent on 
H and is noticeably simplified when gq, > 1/R. In 
fact, the terms significant in the integral of (28) 
are those with t? < m@/q2Z. But for these values 
of t we have Qt < (mp)!/2 0/qz = 1/a,R*< 1, and 
we must therefore expand the sinusoidal terms in 
(28) in powers of the small parameter Qt, retain- 
ing the first term. Then for hQ/kT «1 ‘(this is 
the case of interest to us) we obtain 


e ee hgrt grt? 
Pé (w)= ie a dte-‘*t sin ( ea ) exp (— a ; (36) 
Hence [71 1 
e ene ST' mech eae (ag q 
ne Pa ie) q a 297 ee 247 )| : 
| (37) 
Im Pi (0) =—Va a sh es exp | — (=) - (st) ip 
(38)* 


and Ph (w) is Spacey from Pg(w) by replacing 
q with q/y, where y? = M/m. eee 


Leu torex, se ts 
X LOY. te], 


x 


W (x) =e-* \ evdy = | 
0 


Obviously, the values q& «x play a role in (33). 
But if kR > 1 and q is significant, we can use (37) 
and (38) for PG(w), and consequently also for 
Ph (w). The Shite dependence of Dyx on the mag- 
wets field is determined by the factor 1/2? in (33). 
Therefore, to calculate Dxy in this case it is nat- 
ural to replace Pg(w) and Pi (w) by their limit- 
ing values (37) and (38) with H = 0 over the en- 
tire region of q, and then verify that the contri- 
bution from qz < 1/R is small where such a sub- 
stitution cannot be made. 

Let us substitute (37) and (38) in (33) and take 
(32) into account. It is easiest to integrate over 
the angles, and the matter reduces to calculating 
the expression 

co 
Veo 


—oco 


(39) 
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*sh = sinh. 
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where the dimensionless variables are z = q/q7, 
x =hwfy/2z; 


4g? = 7/2 << 1. (41) 


If A # 0, then the exponential term in the numera- 
tor of the integrand of (40) makes xS 1, zA 1 
the significant region of the variables. In this re- 
gion A and B are given by the following expres- 
sions (we neglect quantities of order 1/7): 


A =1 +8 (&/2)? a (x), B ==8 (Efz)? 6 (a), 
a(x) =1—<x W(x), = (xV n/2) e-*. (42) 


We show later that only this region plays any role, 
since the contribution from the region where A = 0, 
i.e., from the collective effects, is negligibly small. 
Then the expression for Dxx can be represented 
for € «<1 in the form 


Mii 


1 rf 


Dax = (SR) (ar) net inssdag — fag | em inl 9 
0 
+6? (x)] dx— a | | a arctg a — 1 Jewax}, 


(43) * 
where C =1n C, = 0.577 is Euler’s constant. 

The quantity x = hwByq7p/2q serves as a meas- 
ure of the screening role of the ions. When x « 1 
the screening can be regarded as static. If we re- 
place a(x) and b(x) in (43) by a(0) and b(0), 
then the second and third terms vanish, corre- 
sponding to inclusion of the static effects only. To 
the contrary, when x > 1, the ions practically do 
not participate in the screening. If we replace 
a(x) and b(x) in (43) by a() and b(), then 
the expression in the curly brackets becomes equal 
to In (1/eC,é?), i.e., the factor under the logarithm 
sign is twice as large as in the first case, corre- 
sponding to complete neglect of the ion screening. 

Actually, however, the sum of the second and 
third terms in the curly brackets of (43) is In 1.34 
= 0.296 and is different from the two limiting val- 
ues because of the non-static ion screening. Finally 

He [ai 
=3 (3) ( eH 
This result differs from the expressions obtained 
earlier with logarithmic accuracy (see [5] where 
references can be found to earlier papers) in that 
the factor under the logarithm sign is exact. 

We note that the same methods can be used to 
calculate the transverse conductivity ox, ofa 
semiconductor with quadratic carrier dispersion 
law, if e2/ ehvy; «1 (e« is the dielectric constant 
of the semiconductor ). The ions must be regarded 


here as stationary, and the scattering of the elec- 
trons by the ions must be assumed elastic. When 


iba, y ne* In (0,55q2/%?). (44) 


*arctg = tan™. 
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—«R > 1 we obtain for Oxx the following formula, 


with an exact coefficient under the logarithm sign 
(compare with the result of Brooks §43). 


ne? ae eas n; e y id 
mor ” v 3 \m'/ (rT) \ & eCy&? 


(nj is the concentration of the ions and m* the 
effective mass). 

8. We show now that the contribution to (33) 
from regions where the collective effects are sig- 
nificant, i.e., where A(w,q) = 0, is negligibly 
small. First we determine when the second or 
third term of (34) can actually be negative, which 
is the necessary condition for A(w,q) to vanish. 
The second term can be negative when w/ qvy > 1. 
The third term is small in this case, and A (w,q) 
is in the first approximation independent of q and 
has a value A = 1—4me?/mw? = 1- wh /w*. When 
W = Wp we have A=0 (plasma ‘‘pole’’). 

But if w/qvy > 1, then Im P§(w) is exponen- 
tially small [essentially like exp (—w?/q’v?,)] and 
Im Pg(w) is small [like exp (—y?w?/q’v?))]. In- 
asmuch as when A = 0 the denominator of (33) is 
proportional to the square of the sum of these func- 
tions, i.e., in fact to the square of the greater of 
the two [Im PG(w )], and the numerator is propor- 
tional to their product, the contribution to (33) 
from the plasma poles is exponentially small, es- 
sentially like e-Y’. 

If yw/qv-p > 1 > w/qvy, the second term in 
(34) is positive and the third is negative, so that 
with account of the inequality q /yq7 « 1 the func- 
tion A assumes the form A = 1 + 2 (x?/q?)x 
[1—xW(x)]. Since xW(x) <1, A does not van- 
ish in this region. This is demonstrated by the 
known fact!!4] that sound cannot propagate ina 
fully ionized Boltzmann gas. 

9. We proceed to investigate the region q, 
<1/R. We separate in this region two intervals 
of the variation of q,. In the first region, where 


(45) 


oxy 


WER "92—. {R; 


(Rj = YR is the ionic Larmor radius) we must use 
for PG(w) the exact expression (28) and for Pg(w) 
the approximate formulas (37) and (38). In the sec- 
ond interval, where 


WR: FogzS Fe: 


we must use the exact expressions for both quan- 
tities. In (46) qq is the characteristic value of the 
wave vector introduced above, which cuts off the 
divergence at small q,. 


(46) * 


*cth = coth. 
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For what follows we must use the series expan- 
sion obtained in [J for the integral in (28): 


Riel = yetigee ee {eae} SS 1 (28) 
nQ— oo 


\ 2sho / 


By the methods of !°] we obtain a similar expansion 
for Re PG(w): 


(47) 


(oe) 


e q 2 : 
Re Pq() = ra] exp = actha} 2 els (5) 
xX [W (z) +W (ae (48) 
Here 
hq? 2 nQ 
u= qk, ee 2a g,/2m + o-+-n i (49) 


| | °r 


It is further essential to verify that the contribution 
to (33) from the region of values of q and w where 
A=0, and from its vicinity, is negligibly small. 
Since the plasma and sound zeros of A(w,q) are 
different when qZR< 1, the corresponding analy- 
sis is much more complicated than when q,R > 1. 
Its principal features are outlined in Appendix 2. 
But once this is proved, it is easy to show that we 
can replace the sum in (33), with sufficient degree 
of accuracy, by 


1 + x?/q?. 


(50) 


We can thus get rid of the series in the denominator 
of (33). By the same token, the role of the Coulomb 
interaction reduces in the first approximation to 
pure screening. The non-static nature of the 
screening, when KR > 1 can affect only the nu- 
merical factor in the small corrections, is neg- 
lected in such estimates. 

The next stage consists of estimating the inte- 
gral of and expression with the denominator of (33) 
and with a numerator containing the double series. 
When a «1 and q <q-, the sum of the series 
(47) is represented by the following integral (see 
[9] for derivation), where w =|q,|R: 


(51) 


The denominator of (50) is independent of w, and 
the following integral enters into (33): 


co 
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| doF§ (o) Fy(o) = Rp ewe Ys In) \ du 
x exp | iny%p the — = (1 — cos ")]. (52) 
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When yw? « 1, the difference 1—cos » canbe ex- gral containing for Pg} (w) expressions (37) and 


panded in powers of wu and the first term retained; 
then 


ioe) 


1 


VnQ 


e442 


\ dwF% (w) Fi (w) = 


—oo 


ie exp{— 


V2/?+0 n—=— co 
n2 

a) oy 

Thus, we actually obtain instead of intervals (45) 

and (46) the two following regions of variation of 

qz: 


LAQGRFZ Wy? and Wy? AGRF GR. (54) 


The contribution to 7% from the first of these re- 
gions is, on the basis of (53) 


fies (ee WI, (W/2) e"P 
Ad ade DN du \ aaa ta 
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x exp (— (55) 


n? ) 
we + y2/y2  } * 


The second region may not exist at all if qgR & 1/y? 


[the lower limit of the integral with respect to w 
in (55) is then not 1/y* but q,R]. If this region 
does exist, we have in it 


1/y? fore) 
Add = 4a ¥ \ = \ du 


n,N GeR ft) 


uP], (u?/2) poms 


(Fa? FRY, 


Sel (v7? /2)es* exp [= (Ny * in) 20" F. (56) 


Only ‘‘resonant’’ terms, for which N ~ yn, can 
play a role in the series (56) (the others are ex- 
ponentially small), and consequently the double 
series is replaced by a single one, in which the 
zeroth term is the principal one. When xkR2& 1 
its order of magnitude is 


— (I/yx?R?) In (qcR7’). 


We note that when 1 > kR > 1/y, the value of this 
term is 


—(1/7xR) In (gcR7’). 


In the series (55) the sum of all but the zeroth 
term is of the same order as the smaller of the 
two quantities 1/y or 1/KR. In the calculation of 
the zeroth term we can replace the lower limit in 
the integral with respect to w by zero (the error 
due to such a replacement is small if yekR> 1). 
When «R > 1 this term is of order (kR)‘Iny. 
We note that when 1/y « kR < 1, its value, ac- 
curate to the numbers under the logarithm sign is 


Qn‘ In [1/(xR)?] Iny. (57) 


To obtain the final estimates of the corrections 
AJ to the value / from the region q,R< 1, we 
must subtract from the sum of the correct expres- 
sions (55) and (56) the contribution from the inte- 


as SOS 


(38) which do not hold in this region. When kR 
> 1 this contribution is 


/2/2xR ’ (58) 


and when KR < yi 


Ag! { 
i 


(3-0 "LGR. 2) 


Thus, the correction to %, due to the dependence 
of the collision operator on the magnetic field, is 
7/2/2%R when KR > y and is of order 1/y when 
y> kKR> 1. When 1>kR>1/y, if 1/y?2 dats 
we have accurate to factors under the logarithm 


sign 
8/2 


gy = 882m (grR) + 400% In es inge (60) 
The dependence of this expression on the magnetic 
field reflects the effect of the magnetic field on 
collisions with small momentum transfers. Obvi- 
ously the result (60) could not be obtained from a 
kinetic equation of the type given in [7], with a col- 
lision operator independent of the magnetic field. 
From the nature of the derivation it might appear 
that this result has limited applicability, deter- 
mined by the condition e*/fv, « 1 for all the sig- 
nificant values of the z component of the electron 
velocity v,. This result, however differs from 
the formula obtained by Belyaev!!5] by classical 
analysis only in that the first term in (60) contains 
dy rather than kT/e’. This suggests that the 
smallness of the Born parameter manifests itself 
only in collisions with large momentum transfers, 
and the contribution from collisions with small 
momentum transfers is independent of whether 
the Born approximation is valid for their descrip- 
tion or not. If this is so, our result (60) is valid 
under the less stringent condition e*/fvy < 1. 

The authors are grateful to V. I. Perel’ for a 
discussion of the work and for many valuable re- 
marks. 
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APPENDIX 1 


Let us calculate the Laplace transform of a 
plasmon line with one end on the ‘‘temperature’”’ 
axis. Let z,=t,, z.=t-—ihd, and let fa be the 
difference of the electron energies entering and 
leaving the point z). Then the sought quantity is 

B 

Ma (ty —t) = = dd exp (hah) Iglts — (t — ifd)]. 
0 
Calculating the integral with respect to » with 
the aid of (16) and (17b) we get 
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Expanding the denominator in partial fractions and 
using (17), we obtain finally 


Ma (n)= ar {leR*L (n) —Z (n) 


— [ehaPL (s + ia) —L (s + ia)}}. 


Mig (tr — 2) =— 


a—w@ 


APPENDIX 2 


Let us verify that the contribution to (33) from 
the region where A(w,q) = 0 and from its vicinity 
is small. We consider the interval (45), where ex- 
pressions such as (37) and (38) hold for Pi (w). If 
the series (48) contains a large number of signifi- 
cant terms, it can be summed in the case of inter- 
esttous (a <1, hwB «1, q; « qy). Asa re- 
sult of rather cumbersome transformations we ob- 
tain for q7,R«1 


Re Pg (w) = 1 — > ctg (18) exp |= (cos p — 1)| 


x cos ( v)ao—2 | exp |= (cos —- 1)] 


No 


x sin (+ p ) ap ee ling (+) 


een */2 {fo (4) 
a 


+ Ing -) [eam W (z7) + ten (zx, )1\. 


[W (zt) + W (z>)] 


(A.1)* 


Here 6 = w/Q — no, where ny is the integer clos- 
est to w/Q. (When q,R~ 1, Eq. (A.1) yields an 
estimate of the order of magnitude. ) 

When 6 >q,R this yields the known expression 


2 2 2,2 
e Cie 92°T 
Re Pq (w) = 02 =O 1» ee? 
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It is negative, and therefore A(w,q) can vanish. 
However, in this case Im PG(w) and Im ar (w) 
are exponentially small. Therefore, by Chena of 
considerations similar to those advanced in Sec. 8, 
the contribution from this region and from its vi- 
cinity turns out to be small. 

An investigation shows that when u2 > 1, Eq. 
(A.1) can be negative only near ‘‘gyroresonances,”’ 
when 6 K<q,R. A(w,q) can then vanish only if 
Ny/qzR = u 2 np. When w <1 and ue ng, only 
Ee ny-th term plays any role in the series for 

Im P§(w) (we shall denote it Bn,) and all others 
are Per cutiatly small. For eae we have 
(s = 6/w) 


*ctg = cot. 
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Bn (9) = oR) {at exp [— | 
ie = In, (+ +) eae ("19 + 0), (A.3) 
By (s) =" (RY s (yarcar ? [per | 


+ Io (+) eet : 


The entire region of integration with respect to w 
can be subdivided into the intervals 
(to — 7/2) Q << w < (Mm + 12) Q, 


i.e.. —w/2 =<s =w/2, and with the accuracy em- 
ployed here the contribution to ¥ in region (45) 
can be represented in the form 


(A.4) 


1 


AS c 8x7 sl 


COM 
x ( duu®l,, (u?/2) exp [— u8/2— vin¥) (at + @8)) NP e—“ds 
+ 807 \ ae du py eile (u2/2) e4"” 
ie F (u2 + w?) She ok aa acd 
a [ 2 2nd 2 2 2 
exp [— s2 — s?¥2w) 
x | ds 2 — +2] 6. (A.5) 
0 
Here 
2 q 
Ang 1 +R {1 + In( Ze TE lem (23) 
Lily Feet ae \ 1 Not W( toY ) \ 
| (Z W(zt, )] tie [ Veit w 2V 2 + wt , 


and Ay can be readily obtained from (A.1) by ex- 
pansion in powers of w/Q. 
When s <1, the width of the interval As, de- 
fined by the condition 
An (sa=) As) ='Br(Sa)sw Aa dSa) = 0, (A.6) 
is proportional to By(spn) and is consequently ex- 
ponentially small [we recall that when w < 1, 
A(s) can have zeros only if u < yn]. Thus, the 
contribution from the plasma ‘‘poles’’ is propor- 
tional in this region to 
0 fa a n 
u? + w ) | 


exp | = a | / [exp (— 82) + exp(— 
(A.7) 


and is ate mae exponentially small. 

If sy < 1, then B is essentially independent 
of s and A is linear in s, so that it is easy to 
integrate with respect to s. We can thus readily 
verify that the contribution from the ‘‘poles’’ is 
negligibly small in this region. In similar fashion 
we can verify the smallness of the contribution 
from the poles in region (46). 
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A classical theory is given for the electromagnetic interaction of identical oscillators which 
form a crystal of finite dimensions. General formulas for the radiation field are derived. It 
is shown that in a crystal of large size there is in most directions a large broadening of the 
line (as compared with the line of an isolated oscillator) when there is spontaneous emis- 


sion of radiation by one of the oscillators. 


1. INTRODUCTION 


Tie effect of the interaction of an oscillator with 
other oscillators of the same kind surrounding it 
on the properties of the line omitted by the first 
oscillator has been studied by Dicke [1] and by 
Fain. "#1 The case envisaged was that of micro- 
wave radiation from bunches of molecules, for 
which the distance between molecules is much 
smaller than the wavelength. In this case there 
is a large broadening of the line, proportional to 
the number of oscillators in the bunch. 

The inverse case, in which the wavelength A 
is less than the distance a between radiating 
systems, has been studied by Podgoretskii and 
Roizen [3], they considered the cases of two os- 
cillators (a diatomic molecule) and of a long 
linear chain. The phenomena in such systems 
are obviously connected with the emission of 
radiation by atomic nuclei arranged in a crystal, 
under the conditions in which the Méssbauer effect 
is observed. The presence of a linear chain of 
nuclei causes a shift and broadening of the line 
which depends on the direction of observation and 
is of the order (A/a) yig, where yjg is the line 
width for the isolated nucleus. Only in certain 
directions does the shift reach a large value. 

When it is extended to the case of three- 
dimensional crystals, however, the method of 
Podgoretskii and Roizen [3] jeads to complica- 
tions which hinder the further development of the 
theory. Therefore it is expedient to choose a 
somewhat different way of solving this problem. 
In this paper we shall consider a simple cubic 
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lattice whose sites are at the points r, = as, 
where a is the lattice constant and the compo- 
nents of the vector s are integers, and shall as- 
sume that all of the sites are occupied by identical 
dipoles, which we shall think of as composed of 
vibrating particles of charge e and mass u. 

If a dipole were isolated, then after excitation 
it would emit a line of frequency © and width 
¥+Ye=Yig, where Ye = (2€7/3uc). (Q/c)? is 
the partial width caused by the damping owing to 
radiation, and y is the partial width associated 
with loss of energy from the oscillator through 
other channels. In what follows it is assumed that 
the time for passage of light through the crystal 
is much less than the times 1/ye and 1/y. 


2. THE EQUATIONS OF MOTION 


We shall denote the dipole moment at the point 
rg andits Fourier transform by Pg(t) and pg(w), 
respectively. At the point r the dipole pg pro- 
duces an electric field E(rg; r,t), which we rep- 
resent by a superposition of plane waves: 


f 
(2x) 


E (r,; r, 2) = \ dkdwG (k, w) 


{(k p.(o)) ae (2) Ps (w) bee's tot (1) 


Here the retarded Green’s function G = Gj) + Gry is 
defined by the formulas 


Go = 4nP Eo G, = Ani 8 (k® — (w/c)?) sign w. 
(2) 


Let the origin of the reference system be inside 
the crystal. Ata sufficiently distant point Ry the 
field from the entire crystal is a plane wave prop- 
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agated in the direction ny = R)/Rp. In the dipole 
approximation the amplitude of this field is given 
by the formula 


E(Ry, ©) = — Ro [ky [kyP (ky, @)]] eR, —— (3)* 
where ky = nyw/c and 
P (ky, ») =) Ps (w) e's. (4) 
The total radiated energy 
Wrad = \ dn R \ diSn, 
(S is the Poynting vector) takes the form 
Wer =\ dn, ( dollny w). (5) 


0 


In this formula dnp is an element of solid angle and 


I (mp, 0) = Al i P,P) (6) 


is the density in angle and frequency of the radia- 
tion from the crystal; P,; = P — (P°np) np. 

To determine the quantity P,, which is analo- 
gous to the function F introduced in the paper of 
Podgoretskii and Roizen, [3] we use the equations 
of motion of the dipoles. Each dipole is acted on 
by the following forces: a) elastic and dissipative 
forces associated with the proper frequency of 
the vibrations of the isolated dipole and the partial 
width y; b) the retarded electric field of all the 
other dipoles; c) its own electric field, of which 
we are concerned with only the part associated 
with Gy in Eq. (1), since the part from Gp leads 
to the infinite field mass of the dipole and it is 
assumed that this mass is already included in the 
total mass yu; d) the force f,(t) by whose action 
the system is brought into a vibrating state. The 
nature of this force will be considered in more 
detail later. We neglect the magnetic interaction 
of the dipoles, since it brings in only relativistic 
corrections. 

By means of Eq. (1) we get the following equa- 
tions of motion of the oscillators: 


p(w? + th — ?) p, (w) = — efs (w) 
ae - dk [e* G(k, w) {(kP (k, o))k —(2)'P (k, 0) 
— G, (k, ») | (kps(w)) k — (-2-Y'p. (w)}]. (7) 


Multiplying these equations by exp (—ik)*r,) and 
summing over all s, we arrive at an integral equa- 
tion for the determination of P: 


L (w) P (ky, ©) = — F (ky, o) + Ja + Ja; (8) 


*{k, [k,P]] =k, x [kx P]. 
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J, = dkG, (k, w) S (k — ko) [k [kP (k, )]], (9) 


EE | 


iS \ dk Go (k, ) [S (k — ko) {1k [kP (k, o)]] 


Tare 


+ (k? — (w/c)?) P (k, w)} — {k [kP (ko, )]] 


+ (k? —(w/c)?) P (ko, )}1, (10) 
L (w) = o? + iyo — Q2, (11) 

F (ko, w) = ie fodaloeo oe (12) 

S (k — ko) = yes . (13) 


The structure factor S is a periodic function in 
the space of the reciprocal lattice, which reduces 
in our case to a cubic lattice with distance 27/a 
between its nodes. At these nodes the function S 
has sharp maxima (S = N,N,.N3, where Nj is the 
number of oscillators in the direction of the i-th 
axis of the crystal). Since the integral of S over 
an elementary cell of the reciprocal lattice is 
(27/a)3, we can approximate the structure factor 
(13) in the following way: S = N,N.N3 inside a par- 
allelepiped whose edges are 27/Nja and whose 
center is at the node (hereafter we shall call this 
parallelepiped the nodal region), and S =0 out- 
side this region. Using the fact that the nodal re- 
gion is small in comparison with the elementary 
cell of the reciprocal lattice and that P (k, w) 
is a periodic function of the reciprocal lattice, we 
can replace P(k, w) by P(Kp, w) in Eqs. (9) and 
(10). Thus Eq. (8) is an equation for the vector 
P =P (Ky, w), which does not depend on the vari- 
able of integration k. In what follows we shall 
confine ourselves to crystals of cubical shape 
(Nj =N). 


3. DETERMINATION OF THE Rene MOMENT 
P OF THE SYSTEM 


If we substitute for G, the expression (2), it 
can be seen from Eq. (9) that the integrand in the 
formula for J, differs from zero only at the points 
where the sphere k? — (w/c)? =0 (the sphere of 
propagation 2) intersects the nodal regions of 
the reciprocal lattice. To determine them we can 
use a construction analogous to the well known 
Ewald construction]: For a given frequency w 
and a given direction of observation ny we lay off 
from an (arbitrary) node Up the vector —k, 
= —wmn)/c, and its end determines the center O 
of the sphere of propagation Z (see diagram ). 

Thus for given w and Np we can determine the 
nodal regions that contribute to J,. Denoting these 
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regions by an index m, we get as the expression 

for J; 

i M 

8x Ne 2d 
p=2 (ir) 

where (m) is the solid angle subtended at the 

center O by the portion of the sphere 2 that in- 

tersects the m-th nodal region, and M is the 

number of regions intersected. 

For simplicity let us replace the nodal region 
by a sphere of radius p = (3/47)!/2 (21/Na). Be- 
cause of the smallness of the nodal regions we can 
neglect the variation of the integrand in Eq. (14) 
and replace it by a constant value (P-ny)2y -P, 
which is determined in the following way. In the 
diagram the point O is the center of the sphere of 
propagation 2 for the frequency w and direction 
of observation ny. The point Op is the center of 
the sphere of propagation Z,, for this same di- 
rection of observation but for a frequency wy, 
such that the sphere passes exactly through the 
node Um. Thus for each direction ny and each 
node Um one determines a direction nm anda 
frequency wyy.* 

Introducing the notation dm = w—Wm, we get 
for the distance €m between the nodal point Um 
and the sphere of propagation Z the value 


Ji = iwy, dn (n (Pn) — P), (14) 


eee (Lia) On/e- (15) 


By means of these results the formula (14) can be 
represented with good accuracy in the form 

=r 4nm\/s 3 (/\2 Em ty: 
Sy = tove(F) gal G) YD g (GF) (Pm) mm — P), (16) 
where g(x) = (37/4)(1—-x’). 

The calculation of J, is more complicated. Let 
us divide the entire k space into cells By. (Each 
such cell is essentially a first Brillouin zone. ) 


*One can obtain all of the points O,, by means of the fol- 


lowing construction: we take the nodal point U, as the origin 
and construct the Brillouin zones.) The points Om are the 
points of intersection of the boundary surfaces of these zones 
and the straight line that passes through the point O, in the 
direction ny. 
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Using Eq. (2) and the properties of the function §, 
we get 


\ dk (S (k — k,) — 1) G, (k, ») (ke er cop 


(By) 


=4n\ dk (S (k —k,) — 1) = 0. (17) 
(By) 
Then Jy takes the form 
_ @ [k [kP]] 


(By) 

In the calculation of this integral an important 
part is played by the relative positions of the cell 
By and the sphere of propagation Z. Three dif- 
ferent cases are possible: 1) the sphere of propa- 
gation k? — (w/c)? = 0 does not intersect the cell 
By; 2) it intersects the cell, but not the nodal re- 
gion (see diagram, |€m|>p); 3) it intersects 
both the cell and the nodal region (|€,,| <p). It 
can be shown that (owing to the large value of N) 
the main contribution to the expression (18) comes 
from the last case. Thus in the formula (18) we 
are to keep only the integrals 


p\ dk [k [kP]]/(k? — (w/c)?) (19) 


over nodal regions intersected by the sphere 2. 
In these integrals, owing to the antisymmetry of 
the function k? — (w/c)*, the unshaded parts of 
the nodal regions (see diagram) make practic- 
ally no contribution. Then on replacing the frac- 
tion in Eq. (19) by its value at the nodal point, we 
get as an approximate expression for the integral 
(19): 


ts tare in,,P]) r(#), j(x) = sls RS sign x. 


é 20 
(20) 
Using all of these results, we arrive at the 
following approximate expression for J.: 
af An Vs 3 fh 2 Em - 
see stall, sai) ) Sai ( a ) x Di f(=2) (Pin) An im 


The summation is taken over just the same nodal 
points as in Eq. (16). We note further that for 
m = 0 all of the spheres of propagation pass 
through the nodal point Uy, and therefore f(€)/p) 
=0, g(€)/p) = 32/4. 

Introducing the notations 


A = (2x)! (3/4x)*s (A/a)? NY, (22) 
Bim = WA (f (&m/p) — ig (Em/p)), (23) 

we rewrite Eq. (8) for P in the form 
LP =— F —)) ©,, ((Pnz) tm — P). (24) 
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Multiplying Eq. (24) by ng (q=0,1,2,...,M), we 
get a system of linear equations 
(L — Sn) Pag +2}Pm (Mem) (Pn) =—Fn,, (25) 
my m 


from which we can determine the values of P- Ng 
and substitute them in the equation 


(L —SOn) PL =—F,— 3) On (Prin) tm, (26) 
for the determination of P|. Equation (26) follows 
simply from Eqs. (24) and (25). The prime on the 
summation sign means that the value m = 0 is ex- 
cluded from the sum. The index 1 denotes the 
component perpendicular to the direction Np. 

Thus the investigation of the effect of the crys- 
tal lattice on the line shape of the emitted light 
reduces to the finding of the nodal regions inter- 
sected by the sphere of propagation 2 and the 
solution of the system of linear equations (25) 
and (26). 


4, SPONTANEOUS EMISSION IN A CRYSTAL 
OF LARGE SIZE 


As an example of the use of these formulas 
let us consider spontaneous emission. Suppose 
that for times t < 0 all of the oscillators are in 
the unexcited state, with the exception of the one 
located at the point s = 0, which is in an excited 
state with the energy Wp and begins to radiate 
at the time t = 0. We can obtain a classical model 
of such a system by assuming that pg(t) = 0 for 
t < 0 for all oscillators and that at the time t = 0 
the oscillator at the point s = 0 receives an in- 
staneous impulse. To produce this we set f,(t) 
= Kéog 6 (t), where K= (2uW,)!?. Then the vec- 
tor F in the formulas (24) — (26) takes the form 


Fp = (€/p) K. 


The use of the retarded Green’s function for the 
electric field of the interaction assures that the 
condition pg(t) =0 is satisfied for t< 0. Then 
since for spontaneous emission the direction of 
the exciting force is not determinate, we must 
average Isp ( Ny, w) over all directions of the 
vector K. 

We assume that the crystal is sufficiently large. 
In this case the dimensions of the nodal regions in 
the reciprocal lattice space are very small and 
consequently it is most probable that the only in- 
tersection is that with the nodal region m = 0 
(which intersects all the spheres). Thus for most 
directions of observation np and frequencies w 
the sum in Eq. (26) reduces to just the term m = 0, 
and 


(27) 
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py Sara One (28) 


On using the formula (6) for the averaged density 
of spontaneously emitted radiation, we get 
- W Ore | 
I sp (No, )= 58! + (Ss) | ats (29) 
where W>, is the excitation energy and [I is the 
total line width, given by the formula 
Bo Gare 
r=1+3(z) (=) N¥,. (30) 
We obtain the conditions under which we can re- 
gard the crystal as large in the sense indicated 
above in the following way: if X « a, then there 
are approximately (47/3)(w/c)*(a/2m)* nodal 
points inside the sphere of radius w/c. The num- 
ber of nodal regions intersected by the sphere is 
determined by the number of points inside a spher- 
ical shell with the radii w/c + p, and is conse- 
quently equal to 87 (3/4n)! (a/x)2(1/N). Fora 
large crystal this quantity must be much smaller 
than unity, and from this we have 


N > 10 (a/d)2. (31) 


If the nonelectromagnetic width y is not very 
large in comparison with ye, then it can be seen 
from Eqs. (30) and (31) that IT > y+ ye. Thus the 
radiation emitted spontaneously from an oscillator 
which is a constituent of a large crystal is in most 
directions a line which retains the Lorentz shape 
but is much broadened in comparison with the line 
emitted by an isolated source. 

The treatment is complicated for the phenomena 
that occur for directions of propagation for which 
the sphere of propagation intersects more than one 
nodal region. The expression for P,; is nowa 
fraction, with a denominator which consists of two 
factors; one is L — 24y, and the other is the de- 
terminant of the system (25). The properties of 
these factors determine the shape of the line. It 
can be seen at once that the presence of terms 
f(€m/p) leads to a shift of the line, and that the 
presence of the function g(€y,/p) again leads to 
a broadening of this line. Since the determinant 
can be a higher-degree polynomial in the fre- 
quency w, the line emitted may have a compli- 
cated multiplet structure depending on the direc- 
tion of observation, and the line loses its Lorentz 
shape. 

For very small crystals the sphere of propa- 
gation intersects many nodal regions and it can 
be shown that in this case the crystal has almost 
no effect on the line shape. 


RADIATION OF: IDENTICAL OSCILLATORS 


The scattering of radiation incident on a large 
crystal is treated in greater detail in“®]. Scatter- 
ing occurs at the Bragg angle, and the width of the 
scattered line depends on the ratio of the width of 
the incident line to the width TI’ given by Eq. (30), 
in accordance with the general theory of scatter- 
ing. [7 

All of our results are derived for an ideal 
single crystal, in which identical oscillators are 
distributed in a strictly periodic crystal lattice. 
For direct comparison with experiment one must 
keep in mind the effect of possible violations of 
these conditions. 

In conclusion the writer takes the opportunity 
to express his gratitude to M. I. Podgoretskii, 

I. M. Frank, F. L. Shapiro, V. N. Efimov, and 
Yu. M. Ostanevich for helpful discussions. 
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The reflection of neutrons from strongly absorbing media is treated. A formula is found 
for the reflection coefficient for neutrons in the limit of zero energy. We show that the 
absorption cross section in the medium tends toward saturation for sufficiently small 


neutron energies. 


rene are a variety of ways of constructing 
neutron mirrors. 1:2] We are proposing the use 
of metallic reflection of neutrons, i.e., their re- 
flection from strongly absorbing media. The the- 
ory of the reflection coefficient for neutrons is 
well known, §?»4] but one usually assumes that the 
reflecting medium has weak absorption and that 
the wave vector of the neutron is real. 

In a strongly absorbing medium, we cannot 
neglect the imaginary part of the wave number 
k = k; + iky, and the wave function for a neutron 
propagating along the z axis has the form 


tp = (2p / hy) 7a OT*, (1) 


The normalization has been chosen so that the total 
number of particles in the medium, which occupies 
the halfspace z > 0, is equal to 1/k;. We expand 
(1) in a Fourier integral: 


+00 
y= | ¢(p) emap. (2) 
Then 
a. Ro we 1 
Ble) = (eh eee 8) 


For an undamped plane wave with wave vector p 
we can write the usual formulas for the absorption 
and scattering cross sections [cf. Eas. formulas 
(39.6)]: 


0, =4np yn; (1— 2m), 9, =4ap* (m7 +n), (4) 
where 7 = ny + inj is the complex phase of the 
scattered wave. The total cross sections are 
given by the following integrals: 


+00 +00 
d= \ oe(p)|e(p) pdp, = | 95 (p)| ¢ (p) P pap 
(for our normalization, fl c(p)|* pdp=1). The 
co 


quantity 7 is expressed in terms of the quasipo- 
tential u = Aé(r) for the interaction of the nu- 


cleon and the nucleus by the formula 
nN = — 2mh*pA/4n. 


If E < 0.025 ev, A is independent of energy, so 
that for small p the phase 7 is proportional to p. 
If in addition nj « 1, i.e., n? K nj, then pog is 
independent of energy, while pog ~ p. Then 

= 4x 2m ImA 


ed arama es Aa Pa 


ey eed esc ee ra Jiln (6) 


The additivity of the potentials from individual 
nuclei gives 


U=V+iW = PA, 


where p is the number of nuclei per unit volume 
in the medium, and U is the potential in the me- 
dium. Then 

W =~ bipos,, Vee eee piles (ea 

See, FaP Ges az = Spy P [Atos — (h1G.)*]"*. 

If a beam of neutrons with wave number kp en- 
ters the medium from the space outside, the neu- 
tron wave number in the medium is. k? = k? 

+ (f2/2m) U, and consequently 


ke =k a + ik,n0,, (8) 
a =p [4no, — (k,0,)?1'2. (9) 


The upper and lower signs refer to positive and 
negative scattering amplitudes. Consequently, 


Ri = ko 4-— (po,)* Fa. (10) 


When the absorption cross section in the medium 
is small, one obtains the formula for scattering 
media [cf. “4], formula (43.8)]. But for media 
with large absorption, at energies of 107*— 1078 
ev, the term kypdg becomes much greater than 
the other terms in (8) and, in the limit when we 
neglect the potential scattering, we have 


paged 
Ry = + PUe 
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ky = ky = 00,/2. (11) 


The limiting formula for the refractive index is 
f= (hy) ks) (ko = (poz/ko) (1 + i). (12) 


The reflection coefficient for ky K pd (|n| > 1) 
will be given by the formula 


2 _ sin?9)' — cos 6 |? k 
tf (7 sin*) cos aa 4ko cos @, 


(n? — sin?9)/2 + cos 0 eyed 


(13) 
where ¥v is the angle to the normal. 

In the more general case, when the potential 
scattering cannot be neglected (in the same ap- 
proximation with respect to kp), 


R = 1 — 4k,ko cos OV/(Ri + &5). (14) 


For Ky K pdg, a@ the absorption cross section 
tends toward a limiting value. In fact, according 
to (6), 


oo = a/ki. (15) 
Then, substituting (15) in (9), we get for ky — 0, 
ki = (pa)"/4kiFa. (16) 


The expression (16) is an equation for determining 


the minimum value of k; (a does not depend on kj). 


Solving this equation, we find 

imin =F ya + [(pa)? + a7)". 
Consequently for neutrons with zero energy in the 
vacuum, the real part of the wave number in the 
_ medium is different from zero [where the upper 
sign in (17) refers to the case of a positive scatter- 
ing amplitude ]. 

Substituting (17) in (15), we get 


(17) 


1/ 
1 2\t/, 1 ees 
Gemnaz = | (pa? + a*) ial <a : 


Thus the absorption cross section in the medium 
remains finite as ky) — 0, since we always have 
Oe = Ocmax: If a< pa, 


Oc max — V 2a/p. (18) 


REFLECTION OF NEUTRONS 


839 
In this case the reflection coefficient is equal to 


R = 1—4k, (2ap) “cos ®. (19) 


From formula (10) it follows that in a medium 
with absorption total internal reflection is impos- 
sible, although the reflection coefficient can be- 
come very large if the absorption is small. 

Let us consider a specific example—the isotope 
Gd‘5’, which has the largest known absorption cross 
section of all the stable nuclei, og = 2 x 10° barn 
for E = 0.025 ev. For gadolinium, p = 2.3 x 10” 
cm~°, According to (18), ¢ max = 7-7 x 10" barns. 
This cross section is reached for a neutron energy 
E <1.6x 107’ ev (T< 2x 10-8°K). In this case, 
R=1 —- 45 pir cos # (where T is the neutron en- 
ergy in degrees }. 

Thus we see that metallic reflection of neutrons 
is much less effective than other methods for ob- 
taining neutron mirrors. 

We note that the normal vibrations of the atoms 
of the medium do not change relations (18) and 
(19), since the Doppler effect does not change 
cross sections which have a 1/v variation, as 
follows from the normalization of the wave func- 
tion to unit flux. 


1Ya. B. Zel’dovich, JETP 36, 1952 (1959), 
Soviet Phys. JETP 9, 1389 (1959). 

2v. V. Vladimirskii, JETP 39, 1062 (1960), 
Soviet Phys. JETP 12, 740 (1961). 

3M. Goldberger and F. Seitz, Phys. Rev. 71, 
294 (1947). 

4A. I. Akhiezer and I. Ya. Pomeranchuk, 
Nekotorye Voprosy Teorii Yadra (Some Prob- 
lems of Nuclear Theory) second edition, Goste- 
khizdat, 1950, pp. 405-410. 
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The effective cross section for resonance capture of slow neutrons is known to be symmet- 
ric if a compound nucleus is formed. It is shown that when compound nucleus formation and 
direct capture occur simultaneously, the effective cross section is not symmetric. 


1. INTRODUCTION 


Experimen TAL and theoretical investigations 
of direct reactions have been at the center of in- 
terest for nuclear physics for many years. Until 
recently we were able to consider and describe 
the capture of slow neutrons only by means of 
statistical theory, based on the Bohr hypothesis 
of a ‘‘compound nucleus’’. But in studying the 
anomalies which appear in the y spectrum from 
(n,y) reactions, Lane and Lynn [1] came to the 
conclusion that a direct mechanism may also play 
an important role in the process of radiative cap- 
ture, at least for certain definite groups of nuclei. 
According to the statistical theory, the spectral 
distribution of the primary y rays appearing in an 
(n,y) reaction is proportional to the quantity 


ES P (Ex ae Ey), 


where Ev, is the energy of the y ray, E, is the 
binding energy of the neutron and p(E) is the 
average level density of the nucleus. 

In the case of the capture of slow neutrons, this 
function has a maximum in the region of 2—3 Mev 
and falls off monotonically toward higher energies. 
But experiment shows that there are also intensity 
maxima at higher energies in the y spectra, at 
least in the region of nuclei with mass numbers 
between 70 and 208.'7] As we approach the mass 
numbers 70 and 208, the peaks which are seen at 
high energies approach a value corresponding to 
the binding energy. 

Since the 2p and 3p neutron shells close near 
the mass numbers 70 and 208 respectively, the 
following explanation of this phenomenon seems 
very likely. In the field of the nuclear forces, the 
neutrons are subject to potential scattering; from 
the free s state they go directly, without compound 
nucleus formation, into a bound p state, emitting 
electric dipole radiation. As we approach the mass 


numbers 70 and 208, the p states correspond to 
lower and lower excitation, so that the energy of 
the emitted y rays increases. Apparently the 
probability of direct capture is higher the closer 
the p state is to a pure single particle state. 

On the basis of the dispersion theory of nuclear 
reactions, Lane and Lynn showed that such a direct 
capture is actually possible and compared the theo- 
retical values for the cross section with the avail- 
able experimental data; [3] despite the fact that 
only an order of magnitude comparison was pos- 
sible, because of the complexity of the phenomena, 
it seems to be entirely probable that for certain 
nuclei the process of direct neutron capture actu- 
ally exists. 

From the analysis of Lane and Lynn we see 
that, in those cases where the final state is an 
approximate single particle state, the channel re- 
gion, i.e., the region of configuration space outside 
the range of nuclear forces, makes a sizable con- 
tribution to the matrix element determining the 
cross section, as had already been pointed out by 
Thomas. !41 According to them, if the final state 
is an approximate single particle state, the prob- 
ability of a transition which leads to this state is 
increased, and thus it may be possible to explain 
the anomalies observed in the y spectra. 

From these remarks it follows that it would 
be extremely useful to carry out a direct experi- 
ment to settle unequivocably the question of the 
existence and role of the direct capture process. 
The interference that occurs between the direct 
and resonance capture processes makes it pos- 
sible, in principle, to set up such a direct experi- 
ment. Just as for the case of interference between 
resonance and potential scattering, here too one 
may expect that the partial effective cross section 
for neutron capture accompanied by y radiation 
of high energy goes through a minimum value in 
the region below an isolated resonance, and be- 
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gins to increase rapidly only after one has passed 
the resonance. 

In the following we shall study the phenomena to 
be expected in the capture process as a result of 
the interference between direct and resonance 
capture. 


2. EFFECTIVE CROSS SECTION FOR (n, vy) 
REACTIONS 


We shall consider (n,y) reactions with slow 
neutrons, where the orbital angular momentum 
of the neutron is zero, and assume that the total 
angular momentum of the system consisting of the 
neutron and the target nucleus takes on one defi- 
nite value: 

J=s +5, 

where § is the spin of the target nucleus and sy 
is the neutron spin. In this case the effective 
cross section for the (n,y) reaction is 


x 2744 


Sny= RB 54) | So, (1) 


(25-4) (2s, 
where Sfc is the corresponding element of the 
scattering matrix: 


(AO \'2 7, | A® |.) 
a a arrarer (2) 


Here (v¢|H i) Ye) is the reduced matrix element 
of the dipole operator between the free state ve 
and the bound state %f; k, is the wave vector of 
the emitted y rays. 

To determine the reduced matrix element of 
the dipole operator we must calculate the contri- 
butions from the interior of the nucleus and from 
the channel region. Therefore the functions for 
the initial and final states must be given both in 
the interior of the nucleus and also in the channel 
region. The initial state wave function in the chan- 
nel is 


Ye ae u— Ce (kr) es, SOs (kr)) Qe, r = R; (3) 


where v is the velocity and k the wave vector of 
the incident neutron (v =fhk/M, where M is the 
reduced mass); @ is the so-called channel func- 
tion, which depends on all the internal coordinates 
of the nucleus and also contains the spin function 
of the neutron; Ice(kr) and Og(kr) describe in- 
coming and outgoing waves, and have the asym- 
ptotic form: 


is (kr) ae e—tkr 0. (kr) #35) etkr. 


Sec is the diagonal element of the scattering 
matrix. 
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In the interior of the nucleus, Sgq and the func- 
tion ~,_can be determined using the R-matrix 
theory. [5] if we are studying neutron capture in 
the region of an isolated resonance, we may as- 
sume that the matrix 


S) net] 
R assy ya eit See 
x’ Ey, “ya E 
splits into two parts: 
eS [ya%a] [¥%] ae [vara] 
NER Ey, —E F E> pee) 5 ne I E, Sapa (4) 


where the matrix R™ contains all resonances ex- 
cept for the one near E) and is diagonal. 

The quantities y,¢ are the components of the 
vector for the reduced width of the level, y,, and 
are defined by the formula 


re = (12 2MRY!= \ X,qudF. 


In this case the diagonal element of the matrix S 
can be written in the form 


iB qe 
218 - Ac 
c | aie 
é 1 mat Ey A ; E 72 ? (5) 


where the relation between the phase shift 66 
coming from the potential scattering and the phase 
shift 6c for an impenetrable sphere is given by 


28, (: = Rete) 
1— R&L 


ccc 


gia 


, 
—2/8 
= °C 


eé =e 


We can then calculate the partial width 


2P Xie 
Vie , oO > 
(1 — R&S)? + (R&P. 


cee cc 


? 


the total width 
T, = >»; 1 


and the level shift 


eee N) eth cele! as So as ReeSe) 
pamrath Geo hk ie 


ce cee ec Cc 


Ace 


Sc and Pe denote the real and imaginary parts of 
the logarithmic derivative Le calculated at a dis- 
tance corresponding to the radius of interaction: 


dO. (k ! 
1 = er el # : | a= Se + iPs. 
r=R 


d (kr) O, (kr) 


In the interior of the nucleus, the function ~, has 
the form 


Pees (6) 
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First we determine the contribution to the scat- 
tering matrix element from the interior region of 
the nucleus: 


se =item eke ee AY) 
fe ( 9 ) (2J + 1)" E, +A,—£—iP; /2 
rr 1 1, 
POR (7) 
Bena) E iT,/2 


In this case the integral appearing in the reduced 
matrix element should be extended over the region 
ricoRk. 

The contribution from the channel region con- 
sists of two parts, resonant and nonresonant, as 
one sees from (5). The determination of the con- 
tribution from the resonance channel is done ina 
way analogous to that for the internal region. In 
the region of the channels, X), corresponds to a 
continuation of the diverging wave 


(Xx (R) / Oc (RR)) O- (Rr), Sew (8) 


Similarly, the final state wave function 7, in the 
channel region has the form 


X3.(r) = 


ee CFD 
Y; (r) = \ pp dk 0; (sR) Pi» eee R, (9) 
where gf depends on all the coordinates of the 
total system, which is in a bound final state, ex- 
cept for the radial coordinate of the captured 
neutron. Of(kfr) is the exponentially decreasing 
radial function for the neutron in the bound final 
state. Thus the contribution to the scattering ma- 
trix element from the resonance is 

£5 


i ca a ll (vy [HO 1X) 
Coat Po) OF ay le By Aye ak fe 
er Vyeor yj 
se c 
Saye EOguAy SE oa oe (10) 


The integration is of course extended over the re- 
gion r> R. 

We note that if the penetration factor is small 
(Pe « 1), the photon width is real. One can see 
that the contribution from the resonance channel 
is significant if the final state function extends out 
strongly into the channel region. This is the case 
when the final state is a single particle state or 
contains a large single particle component. From 
this it follows that the transition probability is in- 
creased for a final state of single particle type. 
This fact would already explain the anomalies 
which appear in the y spectra. But there is still 
another contribution to the scattering matrix ele- 
ment Ss,, coming from the channel region. This 
contribution comes from the potential scattering, 
and consequently does not have resonance char- 
acter: 


LOVAS 


“hs sel 
"08 Qc) = DP 
(11) 
The effective cross section corresponding to 
this contribution may be called the cross section 
for ‘‘direct’’ capture. Thus the total scattering 
matrix element will be equal to 
Sic ra She -- She ais Shc ’ 
id" Terps 
Oe a c Ac! AF 
Ge ON Se es 
—i8, ryory? 


p __ (16.m\* ey ae! 
Sie= (Ge) " ary a lee 


Aver 


18 (12) 


and the effective cross section will be 
mn  W+41 _ 
One ae 2s 4) {| DP |? 


A? +.2A Re(D?*e 


We ¢’)_2vAIm(D’e * ) \. 


w+ 14 


A = 209503}. + 61 2/Tx. (13) 


Here we have introduced the quantity x = [E 

— (E, + A))/(T,/2)], which gives the difference 
between the energy E and the resonance energy 
E, + A,, measured in units of the halfwidth. 

Since the phase shift for scattering from an im- 
penetrable sphere is 56g = —kR (where R is the 
nuclear radius ), and the potential scattering phase 
shift 6¢ is of order 6c, for the case of slow neu- 
trons the quantity ei6c is approximately equal 
to unity. By studying the quantities appearing in 
formula (11), one can easily show that DP is al- 
most a pure imaginary quantity, so that 


Re(D"e*c) = 0,  Im(D?e*e) = —|D?. 
Using this, we get 
Sp £49 6/6, (0) x 
cnr) on) {we 4 AEN SoZ | ay 
where 
Sere eer he 
oO) #2 e h tess yr 
is the effective resonance cross section at the 
resonance energy, and 
16 —iid. 2 
tes Fae Tee)! (onl T Vie en Gel te ia 


is the effective cross section for ‘‘potential’’ or 
‘‘direct’’ capture. Thus, by determining experi- 
mentally the energy dependence of the cross sec- 
tion, one can obtain information concerning the 
ratio of the cross sections. In the figure we show 
the behavior of oy,,(x) for various values of k 

= (dp /oy(0))'”. The difference in the energies 


pase ES. 
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—s — - 
ea) BAG hi-% 
corresponding to the maximum and minimum ef- 
fective cross sections is equal to 
(17) 


Emax — Emin = = Vy Vo, (0)/o, + 4. 


3. CONCLUSION 


From the arguments given we see that if there 
is actually a mechanism for direct reaction in 
(n,y) reactions then one manifestation of its ef- 
fects is that, in contrast to our present pictures, 
the cross section curve will not be symmetric. 
The experimental determination of the asymme- 


_ try and of the ratio op /or(0) seems to be pos- 


sible only for those nuclei in which there is an 
unoccupied state which is close to a single particle 
p state, and in which isolated resonances occur. 

It is also obvious that one can exhibit the asym- 
metry only if one measures the partial cross sec- 
tion 0,,(c —f), i.e., not the effective cross sec- 
tion for the (n,y) reaction as a whole but only 
that part which leads to just one final state or 
several final states with identical character. In 
practice this means tkat one selects one or sev- 
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Effective cross section for an (n, y) reaction in the 
neighborhood of an isolated resonance. 


eral intense peaks which appear in the high energy 
region of the y spectrum, and measures the cross 
section for those (n,y) processes in which y 
quanta having the selected energy appear. 

Formula (14) shows that the detection of the 
asymmetry is to be expected only for those iso- 
lated resonances for which the ratio op /oy(0) is 
not too small: op /a3(O)) = 1057: 


1a. M. Lane and J. E. Lynn, Nuclear Phys. 17, 
563 (1960). 

*Groshev, Demidov, Lutsenko, and Pelekhov, 
Paper P/2029, Second International Conference on 
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16? Lest 

3-4, M. Lane and J. E. Lynn, Nuclear Phys. 

17, 586 (1960). 

4R. G. Thomas, Phys. Rev. 84, 1061 (1951). 

5A. M. Lane and R. G. Thomas, Revs. Modern 
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The linear polarization of y rays produced in the (d,py) reaction is determined by the 
distorted-wave method. Our results show that as the interaction of deuteron and proton 
with the target nucleus becomes stronger, the polarization decreases and the polarization 


plane is displaced. 


Tue study of various phenomena has been pro- 
posed to clarify the mechanism of the stripping 
reaction. Thus, in the case of the (d,py) reaction, 
besides the measurement of the polarization and 
the angular distribution of protons, measurements 
of angular p-y correlation!!] and correlation of 
circular y-ray polarization [2,3] have been sug- 
gested. 

As we know, a simple theory of stripping reac- 
tions based on the Born approximation has been in- 
adequate to interpret the results of these measure- 
ments. Therefore the interactions of deuteron and 
proton with the target nucleus as treated by the 
distorted-wave method have been introduced [1] 
into the calculation. In this article the linear po- 
larization of y rays produced in the (d,py) reac- 
tion is computed with account of these interactions. 

The correlation function was calculated by the 
usual method.!4] The linear polarization is given 
by the formula 


[W (p+ %/2)—W (9) /[W @+2/2)+W(Q9)], 


where ¢ is the angle describing the y-detector 
plane of sensitivity to linear polarization, reckoned 
from an arbitrary x axis in a plane perpendicular 
to the direction of y-ray propagation. Choosing 
the z axis along the direction of y-ray observa- 
tion and assuming that the neutron is captured with 
a definite orbital angular momentum l,, we obtain 
the following expression: 


Prin = >) he l'dig|tos2 ony 21 Bidho, 
k>e 
where 
hn =1 >) Oint nO j'r Ne (iniviaie) } 
int’, 


ree LEGA RZ 
x 1 CrCy Fx (LL jcjv) ( -E) cee ie ; 


Zk, Ake, Ako, Ak, Pjnln? CL» Fk: and nk designate 


the same quantities as in [5], ja is the spin of the 
target nucleus, jp the spin of the excited nucleus 
produced in the process of neutron capture; jy, 
and Jy are the total and orbital angular momenta 
of the captured Soa a je is the spin of the re- 
sidual nucleus; 2 is the multipolarity of the a 
radiation. The quantity (+), is equal to (— 1)t 
multipled by the parity of radiation with multi- 
polarity 2U’, 

If we detect y rays in the kgxkp direction and 
choose the z axis to be in this same direction, 
then when Jy = 1 (k < 2) we obtain 


vale te 
Pun = E an aE \ cos 2 (p — azz), 
2 alee 
== = da (Q<\A< 1). 


In the Born approximation 7 = 1 and dy. = 0, if 

gy is measured from the recoil direction. We see 
that the interaction of the deuteron and the proton 
with the target nucleus causes the polarization to 
decrease to the same extent as does the anisotropy 
of p-y correlation (cf. [1]). on the other hand, 
the polarization plane undergoes a rotation by the 
same angle as does the symmetry axis of p-y 
correlation. 

It must be observed that since only the quantity 
Qk» participates in the general expression for 
Plin, the rotation of the polarization plane can 
be characterized by a single parameter even when 
ly = 2. 


1 Huby, Refai, and Satchler, Nucl. Phys. 9, 94 
(1958-1959). 
2G. Satchler, Nucl. Phys. 16, 674 (1960). 
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We show that the set of n equations obtained from a phase shift analysis of scattered spin-0 
and spin-¥, particles with unknown polarization has (in a certain generalized sense) 2" so- 
lutions including some that are nonunitary; furthermore, it is shown that this statement is 
true also for every subset of n equations of the set of 2n—1 equations obtained from a 
phase-shift analysis of scattered spin-zero particles. In both cases the ‘‘complete experi- 
ment’’ involving 2n-—1 measurements can be replaced by a ‘‘necessary experiment’’ of 


just n+1 measurements. 


1, MULTIPLICITY OF PHASE-SHIFT ANALYSIS 


A phase-shift analysis is a method of deriving a 
matrix from experimental data, such that exact 
unitarity is obtained by introducing phase shifts. 
The number of measurements needed at different 
angles and for a given energy is found to be finite 
if one restricts the number of states in which one 
wishes to determine the interaction. In other 
words, finite accuracy can be obtained for the ele- 
ments of the scattering matrix as functions of the 
scattering angle only if one makes use of a finite 
parametrization. 

It is known [1] that the results of a ‘‘complete 
experiment’’ are sufficient for a phase-shift analy- 
sis. Many of the experiments, however, which en- 
ter into such a complete set are difficult to per- 
form. It is therefore of some importance to deter- 
mine the minimum set of measurements necessary 
for a phase-shift analysis at a given energy, with 
the subsidiary condition that only the first n 
phases be considered nonvanishing. 

If the measurements are taken over a suffi- 
ciently wide energy range, the number of meas- 
urements at each energy may be decreased by 
making use of the causality condition. Additional 
information is obtained by studying the interfer- 
ence between the interaction being measured and 
the Coulomb interaction or some other interaction, 
as calculated theoretically for a number of states. 
Although in principle interference will give any 
number of equations for the unique determination 
of the required phase shifts, experimental accu- 
racy will not often allow the use of all or even 
nearly all of them. 


Thus in a phase-shift analysis one is not dealing 
with the complete problem of establishing the en- 
tire scattering matrix, but the problem of finding 
for the first n phase shifts values that give the 
best fit to the experimental data, if one assumes 
all the other phase shifts negligibly small or 
given a priori. 

In order to obtain a finite number of sets of n 
phase shifts satisfying the experimental data 
equally well, one must have at least n independ- 
ent equations. Such equations are obtained if one 
expands the experimental angular distributions 
in a series of Legendre polynomials and then 
equates coefficients of this expansion with the 
corresponding expression in terms of the phase 
shifts. 

In studying elastic scattering of spinless par- 
ticles, a complete experiment requires a meas- 
urement of the angular distribution of the scatter- 
ing. In scattering of spin-¥, particles by spin-0 
particles, this experiment requires measurements 
of the differential cross section and the polariza- 
tion of the recoil particles as a function of angle. 
In both cases the Legendre polynomial expansion. 
of the theoretical and experimental angular dis- 
tributions will lead to a set of equations of the 
form 


>; CY sin 8¢ sin’; cos! (65-—4,) =A, (1) 
ki=t 
where the ci are constants, the 6, are the phase 
shifts for the different states, the A; are the ex- 
pansion coefficients of the experimentally observed 
differential scattering cross section (divided by 
x?) for an expansion in linearly independent func- 
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_ tions of the scattering angle; in the first case 
i=1,.:.,2n-—1, while in the second i=1,...,n. 
For nonzero phase shifts we take here the states 
in the order §S, P, D,... in the first case, and in 
the order Si/2, Pij, P37, Dgp,... in the second 
case. 

Before proceeding we must determine the num- 
ber of solutions of a set of n such equations. It is 
shown in the Appendix that every set of n equa- 
tions of the form of (1) has exactly 


N =2 (2) 


solutions such that —7/2 < Re 6, <1/2. In special 
cases, when (1) is degenerate and may have an in- 
finite number of solutions, as well as when one of 
the phase shifts passes through resonance, the 
number of solutions is defined as the number of 
solutions at almost all points of a certain region 

of the n-dimensional complex-valued space of the 
A;. Then N = 2" everywhere. 

Thus the experimental data on just the angular 
distribution of scattering of spin-0 and spin-¥, 
particles will lead, if the polarization is unknown, 
to 2" different solutions. Among these are both 
unitary (real 6),) and nonunitary solutions. This 
result is equally valid for the phase-shift analysis 
of elastic scattering of spinless particles if one 
wishes to find the n phase shifts by using only n 
of all the 2n—1 expansion coefficients of the an- 
gular distribution. 

If some of the phase shifts are given and one 
wishes, as before, to determine only the first n, 
the number of solutions remains that given in (2). 
For in this case the left sides of Eq. (1) will con- 
tain an additional finite or infinite number of terms 
of this form in which one of the phase shifts is 
given. Since the given phase shifts must vanish 
for zero energy, the result following from (A7) 
will not change. 

We remark that the number of solutions of the 
set of n equations with n unknowns is independ- 
ent of the experimental accuracy with which the 
A; are determined. On the other hand, the num- 
ber of solutions admissible (with a given proba- 
bility) for an overdetermined system depends 
strongly on this accuracy. 


2. EXAMPLES OF AMBIGUITY IN A PHASE 
SHIFT ANALYSIS 


We note first that all the solutions of (1) can 
be divided into two groups one of which is obtained 
from the other by the replacement 6, — — dx. 
Further, as has been shown by Minami, !*J if one 
wants to obtain an even number of phase shifts 
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for a spin Q-spin a scattering problem, one finds 
that the Cj7 do not change when one interchanges 
states with the same total angular momentum but 
with opposite parity. Therefore the associated 
interchange of these phase shifts will not change 
the differential cross section, and this fact thus 
separates all the solutions for this case into two 
additional classes. 
In spin-0-spin-¥, scattering, the equation for 
a single phase shift 
sin? a = sin? a, (3) 
has only the two solutions 
Gq) Qo; 


Qs I — Q. 


The set of equations for two phase shifts, 
namely 


sin? a + sin? B = sin? ao + sin? Bo, 
sin a@ sin B cos (a — B) = sin ao sin Bo cos (4 —fo) (4) 
has the four solutions 


Bi = Bo; 


Bs = ao; 


Qi, — Co, 
Os == Bo, 


G2 == Ga, 
aa = — Bo, 


Be = — Bo; 


Ba = — ao. 


For this case the Minami transformation and the 
change of sign exhaust all possibilities. 

The set of equations for three phase shifts, 
namely 
sin? a + sin? B +2 sin? y = sin? a + sin? Bo + 2 sin? yo, 
sin a sin B cos (2 —f) +2 sin asin y cos (a — 7) 

= sin Gs sin By cos (a) — Bo) 

+ 2 sin ao sin yo cos (a — 70), 
sin? y + 2 sin B sin 7 cos (8 —7) 

= sin? yo + 2 sin Bo sin yo cos (Bo — 70) (5) 
should, according to the above, have eight solutions. 

In analyzing the scattering of mesons by pro- 
tons, only four solutions have been used heretofore; 
these are 


G1 =, Pi=fo, 1 = 7%; 
az = — Q, Be = — po, df la Mere 4 
a3 = Qo, Bs = 0 — Bo, 3 = O—Yo, 
e 3 arctg sin 2 Bo + 2 sin 2 Yo (6)* 


cos 2 Bo + 2 cos 2 Xp 


(the Fermi-Yang transformation ); 


ps = — Bs, 4 =— 7%. 

There exist, however, four other solutions which 
have real phase shifts for sufficiently small By 
and yp) lif a) K1, By <1, Yo K1 andif a} 

>> 3¥9(79 + 28o)] and 


Fe — Qy, 


*arctg = tan”. 


848 


sin 2a + sin 2B9 + 2 sin 27 


Wee — Cle - os 9a, 4 conde Scone 


—0o, 


7, g—= —O5,6° (7) 


The corresponding values of 8 and y are given by 
expressions which are too complicated to be pre- 
sented here, although they are easily obtained 
graphically. 

For larger By and yp the last four solutions 
become nonunitary, i.e., the corresponding phase 
shifts become complex. At certain energies the 
complex values for these phase shifts may cross 
the real axis, and this leads to the additional am- 
biguities in the phase-shift analysis for real phase 
shifts, as found by Igushkin. [3] 

To find the operator group of order 2" whose 
elements will transform a solution of a set of 
equations such as (1) into another is a problem 
which has not yet been solved in general. In the 
examples presented above the groups are Abelian, 
and are the direct product of n groups of two ele- 
ments; this would seem to be true for the general 
case. 


3. ‘‘NECESSARY EXPERIMENT”’ 


We have seen that among the 2" solutions of 
the phase-shift analysis there are both unitary and 
nonunitary ones. The unitarity condition, written 
as a reality condition on the phase shifts, is not 
analytic and can therefore not be included in the 
integral treated in the Appendix in attempting to 
reduce the number of solutions. In order to choose 
a single physically admissible solution from among 
the 2", one must use additional information; never- 
theless, it is desirable to find the minimum amount 
of information necessary. It is then found that the 
number of measurements necessary to establish 
the scattering amplitudes is less than the number 
of measurements in the ‘‘complete experiment.”’ 

The phase-shift analysis of spin-zero scatter- 
ing can be carried through in two ways. In the 
first an electronic computer is used to minimize 
the sum of the weighted square deviations of the 
experimental differential cross sections at certain 
definite angles from the expressions for these 
cross sections in terms of the phase shifts. In 
this way one obtains many minima for the sums 
of the squares, some of which correspond to solu- 
tions of the problem, while others arise from dif- 
ferent sources entirely. To find the physical 
solution among them is often quite difficult even 
if the different minima have different depths. 

In the second method one starts by looking for 
the coefficients of the expansion in Legendre poly- 
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nomials (or some other linearly independent func- 
tions of the cosine of the angle) of the differential 
cross section. This expansion is unique, and it is 
rapidly calculated since the problem is linear and 
its solution does not require successive approxi- 
mations. One then finds that set of phase shifts 
which exactly solves the equations obtained by 
equating the above coefficients to their expres- 
sions in terms of the phase shifts. 

But the greater the number of Aj; coefficients, 
the lower as a rule the accuracy with which they 
can be found from given data. Therefore knowl- 
edge of the higher n—1 among the 2n—1 quanti- 
ties Aj determined by the n phase shifts, may 
be of no help whatsoever, since they are highly 
inaccurate. In other words, when the experimen- 
tal errors are large some of Eqs. (1) are ‘‘almost 
missing.’’ Such elimination of some of the condi- 
tions may cause ambiguity in the analysis even if 
there is none in principle (in an ‘‘overcomplete 
experiment?’’ ). 

Instead of this it is best to find just the first 
(or largest) n coefficients, from which, as has 
been shown above, one can obtain 2” solutions 
for the phase shifts. One can then plot all the 
curves that remain when one discards the solu- 
tions eliminated by the unitarity condition. 

If the electronic computer is programmed to 
choose the best real phase shifts, it is easy to 
differentiate between the unitary solutions and 
the nonunitary ones. Indeed, a real solution for 
the phase shifts has the property that the sum of 
the square deviations of the A; from their ex- 
pressions in terms of the phase shifts vanishes, 
while nonunitary solutions give more shallow 
minima. The real parts of solutions with small 
imaginary parts will in this sense be ‘‘almost 
solutions.’’ The problem of finding all the solu- 
tions is simplified by the fact that their total 
number is known. If the cross section is meas- 
ured at n points, the first type of analysis will 
lead to a minimum sum of squares equal to zero 
for unitary solutions, but to a nonzero value for 
sets of real phase shifts close to nonunitary solu- 
tions. The depth of the minimum may serve as 
an indication of how close the solution is to uni- 
tarity. 

It turns out in practice that there are half as 
many different angular distribution curves as 
there are sets of phase shifts, since a simulta- 
neous change of sign of all the phase shifts will 
not change the cross section. Then one can find 
an angle 6) where no pair of the 2"~! curves in- 
tersects, and where in fact they are most sepa- 
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rated. A sufficiently accurate measurement of 
the cross-section at this angle will eliminate all 
solutions except two, one of which is causal, while 
the other is not. In order to identify the correct 
one, one must make use of interference, for in- 
stance with Coulomb scattering. If, further, one 
has information on the energy dependence of the 
solutions, one of the solutions, the noncausal one, 
can be eliminated with the aid of dispersion rela- 
tions. 

In some special cases it may turn out that for 
a given energy region it is easier to distinguish 
between the 2"-! curves by measurements not at 
a single point, but at two or more points. 

The question of the number of solutions re- 
maining after the ‘‘complete experiment’’ has 
been performed will be treated separately. 

In order to find all the parameters of an n- 
parameter curve, one need measure it only at n 
points. It is assumed, of course, that n has al- 
ready been chosen from considerations of the 
nature of the interaction, from analogy, or on the 


' basis of previous experiments. Klepikov and 


Sokolov £41 (Chapter V) have shown that when a 
curve with n degrees of freedom is measured 
at exactly n points, the standard deviations of 
the coefficients are lower than if the measure- 
ments had been performed at more points, but 
with the same total effort devoted to the meas- 
urement. They also show how to find the best 
measurement points and how most efficiently to 
distribute the time devoted to measurements at 
these points for every specific case. It follows 
from such considerations that the phase-shift 
analysis of spinless particle scattering is best 
performed on the basis of cross-section meas- 
urements at exactly n points. Subsequently one 
can eliminate the resulting ambiguity by a single 
added measurement at the best possible angle 6). 
If the measurements are performed at more than 
n points, each additional point can be used to re- 
duce the ambiguity, but the effort devoted to the 
measurements at these points may turn out to be 
quite inefficiently expended. As for the work in- 
volved in finding the best angle 4, it is usually 
considerably less than would be needed for addi- 
tional measurements. 

The phase-shift analysis of scattering of spin- 
y, particles by spin-zero particles (or vice versa) 
can also be performed by the two methods dis- 
cussed. In this case, however, the differential 
cross section at any angle is a linear function of 
the n coefficients Aj;. It follows then that there 
is no additional point at which knowledge of the 
cross section will decrease the ambiguity of the 


849 


phase-shift analysis, whose multiplicity, as de- 
scribed above, is 2". But the same phase shifts 
determine the angular dependence of the polariza- 
tion of the scattered spin-¥, particles. Therefore 
a polarization measurement at a single success- 
fully chosen angle 6) can remove the ambiguity 

of the analysis. In general (when all the solu- 
tions are unitary) one obtains 227! different 
polarization curves, since the polarization is not 
changed by simultaneously changing the signs of 
all the phase shifts and interchanging the even- 
state phase shifts with the odd-state ones of the 
same total angular momentum (an interchange of 
the causal and noncausal solutions ). If the polari- 
zation measurements are impossible, it is impos- 
sible to distinguish between four possible sets of 
phase shifts. 

Interference with the Coulomb interaction is an 
aid in distinguishing the solutions. If the energy 
dependence of the phase shifts is known, the dis- 
persion relations and the low-energy dependence © 
of the phase shifts can also be used. Indeed, for 
sufficiently low energies, the momentum depend- 
ence of the phase shift is determined entirely by 
the orbital rather than the total angular momen- 
tum; then 67 ~ k2/+1, 

As in the previous case, we can conclude that 
it is most useful to measure the differential cross 
section at n points and the polarization at one 
point. In principle we can choose any n of the 
2n—1 equations for the expansion coefficients of 
the cross section and the polarization. However, 
the polarization measurements are usually much 
more laborious. Furthermore, one must bear in 
mind the fact that for the polarization these equa- 
tions are of a different form. Instead of (1), one 
obtains 


S| Di? sin 6, sin 6 sin (6% — 81) = B;. (8) 
k, l=1 
Therefore the number of solutions of the mixed 
system can be either more or less than 2" (but 
not more than 2 x 3"-}), 

We see that in both of the above cases, the 
‘‘complete experiment’’ consisting of .2n—1 
measurements can be replaced by a ‘‘necessary 
experiment’’ of only n+1 measurements. As has 
been stated, the n+1 measurements can be chosen 
so that the information obtained on the phase shifts 
is greater than in the ‘‘complete experiment’’ in- 
volving the same effort. 

The author thanks Professor Ya. A. Smorodin- 
skii, S. N. Sokolov, and R. M. Ryndin for very use- 
ful discussions. 
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APPENDIX 


NUMBER OF SOLUTIONS OF A PHASE-SHIFT 
ANALYSIS 


N. P. Klepikov and L. A. Aizenberg 


Equations (1), for which we want to know the 
number of solutions, can be written in the form 
ae a) (%_%z_ (1 + Xg%;) a,a, (4 + a,a,) 
fel a) =) Col feeeaitcy ares ae ey re 
kl=1 k U k “1)) (A1) 


where x; = tan 6h, i=1,...,n. Equation (A1) 
contains the experimentally determined values of 
the Aj in terms of one of the solutions x Sat. 
It is clear that x?) = —a, is also a solution. How- 
ever Eqs. (1) or (A1) have also other solutions. 
When dealing with elastic scattering, only the 
real phase-shift (unitary) solutions of these equa- 
tions are used. Nevertheless we find it convenient 
to consider the variables x, and parameters a, 
complex. Consider C"(x), the space of the com- 
plex variables x = (x,,...,X,), and C"(a), the 
space of the complex variables a = (a;,...,4ap). 
Reducing the terms of each of the equations of 
(Al) to their common denominator, we obtain the 


set of equations 


Feat) =O, (A2) 


(i=1,...,n) involving polynomials of degree 2 
of n variables. Clearly the number of solutions 
N, (counting multiplicities ) of (A2) is no less 
than the number of solutions N, of (Al). From 
elimination theory (see, for instance, van der 
Waerden, /*] Secs. 77 and 78) it follows that N; 
=N,s 2n?, unless there exists a variable Xj 
such that 


MORE C RI a eRe IE Ash Ki1y: +) css Nas Oly 6-07. ela emer 
Gj =1,..., 4, h>1) (A3) 
is an identity In X4,.~.5Xj-4, Xjiq,-+-)Xn- Here 


the Dj are the resultants of Eq. (A2) with respect 
to the xj. Therefore N, is always afinite number 
unless conditions (A3) are fulfilled. 

It is possible that these conditions are fulfilled 
for some a in C®(a). Let us denote the set of 
such a by P. Inparticular, a = (a;,...,an) is 
in P for spin-0-spin-'¥, scattering, with n even, 
if ayag=—-1, agag=-—1,...,a)-18a,7 = —1. This 
is easily verified if (1) is written in the form 


+ >) Ch UL + cos 2 (6, — 6:) — cos 28, — cos 26/1 = Ay. 
kl=1 (A4) 

Under this condition | 6,;—6,| =7/2,...,|6n-1—-6y| 

= 1/2, and all terms of the form cos 26; + cos 26., 
-,COS 26n-4 + COS 26n Vanish. According to 


Minami’s theorem /?1 this exhausts all combina- 
tions of terms that do not contain phase differ- 
ences. Equations (A4) still contain terms with all 
possible phase differences. We can therefore in- 
troduce only a single continuous parameter. Ac- 
cording to the mechanism described elsewhere [6] 
this case can occur if the vertex H is made coin- 
cident with the origin O, after which the mechan- 
ism can be rotated through any angle about the 
origin, so that the vanishing of all terms with 
cosines of double phase shifts indicates that there 
is no relation of the mechanism to the coordinate 
system, or that only internal relations exist. 
Points in C®2(a) at which a, =+i for at least one 
value of k also present some difficulties on going 
from (A1) to (A2); in applications, however, these 
points are never needed. 

Let Q denote the set of those a in C®(a) at 
which (A2) has at least one solution with at least 
one infinite coordinate. For real phase shifts 
this means that at least one of them is equal to 
m/2 (resonance). We shall call the points in 
C®(a) — (P +Q) ordinary. It is clear that the 
set of ordinary points is connected; in other words 
any two ordinary points can be connected by a con- 
tinuous curve L consisting entirely of ordinary 
points (see, for instance, Fuks, [7] Sec. 12). 

Further, let R(a) be a bounded closed set of 
ordinary points, and let R(x) be the set of all 
solutions of (Al) corresponding to points in R (a). 
Then R(x) is also bounded. Indeed, if this were 
not the case, there would exist a sequence x(l) in 
R(x) converging to a point with at least one infi- 
nite coordinate. Let x be a solution of (A1) for 
a =a(l), Since R(a) has no intersection with P, 
the number of a(/) points is infinite. From the 
sequence a‘!) we can choose a subsequence a(/m) 
converging to a point a in R(a). Then going 
to the limit in m in the equations 


f, (xm), am) =0, ister Both (A5) 


we would obtain a contradiction with the require- 
ment that a is not in Q. 

Levine !®] (see also Cherne (91) has obtained an 
integral representation for the number of solutions 
of the equations 


ge (x) = Ai, (A6) 


in a bounded region D under the following condi- 
tions: (1) the gj(x) are meromorphic functions, 
(2) the number of solutions is finite, (3) there are 
no solutions on the boundary of D. 

Let a“ and a) be two ordinary points in 
C"(a), and let L bea continuous curve connect- 
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ing them. As has been shown above, the set of all 


solutions of (Al) with a in L is bounded in C®(x). 


There therefore exists a region D such that all 
these solutions are in its interior. Using Levine’s 
integral representation, it is easily shown that the 
number of solutions of (Al) depends continuously 
on a in L.* It therefore follows that the number 
of such solutions is the same for all ordinary 
points. 

In order to include also points that are not or- 
dinary, we make the following definition: the sys- 
tem (Al) with a =a) in C®(a) has N solutions 
in the generalized sense if there exists a neighbor- 
hood S of a such that for almost all points in S 
Eqs. (A2) have exactly N solutions in the usual 
sense. It is then clear that the number of solu- 
tions in the generalized sense is the same for all 
points in Ca). 

In order to find this number N, we need only 
count the number of solutions of (Al) at any or- 
dinary point of C"(a). We choose the point 

= (0,...,0), and we show that for this point 
(A1) has only vanishing solutions. It will then 
follow that (0,...,0) is an ordinary point of 
C"(a). Indeed, for aj=...=ay=0 (zero en- 
ergy) all the A; of (1) vanish. This means that 
the product of the scattering cross section by the 
Square of the wave number also vanishes in the 
limit. Then the product of the wave number and 
the scattering amplitude also vanishes. Since it 
is expanded in orthogonal functions of the angle, 
e7°k __1 must also vanish for all k. It follows 
then that for zero energy the only solutions are 
X, = tan 6, = 0,..., Xn = tan On = 0. 

All that remains is to count the number of 
solutions of (Al) for a=(0,...,0). Asis well 
known, this number can be found in the following 
way. Let v; be the smallest number for which at 
least one of the partial derivatives of order vj 
of the function f;(x,0) does not vanish for 
anti... 0). Then 


*It is possible that this continuity can also be proved in a 
more elementary way. 
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nN =|] w. (A.7) 
=1 

It is easily verified that for (A1) vj =2 for all i 

and therefore 


N =2", (A8) 


We note that this number is considerably below its 
upper bound N < 2" obtained by elimination theory. 

We have thus shown that each of our phase-shift 
analysis problems has exactly 2" solutions includ- 
ing, of course, the nonunitary ones. 
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The electromagnetic field induced when a sound wave strikes the boundary between a con- 
ducting and nonconducting medium in a weak magnetic field is calculated. The amplitude 
of the sound waves outgoing from an interface on which electromagnetic waves are incident 


is also determined. 
1. INTRODUCTION 


Waen a sound wave strikes the boundary of a 
conductor situated in an external magnetic field, 
electromagnetic waves are induced by the oscilla- 
tions of the conducting medium, along with the re- 
flected and refracted sound waves. Accordingly, 
when an electromagnetic wave is incident ona 
conductor, sound waves that move away from the 
interface are produced. They are brought about 
by the Lorentz force acting in the external mag- 
netic field on the current produced when the elec- 
tromagnetic wave passes through the conductor. 

This mutual convertibility of acoustic and elec- 
tromagnetic waves [1] can be of interest in the re- 
search on magnetoacoustic effects in metals, [2] 
in sea water, C1] or in plasma, as a possible mech- 
anism of radio emission from the sun and the stars, 
and can also be used to produce electromagnetic 
waves with large retardation (on the order of the 
ratio of the velocity of light to that of sound) and 
to generate ultrasound directly in a conducting 
medium (for example, in a metal). 

We confine ourselves in this article to a case 
of a conducting liquid bounding on a non-conduct- 
ing (liquid or gas) half-space (‘‘air’’), where 
the acoustic and electromagnetic wavelengths in 
the substance (skin depth) greatly exceed the 
characteristic mean free path (accordingly, the 
oscillation frequency w is much less than the 
collision frequency 1/7, i.e., wT <1). This 
means that the hydrodynamic approach is applic- 
able and normal skin effect takes place. 

A highly conducting medium (o/e >w) ina 
constant magnetic field B is characterized by two 
frequencies: 


wo, = 4nos?/c?, wo, = 4nou?/c?, (1) 


Here o — conductivity, s — velocity of sound, and 

u = B/V 4p). — Alfven velocity. When w =wWg (or 
W = Wy) the electromagnetic wavelength in the sub- 
stance Xem = ¢/V 4m0w is comparable with the 
acoustic wavelength xa = s/w (Alfven wavelength 
*%_ =u/w). Obviously o/e > w; in addition, in 
relatively weak magnetic fields such as we are 
considering, we have 


w/o, = u/s? <1. (2) 


In view of the fact that the magnetoacoustic ef- 
fects, which are quite small by virtue of (2) and 
which manifest themselves in movements of suffi- 
ciently large scale, decrease with increasing w 
when w > Wg, we confine ourselves to the fre- 
quency region 


6/8 > © > oy. (3) 


We note that the medium can be regarded as infi- 
nitely conducting only for frequencies w <« a/e, 
Wg, Wy, i.e., when the skin depth is the smallest 
of all the characteristic lengths. For liquid metals 
a ~ 10! sec71, we /27 ~ 10° cps, wy ~ 103 sec™! 
in a field B~ 104 oe; in sea water with o=4x1 
sec"! we have wg/27 ~ 2 cps and wy ~ 107" sec 
in the earth’s magnetic field (B ~ 1 oe). 

Subject to limitations (2) and (3), the transfor- 
mation of acoustic and electromagnetic perturba- 
tions can be regarded as particular cases of re- 
flection and refraction of waves in magnetohydro- 
dynamics (more accurately, the conversion of 
various types of waves into each other). Reflec- 
tion and refraction in magnetohydrodynamics have 
been analyzed only for Alfven waves in a perfectly 
conducting medium. [3] We likewise disregard the 
general case of arbitrary frequencies and mag- 
netic fields and confine ourselves to the condition 
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of weak hydromagnetic coupling (2) with finite 
conductivity of the medium (3). 

In the magnetohydrodynamic approximation 
there exist in the conducting liquid, as is well 
known, three types of waves (Alfven and fast or 
slow magnetic sound), in which both ‘‘acoustic’’ 
(the velocity v or the pressure p) and ‘‘electro- 
magnetic’’ quantities (the current j, the electric 
and magnetic field E and H) oscillate. Under 
conditions (2) and (3), the Alfven wave and the 
slow magnetic-sound wave are electromagnetic 
waves in the medium, while the fast magnetic- 
sound wave is a'sound wave. These waves being 
modified as follows: the sound wave carries also 
induced oscillating electromagnetic quantities, 
while the electromagnetic waves contain acoustic 
quantities whose reaction on the fields that gen- 
erate them can be neglected. Since the electro- 
magnetic and acoustic quantities are interrelated 
in a conducting medium situated in a magnetic 
field, incidence of any one of the three waves 
(sound or one of the two electromagnetic waves, 
which have different polarizations ) gives rise to 
six waves moving away from the boundary (four 
electromagnetic and two sound). In particular, 
when a sound wave incident from air is reflected 
from a liquid surface, electromagnetic wave are 
produced. The conversion coefficients for these 
waves are calculated in Secs. 4 and 5, where we 
also consider the incidence of sound on a conduct- 
ing medium and determine the coefficients for the 
conversion of electromagnetic waves into sound 
waves. 


2. WAVES IN A CONDUCTING LIQUID 


If we neglect the viscosity and heat conduction 
of the medium, and also the displacement current, 
then the dispersion equation connecting the fre- 
quency w with the wave vector k of a plane wave 
in a conducting liquid [4] reduces to 
[X—(Q, cos? 8—iQ)-4] {X? (Q, cos? @ — i) 


Be x27 0-0.) 110. (4) 


Here 
X = (ks/w)?, Q = w/o;, Qy = wu/s, 
cos §@ = xh, x =k/k, h = B/B. (5) 
The electrodynamic and acoustic quantities are ex- 
pressed in terms of the current by means of the 
following chain of equations 
f=2 jh}, v = fg (nie + Hf, 


Po® 
j 
6 


k 
p=psé(nv), E=L—2Ivh}, H=GlxEl. (6)* 


*(jh] = j x h; (xv) = pp 
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Under conditions (2) and (3), the dispersion laws 
become 


Xa = Xe aan i/Q, Xa a (sk,/w)?, 
Xac= 1 — Q, sin®@/(1 + iQ), 


Xl ae (sk, jw)”, (7) 
Xac= (SRac/w)*, (8) 


where Kg, Kg], and Kac are the wave vectors of 
the Alfven, slow magnetic-sound and sound waves. 
The connection between the fields amplitudes (wave 
‘‘polarization’’) in a frame having unit vectors 


x=k/k, y= [xh] x]/sind, $=[xhj/sine, (9) 


which are fixed in the wave, is as follows: 
in the modified sound wave 
Hae UbecNaaflias ie 5 oe Tams 


Woe B sin Ges 


Vac— 4Pac, a aeoo , ac ~ pyse 14+ iQ” 


bat aan acPacs 


Cc .oc @, Sin Dec. 


Bao — 5 Bur, Ini ge Peg AO) 


in the Alfven wave 

H,= Hagaja, i= Nala, De =U, 

Va = Vaja, Va = — (iB/powe) [a cos 82, 
Ha = (clos) Vi/Q, ReVi>d0; 


in the slow magnetic-sound wave 


Ea= Seti s1/5, 


E, = Naja/S, 
(11) 


Hs= FE 51 Nst] st ’ 


j= CeEe 
sin 9 


, iB sl 
Va= Vaja> Va= poe (aes + Mei COs 0.) ’ 


sin Oa 


Pa= Pilar et BY ees ) a= cas: Sta. (12) 


The difference between (8) and the dispersion law 


for sound 

Xac= (SRac / @)? = 1 (8’) 
is responsible for the appearance of electric and 
magnetic fields in the modified wave (10), and also 
for the additional anisotropic attenuation of the 
sound, connected with the Joule losses. It will be 
sufficient in what follows to use the dispersion 
law (8’), and resort to the more exact expression 
(8) only in the investigation of the singularities of 
the conversion coefficient. 

We now introduce a coordinate frame fixed to 
the interface (plane x = 0) and to the external 
magnetic field B. We direct the unit vector ey 
from the liquid into the air. If q is the wave- 
vector component parallel to the interface, gy the 
angle of incidence, y the angle between q and the 
plane z = 0 in which the magnetic field B is lo- 
cated, and ¢ the angle of inclination of the mag- 
netic field, we obtain 
% =e, cos + 7 sin @, 7 = ey cosy +e, sin 7, 
h = —e, sin e +e, Cos &, 


cos @ = —cos@ sin e +sin@ cosy cos &. (13) 
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FIG. 1. System of unit vectors fixed in the interface; 
1 — plane of incidence; 2 — plane in which the normal to the 
interface and the constant magnetic field lie; 3 — interface. 


To describe the electromagnetic waves in air 
we introduce the unit vectors (Fig. 1) 


peel 


n= e, sin y —e, COs y, 


m = [nx,1]; 
m =e, sing, — 5 COS Per. (14) 


They are orthogonal to Kg], with n lying in the 
interface and m in the plane of incidence. We 
choose as the two independent waves with speci- 
fied value of Kaj TE and TM waves with electric 
or magnetic field respectively parallel to n: 


H = H,n — E,m; 
LS: 


Ee= Ft Hom, 


Ve sO, Pelt, (15) 


Oe CRes, 


The electric field in the TM wave and the mag- 
netic field in the TE wave are parallel to m. 
For sound in air we obviously have 


® == SRacs Vac apa a oor Xac/PoS; 


Hac= Eac= jec= 0. (16) 


The quantities pertaining to air are designated by 
a bar (except for E and H in the electromagnetic 
wave ). 


3. BOUNDARY CONDITIONS. CONVERSION OF 
WAVES 


To be specific, we discuss first a sound wave 
incident from a conducting medium onto the inter- 
face. The connection between the angles of reflec- 
tion, refraction, and conversion (the definition of 
the latter is obvious) and the angle of incidence 
Yac follows from the equality of the frequencies 
w and of the tangential wave-vector components 
q in the incident plane wave and in all the outgo- 
ing waves: VX; sin yj = VX4c Sin Gac. The 
principal terms of these equations have the form 


° , . Ss Peas Ss : 
sing, = sing,= = sin Pac= — Sin Pat 


Fie Vee 
a (Va sing, = Vou Sin qu. 


(17) 
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a 


If the angles are complex, the following condition 
must be satisfied for the outgoing waves : 


yee elds 
Spe Dh 


so as to make the amplitude decrease with in- 
creasing distance from the boundary. 

The electromagnetic wave produced in air by 
the incidence of sound, as follows from ‘‘Snell’s 
law’’ (17), is a surface wave if sin 4c >Ss/c, i.e., 
at all angles of incidence with the exception of the 
narrow region of angles ~ 107°, corresponding to 
normal incidence. 

When ~4c > s/c the ‘‘depth of penetration’’ of 
the electromagnetic field in air is 1/Im kg]x 
=*4c/2T sin ~4c, where Xa is the length of the 
incident sound wave. The electromagnetic wave 
propagates along the surface with a velocity equal 
to the horizontal component of the velocity of 
light, i.e., at Pac ~ 1, we obtain a slowing-down 
ratio on the order of c/s ~ 10°. For such a sur- 
face wave, both sin gg] and |cos gg] | are on the 
order of c/s: 


Im cos g < 0 


Im cos g > 0 (18) 


— i cos Per = sin Per = (c/s) sing... 


According to (14) and (15), it follows therefore 
that the electric field in a surface TM wave par- 
allel to m is circularly polarized and is c/s 
times greater than the magnetic field. Accordingly, 
in a surface TE wave the magnetic field is c/s 
times greater than the electric field and is cir- 
cularly polarized: 

Hig k shy a4, H, = (Hq/q), 


E, = (Eq/Q). 


To determine the amplitudes of the outgoing waves 
from the known amplitudes of the incident waves, 
we use the boundary conditions on the interface 

(x =0), namely the continuity of the pressure, of 
the tangential components of the magnetic and elec- 
tric fields, and of the normal velocity component: 


(20) 


(19) 


(H;] = [E;] a [vx] = [p] == 40), 


Here [A] denotes the jump in the quantity A on 
the interface. Expanding the quantities in the 
boundary condition in normal modes (sound and 
electromagnetic ), we can rewrite the boundary 
conditions (20) with the aid of (10)—(12), (15), and 
(16) in the form of equations for the amplitudes 
Pac, jsl, ja, Hn, En, and p of the outgoing waves: 


THPect Tiejs1 Se Tisja ++ Ts (—H,) he Tis lay En) 
AST (ep) a OY, b= 112, (05 oe Oe 


The matrix Tj, has the form 


(21) 
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HaMacy— KH Nay H bay My —my, 0 
HaMNace— KH aNaz H abaz Mz —m, 0 
Savacy Cayls Nay/S mong 0 
Be yale us he!) ns | eee) 
ax Vatx Weer} 0 va, | 
1 P 0 1 | 


sl 


The right halves Uj; of the system (21) are de- 
termined by the incident perturbations. 


4, CONVERSION COEFFICIENTS 


Let us write down the principal terms of the 
expansion of the coefficients of conversion of 
sound waves into electromagnetic waves and elec- 
tromagnetic waves into sound waves in powers of 
the small Qy, Qy/2, and s/c. The principal term 
of the determinant of the system (21) is 


Det \T4| = — d, (1 — Z) az, (23) 


where 
Z = (PoS/ PoS) (COS Pac/COS Pac) (24) 


1 ‘iE 
dy = > or V <00s Pe1 — COS 92) 
(cospa— £4 cos pa | ‘ (25) 


The term cos gq in the first parentheses becomes 
significant when cos gg] — 0, and it can be shown 
that (23) in this range of angles is again the prin- 
cipal term of the determinent of the system. 


Conversion of Sound Waves into Electromagnetic 
Waves in Air 


When sound is incident from air, the conversion 
coefficients are 


Hp = 2d,/d, (1 —Z),  E,/p’ = 2d,/d, (1 — Z).._ (26) 


Here p’ — amplitude of the incident sound wave; 
Hy and Ey — amplitudes of the fields in the TM 
and TE waves, respectively; 


— Bacx SiN Dac 


a 962s*(1-+iQ) sin @,. Pac (cos Qa — We cos Ga 


ate sca y) on 


— Btacx Si Dac Sin Bac 


dy = poo?s? (1+ iQ) sin @,. (co Go beer Vi ie 9) 


x ig S COS 1 — cos a.) j (28) 


When sound is incident from a conducting me- 
dium, we obtain the following expressions for the 


- conversion coefficients: 


E 
et apn 1+Z da En dP eed ds (29) 
1 


Here pac is the amplitude of the sound wave inci- 
dent from the conductor; abu and ape are ob- 
tained respectively from d, and (- 1) di by re- 
placing the parameters of the outgoing sound 
wave by the parameters of the incident wave 


(Pac > Pac etc). 


Conversion of Electromagnetic Waves into Sound 
Waves in a Conductor 


The coefficients of conversion of electromag- 
netic waves (incident from air) into sound waves 
(propagating in the conductor) are 


PaclHn = — Par {(1 — Z,) db" +. Z,d8"}/d, (1 — 2), 


PaclEn = — Par{(1 —.2y) d?" + Z,a2*3/d, (1 —Z)e (30) 


Here Ey and Hy are the amplitudes of the incom- 
ing TE and TM waves; 


Zsa = Vetx/P 91 Ax, Za = Vax /ParGx; 


pH 226 cos Pet ere 
ds ae Cae sin Q,. COS , aa el = COS Py ) ; (31) 
2 cos @, “i 7 32 
ds” = = Max Sek ( & cos 9’, ++ £cos qa) ; (32) 
a 


apH and ape are obtained from dye and ap® by 
making the substitution 
Ca—> — Na» Na—Ga- 
Conversion of Sound into Electromagnetic Waves 
in a Conductor 


When sound is incident from air, the conver- 
sion coefficiehts are 


Is1 — 2d, Ja es 2dz3 . 
me Gil fel ee oe Seay (33) 


cB cos @,, sin eS ye 
Oo pt te tO) [Meckale 


Ss COS Pay 7 
Tee May ‘sin Q, Sin @, eee 4 ae slece Taz} 5 (34) 
d3 is obtained from d, by making the substitutions 
$4 —- —Ng and Ng — fg. When the sound is incident 
from the conductor we have 


jus|/Pac = (1 +2Z) dz — (1 —Z) dtd, (1 —Z), 
jalPac= — {(1 +Z) ds — (1 —Z) di” $/ds (1 —2Z). (35) 
Here aslp and dP are obtained from d, and dg 


by replacing the parameters of the outgoing sound 
wave by the parameters of the incoming wave. 


5. INVESTIGATION OF THE CONVERSION 
COEFFICIENTS 


The general formulas become somewhat sim- 
pler if we recognize that the acoustic impedance 


ee 
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of air is small compared with the acoustic im- 
pedance of the conducting medium. Except for a 
small range of angles 


COS P< Pos / pos<<I, (36) 


corresponding to gliding propagation of sound in 
air, we can neglect Z, Zg and Zs} compared with 
unity. When sound is incident from air, the range 
of angles (36) is attained but is of no interest, for 
the sound does not penetrate into the conductor in 
this case!*] and no electromagnetic waves are pro- 
duced. On the other hand, when plane homogeneous 
electromagnetic waves are incident from air or 
sound waves are incident from a conducting me- 
dium, we get 

Ca Li tee (37) 


for all real angles of incidence. 


Conversion of Sound Waves into Electromagnetic 
Waves 


With (37) taken into account, the conversion co- 
efficients assume the following form: for incidence 
from air 


Ee 2B (sin & sin @ac}- COS & COS Y COS Pag) (V i/Q cos Oi COSOVS) 
Pp’ 4 7Q) (4 = ATG) ieee ) ; 
pyse (1 + iQ) (1 — Z) (Vis cos P, 7c £8 Pe (38) 
H, 2B sin 7 cos e (cos p, — V i/Q cos Pag) (39) 
p' pos? (1 + i) (1 — Z) (cos @, — (c/s) V i/Qcos@.,) ” 
for incidence from a conductor 
E, 2B (sine sin Pac Vi/Q cos € cos 7 cos @,) cos Pac (40) 
Pas pase ((s/c) cos Pay —Vi/Qcos p,) (1 iQ)” 
Int ss 2B sin ¥ COS € COS ® a, (41) 


Pac oS (1 + iQ) ((c/s) cos @, — V Qi cos @,) 


The frequency dependence of the conversion 
coefficients is determined principally by the fre- 
quency dependence of the electromagnetic field in 
the modified sound wave, i.e., when w > wg the 
coefficient decreases as w/w with increasing 
frequency. An increase in frequency also brings 
about a modification in the angular dependence, 
owing to a certain redistribution of the contribu- 
tions of the various types of waves, connected 
with the change in the phase velocities of the elec- 
tromagnetic waves in the conductor. We confine 
ourselves in the following estimates to the case 
W~ Wy. 

In different ranges of sound-incidence angles, 
the angular dependences and the orders of magni- 
tude of the electric and magnetic fields of TE 
waves differ appreciably from those of TM waves. 
At normal incidence (y4, < s/c) the electric and 
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FIG. 2. Dependence of the amplitude of the TE wave on the 
angle of incidence of a sound wave from a conducting liquid 
when €= 7/4, y = 7/3, and 2 = 1. The scale unit along the 
ordinate axis is BV2/p,sc. 
magnetic fields of electromagnetic waves are equal 
to each other in air, but in a conducting medium 
the electric field is c/s times smaller than the 
magnetic field. Since the electric field of a TE 
wave lies in the interface, it follows from the con- 
tinuity of E; that the magnetic field of the TE 
wave is c/s times smaller than the magnetic field 
of the modified sound. When ~4. > s/c, the ro- 
tating magnetic field is c/s times greater than 
the electric field, and as a result both fields have 
the same order of magnitude as in the conductor: 


E ~(B/p,sc) p, (42) 


ris amd (B/ Bos) Pee 

The dependence of E and H on the angle of in- 
cidence 4c is a smooth one (Fig. 2). 

Ina TM wave, as ina TE wave, the magnetic 
field at normal incidence is c/s times smaller 
than in the modified sound. However, when 
sin @4c = S/c the tangential component E 
= — Hp COS ~g] vanishes with cos Peg] and the 
electric field in air, which is orthogonal to the 
interface, can greatly exceed the field in the con- 
ductor. As can be seen from (41), the coefficient 
of conversion of sound ina TM wave has at this 
point a very sharp maximum. The magnetic field 
at the maximum is of the same order of magnitude 
as the field in the sound wave (H ~ Bpac/pys’), 
c/s times greater than the value of H for 9), 
«s/c, and (c/s)* times greater than the value 


of H in the surface TM wave (Fig. 3). The half- 
SV H, Hn | 
(7) it 7,| 4 
{ 
(ae 
*4 0 ta 0 Ty 1/2 
a b 


FIG. 3. Dependence of the amplitude of the TM wave on 
the angle of incidence of a sound wave from a conducting 
medium when € = 7/4, y = 7/3, and {) = 1. The scale unit 
along the ordinate axis is By/2/p,c’. a — region of maximum, 
a =(c/s)* (Pac —s/c); b — surface-wave region (sin ,>s/c). 


pee 


“ee 


TRANSFORMATION OF SOUND AND ELECTROMAGNETIC WAVES 


width of this exceedingly narrow maximum, as 
follows from (41), is of the order of (s/c). It 
follows, however, from the dispersion law (8) that 
when the angle of incidence is real, cos yg does 
not vanish: 


cos Qa = VQ, sin Vec/V1 + i2 for sin Pac= = (43) 


(we put 2, = 0 in sin 6,,). Therefore when 
com > s/c we can neglect cos gy, in the denomi- 
nator; the height and the width of the maximum are 
respectively 1//Qy and (s/c)?VQ,. 

It is obvious that a similar dependence of the 
conversion coefficient on the angle of incidence 
should occur also when the conducting medium 
is a crystalline solid. 

It is seen from (38)—(41) that the conversion 
coefficients are anisotropic. We can point out the 
singular cases when there is no conversion of 
acoustic oscillations into electromagnetic ones. 
For this purpose it is obviously necessary that 
the sound propagate in the conducting medium 
along the magnetic field, for in this case neither 
fields nor currents are induced. When the sound 
is incident from the air, the refracted sound wave 
propagates along the magnetic field without inter- 
acting with it if y=0 and gag =€ +7/2. As can 
be seen from (38) and (39), the conversion coeffi- 
cients for both electromagnetic waves vanish in 
this case. When incidence is from a conductor, 
in view of the fact that both the incident and the 
reflected sound wave must propagate in the liquid 
in order to have no induction along the magnetic 
field, there is no connection between the acoustic 
and electromagnetic oscillations only if the mag- 
netic field is perpendicular to the interface 
(e = 7/2) and the wave is normally incident 
(Pac = 0). We note also that when € = 7/2 or 
€=0 and y=0, only a TE wave is produced 
in the air, and when « = 0 and y=7/2 onlya 
TM wave is produced. 


Conversion of Electromagnetic Waves into Sound 
Waves 


The coefficients of conversion of electromag- 
netic waves incident from air into sound waves 
in a conductor, subject to condition (37), are 


Dae B sin ¥ COS € COS @ gy (44) 
H,  2n (1 -+ 19) (cos @, + (s/c)V Q/i cos@,) ’ 
Bex B cos Par (sine sin @, ++ COS € COS ¥ COS Pq) (45) 


BE 2 (1 + iQ) (cos @, + (s/c) VO/i cos G4) 


Upon incidence of homogeneous plane waves 
(ye real), by virtue of Snell’s law (17), the sound 


857 


and electromagnetic waves propagate in the con- 
ductor normally to the interface. This makes it 
possible to simplify expressions (44) and (45) fur- 
ther, by putting sin gac = sin Mac = sin Gg = 0: 


d , 
joes B sin ¥ cos € cos Py 


Hy 2112) (605 ¢4 — (VBI) ee) 


he B cos Pet COS & COS ¥ 
Be 2m (1-+ iQ) (4 — (s/c) V Q/i cos Par) J 


(45’) 


We note that in the calculation of the principal 
terms of the coefficients of conversion of sound 
into electromagnetic waves we neglect in this ap- 
proximation the presence of the acoustic field in 
the modified electromagnetic wave. Accordingly, 
only the acoustic field of the electromagnetic wave 
plays a role in the conversion of electromagnetic 
waves into sound. 

The conversion of electromagnetic waves into 
a sound wave and vice versa is also of interest in 
investigations of the properties of solids. In this 
case the angle relationships differ from those ob- 
tained for a liquid and will be calculated separately, 
but the orders of magnitude of the conversion co- 
efficients remain the same: 

p~ BH' /4x(1 + iQ), H ~ Bp’ / pos? (1 + iQ). 

These estimates are valid down to low tempera- 
tures such that the mean free path 7 of the car- 
riers (electrons) is still considerably less than 
the mean free path of sound x and the skin depth 
6, i.e., when 


9 
O, {026 


s 
o< Esty Oba ee k> l, (46) 
1 ¢ © . 408 

Ove — ~~ —_ , 6 ; 

OS (4n)" v0 Vo Vo > l (47) 


Here vy) ~ 10° cm/sec is the Fermi velocity and 
Wp ~ 1015 sec-! is the plasma frequency of the 
electrons. Since v,/s > 1, this automatically 
guarantees the inequality wr <1. Let us also 
rewrite these conditions in different form 


(46’) 
(47’) 


Q Ss 0,c2s"8 (w/w)? ~ 107 0?, 
Q*2 SS v,¢?s-? (w/w,)?. 


The authors are grateful to S. Ya. Braude, dis- 
cussions with whom suggested this work. 


APPENDIX 


In connection with the vector character of the 
electrodynamic boundary conditions, the use of 
the Laplace theorem leads to appreciable simpli- 
fications in the calculation of the conversion co- 
efficients. 
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Let us examine the fourth-order minor ob- 
tained by crossing out the last two lines and any 
columns from the determinant of the system (21) 
(or from determinants derived from it by 
Cramer’s rule). These determinants are made 
up of vector components and have the form 


a a2 a3 ag 


by bz b3 bg i (A.1) 


d= 


where a, stands for the column (ase ) , and for 
vA 


d we obtain 


d= 2 


i<k, l<m 
We note that the sum contains only six non-vanish- 
ing terms (€jkJm is an anti-symmetrical unit ten- 
sor). In the calculation of determinants with the 
aid of (A.2) we use the following corollaries of 
(13) and (14): 
[Canl, = — nex COS Pe,/sin g;, 
[Gn ae ae cot®@;, 


Eiklm [azae]x [bbin]x- (A.2) 


[nam], = Cre COS Pe1/sin @;, 
Inn], = cotg;. (A.3) 
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The text uses the following notation for the 
minors d: the lower index denotes the number of 
the column, crossed out together with the sixth 
column; the upper pair of indices denotes in which 
column and for what incident wave the change was 
made in accordance with Cramer’s rule. 
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A model is considered in which the muon and electron mass difference is caused by the inter- 
action of the muon with a hypothetical neutral vector meson y. Possible manifestations of this 
interaction are discussed. The interaction of the muon neutrino and the baryons with the x 


mesons is analyzed. 


INTRODUCTION 


i all experiments performed so far, the interac- 
tions of the electron and the muon are identical, 
whereas the masses of these particles differ by a 
factor of more than 200. One can imagine two pos- 
sibilities: 1) either subsequent experiments will 
continue to give no evidence for a difference be- 
tween the electron and muon interactions, or 

2) through increased accuracy of the experiments 
and an analysis of the properties of the muon at 
small distances, some ‘‘anomalous’’ interaction 
of the muon will be observed, which is absent in 
the case of the electron. The second possibility 
seems to us more natural. As will be shown be- 
low, the experiments carried out up to now still 
leave very much room for a possible anomalous 
interaction of the muon. 

For definiteness, we shall consider a model 
in which the anomalous interaction is given by the 
interaction of the muon with a hypothetical neutral 
vector meson y. Such a model has a number of 
attractive features: it is renormalizable, it gives 
finite results in a number of cases, and itis y; 
invariant. On the other hand, many of the rela- 
tions between various physically observable quan- 
tities established within the framework of this 
model should also be qualitatively valid in other 
models, as, for example, in the case of an anom- 
alous four-fermion interaction. 

The anomalous interaction of the muon with a 
hypothetical intermediate neutral boson has been 
considered in a number of theoretical papers. 
Schwinger, §4] Cowland, {?] and Gatland!*! have 
discussed a model with pseudoscalar and scalar 
mesons. Jouvet and Goldzahl!‘] considered also 
several aspects of the vector model with which 
we are concerned (see below). A neutral vector 
meson x, if it exists, can interact not only with 


the muon, but also possibly with certain other 
particles. The larger the number of particles 
which interact with the y meson, the more nu- 
merous and varied will also, of course, be the 
possibilities for an experimental verification of 
the model. 


1. INTERACTION OF THE x MESON WITH THE 
MUON 


Let us, then, assume that there exists an inter- 
action 


V Ant WYP es 


where f is a dimensionless constant and xq is the 
wave function of the x meson field. In the follow- 
ing we shall call this interaction the f interaction. 

The constant f and the mass of the xy meson 
are parameters of our theory which must be deter- 
mined from experiment. We shall consider only 
values of f< 1. The only ‘‘justification’’ for this 
restriction is the absence of a theory of strong in- 
teractions. For f > 1 we would not be able to em- 
ploy perturbation theory. The possibility f? = e? 
=Q= Uh 31 appears particularly pleasing to us. 

1. The mass of the muon. The interaction of 
the muon with the x meson might explain the dif- 
ference between the masses of the muon and the 
electron. One could think that the bare mass of 
the muon becomes equal to the mass of the elec- 
tron if the x interaction is ‘‘switched off”’ (mp 
=mMe). Since for f< 1 the normal polar type 
mass correction due to the graph of Fig. 1 is 
small, 

a of SP A? 

» Ax m2 ‘ 


bm, 


one can assume that the main part of the muon 
mass mj (my ~ m,,) is due to a modification of 
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FIG. 1 


the f interaction at small distances (r < 1/A). 
This ‘‘explanation’’ of the mass difference between 
yw and e is no better or worse than the widely 
known explanation of the mass difference between 
e and vp by the fact that the electron has an elec- 
tric charge. For in this case the normal electro- 
magnetic mass correction of the electron is also 
small, 


0’ de? 2 
OM, = Me pea pes : 
PRE 


and the main part of the electron mass is due to a 
modification of electrodynamics at distances r 
S1/A. 

2. Universality of the weak interaction. The 
presence of the f interaction should lead to a 
lowering of the value of the weak coupling constant 
for ~ mesons. For example, the p-decay constant 
should become smaller than the vector constant for 
B decay. The ratio of the probabilities for the de- 
cays 7—yu+v and m—e+-y, as well as for the 
decays K—yw+vp and K-—-e+p, should become 
smaller than predicted by the theory of the univer- 
sal V-A interaction. This can be easily understood 
physically: part of the time, when the muon goes 
over into the state w+ y, it cannot participate in 
the weak interactions. Let us consider, for ex- 
ample, the correction due to the f interaction to 
the decay of the muon 4—e+v+v. The effective 
decay constant G, will be equal to 


G,, = GZ", G —— 10-°my’, 


where fate is the renormalization of the » func- 
tion of the muon owing to the f interaction. 

It is natural to expect that the larger renormal- 
ization of the mass of the muon 6m gives rise to a 
large renormalization of the y~ function 7 sas bre 
fortunately, the relation between 6m and Z, es- 
tablished on the basis of Lehmann’s spectral rep- 
resentation !*] is rather weak: 


dm, = m, — mM, = = Z,\ [m,o, (x?) + xo, (x?)] dx?®, 


0 


Zp =1+ \ 6, (x?) dx?, 
0 


where the spectral functions 0; and o, satisfy the 
conditions 
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51 (#?) > 0, Gy (x?) S Op (x*) > — G, (x*). 


In first nonvanishing order of perturbation theory 
(see Fig. 2) 


2 = = 1b (P/4n) dn (A/a), 
which gives 


(G — G,)/G = (P?/8x) In (A2/m}). 


M 
x 


NI 


FIG, 2 


The analysis of the experimental data indicates 
that this quantity is not larger than 5%, and may 
even be equal to zero (taking electromagnetic 
corrections into account ). [6] This imposes defi- 
nite restrictions on the value of f, my, ana” At 
Thus, for f= yop my = 10 Bev, A = 1000 Bev, the 
quantity (G—G,)/G would be larger than 10%. In 
the following we shall consider two possibilities. 
In this and the next section, we shall consider a 
scheme in which only one type of neutrino exists. 
In such a scheme we expect a violation of the uni- 
versality of the weak interaction, although we 
cannot now predict the extent of this violation. 

The second possibility, which will be consid- 
ered in Secs. 3 and 4, is to preserve the univer- 
sality of the weak interaction even for values of 
f close to unity by assuming that there exist two 
types of neutrinos, [7,8] 9 muonic, Vi» and an elec- 
tronic neutrino, vg, and that the muonic neutrino, 
like the muon, interacts with the x meson through 
the f interaction. 

3. Anomalous magnetic moment of the muon. 
The magnetic moment of the muon with account 
of the electromagnetic corrections is equal to G63 


= ge/4m,, g/2 =1 +a/2n + 0.7507/n? = 0.001165. 
The inclusion of the graph of Fig. 3 would lead to 


an increase in the value of g: 


§ is 
4 


7v 
0 


x? (1 — x) dx 
2 F (m,jm,)? (fx) * 


Lei7/2 = g-/2 +4; 


For my/my < 1 we have* 


*This formula is contained in a paper by Jouvet and 
Goldzaht. [*] 
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Recalling that experimentally!!0] (g/2 Jexp 
= 1.001145 + 0.000022, we assume 


(P/3x) (m;/mx) < 1075, 


From this we obtain the following limit on the 
mass of the x meson: 


tye AO0m sf = L0ttpnar yt. 


4. Four-fermion yy interaction. The exchange 
of x mesons should lead to an effective interaction 
between muons (see the graph of Fig. 4). This in- 
teraction has the form 

4 


mf? = = 
AEG (Zot) (Zou), 


FIG. 4 


where k is the four-momentum transferred by the 
xX meson and the u’s are the spinors of the muon 
field. For k? « mi, this interaction has the form 
of an effective four-fermion interaction 


F (@att) (Watt). 


The data on the anomalous magnetic moment of 
the muon limit the possible values of the constant 
F: 

F = Anf?/m2 <= 12n?-10-°/m?2 = 1/10 mi, .y- 


The presence of such a py interaction should, 
in particular, lead to the creation of muon pairs 
by muons in the Coulomb field of the nucleus (one 
of the four graphs for this process is shown in 
Fig. 5). The contribution of this graph must be 
compared with the contribution of the pure elec- 
trodynamic graphs of the type of Fig. 6. The con- 
tributions of these graphs are comparable if 


x ode wirlhiealiines 
# yt 
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prim, = e/k®, or Vk? = 10 m, = | Bev. 
Here e? = a= ¥,57, and k is the total four-momen- 
tum of the pair. Vk? is the energy of the created 
pair u* +p in its center-of-mass system (c.m.s.). 

5. Production and decay of the x meson. If the 
energy of the muons is sufficiently large, they can 
create x mesons by scattering in the Coulomb 
field of the nucleus (two graphs of the type of 
Fig. 7). The cross section for this process 7 
can be computed by the Weizsicker-Williams 
method if the cross section Ovy of the correspond- 
ing photo process y + u— x + uw is known. The 
cross section 0, is easily computed and is equal 
to 

Oyy = (2naf?/w?) In (w?/m;). 


Here w is the total energy of the photon and the 
muon in their c.m.s. (in deriving this formula we 


have assumed w => my > mi). 


FIG. 7 


For the cross section 07, we have 


* Z2a dq? dw? 
i ae ae Gwe Ome 


Taking account of the fact that the finite dimensions 
of the nucleus ‘‘cut off’? the momenta Vq? > qy 
(qo ~ m,A7*/8, where A is the number of nucleons 
in the nucleus ), and that the conservation laws 
prescribe that the minimum value of Vq2 is equal 
to Vaeain = m}, /2E (E is the energy of the muon 
in the laboratory system ), we find that for ener- 
gies E < Ey =m}/2q) (aj « dinin) the cross 
section for production of x mesons is small owing 
to the ‘‘friability’’ of the nucleus. The main con- 
tribution therefore comes from the creation of x 
mesons, not on the nucleus as a whole, but on the 
separate nucleons in the nucleus. For a single 4 
proton (q$P? ~ 500 Mev/c) with Ey > m3, /2q$P? 
Ox = 10-85 — 10-*4 em? 

The lifetime of the y meson with respect to the ; 
decay yu" +p, computed in perturbation the- 
ory, is equal to 


— 1/f?my 


Ne 

Hence the x meson should decay within a very ee 

short time (1077 to 107”° sec). 

In Secs. 2, 3, and 4 we shall consider the pos- 
sible interactions of the x meson with other par- 


— 
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ticles. These interactions would imply the possi-_ 
bility of the decays y~v+v, x—nt, x—~>K+K, 
etc., the corresponding decay rates being compa- 
rable with the decay rate for y— w* +y. 

6. Interaction of the y meson with the photon. 
Since the x meson and the photon are vector par- 
ticles, the transition y~—-y is possible (Fig. 8).* 


The perturbation theoretical amplitude for this 
transition for small k* is equal to 


Myr = R2 (ef/300) In (A2/m2), 


where k is the four-momentum of the photon and 

dX is the cut-off parameter. The occurrence of 
this transition implies that all charged particles 
(electron, proton, etc.) interact with the. y meson, 
where the coupling constant is equal to 


f’ = (af (3m) In (2 / m2). 


For A ~1000 Bev we have f’ = 0.02f. 

Thus there occurs, for example, an effective 
four-fermion interaction between the muon and 
the electron 


F’ (ty¥,Uy) (Ue atte), Where F’ ~ 10°? F. 


We also obtain an interaction between the electron 
and the proton F”(UgYqUe)(UpYqup) and between 
two electrons F”(UeYqUe)(UeYqUe), where F” 
10) Be 


2. INTERACTION OF THE x MESON WITH THE 
MUON AND WITH BARYONS 


Up to this point we have only considered the 
interaction of the y meson with the muon. Let us 
now discuss what observable effects would arise 
if the x meson could also interact with strongly 
interacting particles. In the spirit of the Sakata 
model it is natural to consider the interaction of 
the x meson with the baryon current J. In choos- 
ing a baryon current J which interacts with the x 
meson there is some arbitrariness. In the follow- 
ing we shall consider two possible forms of the 


current: 
0 a Ay, A, Jgte= PY4P = ny ,N. 


This choice corresponds to a highly symmetric 
scheme of elementary particles. 


*For a detailed discussion of this point seel"], 
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1. Symmetric scheme of elementary particles. 
If there exists only one type of neutrino, then there 
is a symmetry between the three leptons (uy, e-, v) 
and the three baryons in the Sakata model (A, n, p) 
which shows,up in the Lagrangian of the weak inter- 
action, as noticed by Gamba, Marshak, and Okubo. [12] 
This symmetry can be traced down more deeply* by 
assuming that all six particles are degenerate if all 
interactions are ‘‘switched off’’ and that all inter- 
actions are of the form of the electromagnetic inter- 
action and are represented by the interaction of a 
conserved current with a vector field. 

The electromagnetic interaction has the form 


V 4ne (ev,¢ + BY, — PY, p) Ax: 
The strong interaction has the form [14,15] 
V 4m (Ay,A + pY,P + 17,2) b> 


where fq is the field of the neutral vector mesons 
(vectons, in the terminology of [15])_ The switch- 
ing-on of a strong charge g separates the baryons 
from the leptons and gives rise to the baryon 
masses. The introduction of the electric charges 
removes the degeneracy between e and vy and be- 
tween n and p, whereas the degeneracy between 
n and A and between e and uw still persists. This 
degeneracy can be removed by the f interaction. 
Here we can assume that the f charge is attached 
either to the A hyperon or to the nucleons. 

In the first case the f interaction will be of the 
form 


V 4af ory + Ava), 
and in the second case, of the form 


V 40f (My,e 01,2 + PY,P) La 


In this model the f interaction is responsible for 
the difference in the masses not only of pu and e, 
but also of A and n, and the f charge is a kind 
of representative of strangeness. Such a scheme, 
in which all particles are identical if the interac- 
tions are turned off and all interactions are uni- 
versal (the charges of the various particles are 
identical, unless they are zero), is extremely 
symmetric and compact and provides a natural 
explanation of the isotopic invariance and strange- 
ness. 


2. Anomalous scattering of muons. The exten- 
sion of the anomalous interaction to the baryons 
leads to a difference in the scattering of electrons 
and muons by nucleons and nuclei. This differ- 
ence is related to the fact that in the scattering 


*Certain other versions of the symmetric scheme have been 
discussed by the Nagoya group and by Marshak and Okubo. [+3] 


of muons not only the photon graph (Fig. 9), but 
also the x meson graph (Fig. 10) gives a contri- 
bution, whereas the scattering of electrons is de- 
scribed by the photon graph alone. The vertex 
part NNy has the form 


i VC y (9?) + 9,6aeM y (9°), 


where Cy (q”) and M,(q’) are the electric and 
magnetic form factors of the nucleon. 


FIG. 9 


FIG. 10 


The vertex part NNx must have an analogous 
form: 


Ty) =7,C,(g?) +4620 M,(q*). 


The amplitude for eN scattering, corresponding 
to the graph of Fig. 9, is equal to 


2g (UeYqtle) (Uy Ta (q) Uy) 


The amplitude for uN scattering correspond- 
ing to the sum of the graphs of Figs. 9 and 10 can 
be written down in an analogous form: 


eq." (UY Hy.) (Wy, Patt y)s 
Ta. =7,C (9°) + 9,0a5M (q”). 
The deviations of the ‘‘effective’’ 4 meson 


form factors C ( q?) and M ( q’) from the corre- 
sponding form factors of the electron are equal to 


Seen TS Gl: 20,0 
lay i! g—m C(q) ’ 
L0G ad ne aaa OC 
M., (4?) pm? M, (gq?) 


These deviations can be of order unity for q~1 
Bey. Unfortunately, the cross section is in this 
case very small on account of the Coulomb form 
factor. The data!16] indicate that for momentum 
transfers gq ~ 300 Mev/c there is no deviation of 
the observed angular distribution from the pure 
electrodynamic distribution within an accuracy of 
20%. 
In the case of the interaction 


Vat (p12 + 21,2) ep 
it is easy to see that 


EG = LG), 
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where I‘Y)8 is the isoscalar component of the 
form factor I”), 

In the case where the A particle interacts with 
the x meson, the interaction of the xX meson with 
the nucleons can be due only to graphs of the type 
of Fig. 11. One should expect in this case that 


FIG, 11 


for nucleons Cy ~ q’?/mk, My ~ 1/mx. 
3. Pair production by muons. The existence of 
the interaction 


V4af (pr,p + ayn ern) x, or V4nf Ay,A+ 11,0) x, 


should lead to the production of pairs u* + yw in 
nuclear collisions. If the energy in the center of 
mass system exceeds the threshold for creation 
of a real x meson, such pairs will be produced 
through creation of a real x meson with subse- 
quent decay x u* +. In practice such a proc- 
ess should look like the emission ofa u*, uw” pair 
from a high energy star. For f~ 1, the probabil- 
ity for this process relative to multiple production 
processes will be determined by its statistical 
weight. If the energy is sufficiently large com- 
pared to the threshold for yx production, the cross 
section for production of y can be of the order of 
one percent of the total strong interaction cross 
section. For f* =a the probability for y produc- 
tion will be comparable with the probability for 
emission of hard photons with energies larger than 
my. If the energy is insufficient for x production, 
the contribution of the graph with a virtual y meson 
relative to the contribution of the corresponding 
electromagnetic graph will be given by the ratio of 
£?/m% to e*/k’. 


3. INTERACTION OF THE x MESON WITH THE 
MUON AND WITH THE MUONIC NEUTRINO 


1. Universality of the weak interaction in the 
scheme with two neutrinos. If the » meson is the 
only lepton with an f interaction and there exists 
only one neutrino, then the decay 4—e+y should 
occur and the universality of the weak interaction 
should be strongly violated, as shown above. These 
difficulties can be avoided by assuming that the 
neutrinos which appear in the weak current paired 
with uw and e are different particles. [7] Then the 
weak lepton current is written in the form 


864 1 ee Ge 


Ja = (ur, (1 + Ys) ¥,) + x, (+16) ve), 


One further assumes that not only the » meson, 
but also the neutrino v,, has an f interaction: 


V Aah (eth + Ve eMa) Ko: 

We note that the y; invariance of the f inter- 
action insures that the anomalous interaction of 
the vy neutrino will not give it a nonvanishing 
mass if the bare mass mJ, 4 is exactly equal to 
zero. 

In the case under consideration the renormal- 


ized weak coupling constant is equal to 
Gi= Le VeLizeG, 


where Z,, ZS!, and Z} are the renormalization 
constants of the WY vertex parts of the weak in- 
teractions and of the Green’s functions of the 
muon and the muonic neutrino. The correspond- 
ing first order graphs in perturbation theory are 
shown in Fig. 12. The renormalization will, in 
general, be different for the vector and axial vec- 
tor vertices of the Wy current as a consequence 


Vu 


FIG, 12 


of the difference between Z,(V) and Z,(A). How- 
ever, it is easily seen that the divergent terms in 
Zo and Z,; cancel both for Gy and Gg. This is 
connected with the fact that the divergent terms 
in Z, and Z,, which are proportional to In ( M’/m}), 
occur in the region of virtual momenta A’ > k* > m}. 
In this region the mass difference of the muon and 
neutrino can be neglected and the A and V inter- 
actions are indistinguishable, so that the divergent 
terms in Z, and Z, cancel in the same way as in 
the case of electrodynamics. 

The remaining finite corrections leading to the 
renormalization of G and to a removal of the equal- 
ity of ae and Gy are of the order 


P? (m2 | m2) In (m?,/ m?) 
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and are small for f? <1 (my «<my). We note 
that the existence of an interaction between the x 
meson and the muon and the muonic neutrino gives 
rise to a form factor in the uvy vertex of the yu 
decay in the same way as the strong interaction 
gives rise to a form factor in the pn vertex in 6 
decay. This may serve as an explanation for the 
fact that the equality of the B and yw decay con- 
stants is not destroyed by higher corrections in 
the weak interaction. 

2. Interaction of the muonic neutrino. The ex- 
istence of the interaction V 47 f (Yuya Vy )Xq would 
lead to interactions of the muonic neutrino which 
are considerably stronger than in the case where 
the only interaction of the neutrino is the usual 
weak interaction. Sufficiently energetic neutrinos 
will, in particular, lead to the creation of w me- 
son pairs in the Coulomb field of the nucleus 
(graph of Fig. 13). The cross section for this 
process, computed by the Weizsdcker-Williams 
method, is equal to, for E, > 2mi,/do, 


CF LE go qoEy 
——, — In 


m3 2 
my 


om~ 


where qo is the maximal momentum which can be 
transferred to the nucleus. For F = Yj mi, 


FIG. 13 


Z = 82, Ey ~ 10 Bev, this cross section is of the 
order of 10-* to 107%! cm?. 

Since the y meson interacts with the electro- 
magnetic currents with a strength given by the 
constant f’ (see Sec. 1, item 6), the muonic neu- 
trinos will also have a similar interaction with a 
strength given by the constant F’: We note that 
an interaction of this strength is excluded for the 
electronic neutrinos by the experiment of Reines 
and Cowen, /!7] which gives the upper limit o 
< 10°" cm? for the cross section of the scattering 
of a B decay neutrino by an electron. 


4. INTERACTION OF x MESONS WITH MUONS, 
NEUTRINOS, AND BARYONS 


In this section we shall consider the case where 
the x meson interacts not only with the current 
MY¥qut VuVor Vy» but also with the baryon currents 


ny,n-+ py.p, or Ay,A. 
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In this case the scattering of the neutrino by nu- 
cleons will be described by the graph of Fig. 14. 


FIG. 14 


For an interaction of the first type at small ener- 

gies, where the nucleon form factors are unimpor- 
tant, the cross section for the scattering of a neu- 
trino by a nucleon will be equal to 


F2 E* 


6 wag (E/my))* 
fm, £4228) m,, 


ks 
3 (1-++ 2E/ my)? |’ 


where E is the initial energy of the neutrino in 
the laboratory system and my is the nucleon 
mass. 

Beginning with an energy of order 1 Bev, where 
the cross section reaches values of order 1073! 
em? (for F = ('4,)myy), the cross section will cease 
to increase because of the nucleon form factor. 

In the scattering of a high energy neutrino by 
nucleons and nuclei the cross section for inelastic 
processes with creation of 7 mesons and strange 
particles will make up a considerable part of the 
total cross section. We note also that an interac- 
tion of this type can lead to the emission of », v 
pairs by metastable nuclei. 


CONCLUSION 


On the basis of the preceding analysis of the 
anomalous interaction of the ~ meson we can draw 
the following conclusions: 

1. If there exists only one neutrino, one may ex- 
pect a violation of the universality of the weak in- 
teraction. 

2. If there exist two neutrinos, one may expect 
that the muonic neutrino has an anomalous inter- 
action. 

The available experimental data do not exclude 
the possibility of neutrino cross sections of order 
10-3! cm?, so that the corresponding experiments 
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are not in contradiction with our arguments. One 
may think that some of our conclusions are not 
specific to the model considered by us and will 
therefore also be valid for more general forms 
of the structure of the anomalous interaction. 

The authors thank A. I. Alikhanov, A. A. An- 
sel’m, V. N. Gribov, Ya. B. Zel’dovich, B. L. Ioffe, 
V. A. Lyubimov, V. B. Mandel’tsvaig, I. Ya. Pom- 
eranchuk, and B. M. Pontecorvo for numerous dis- 
cussions of the theoretical questions related to our 
model and of the possibilities of its experimental 
verification. 
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The analytical properties of the simplest square diagram of perturbation theory are inves- 
tigated for the case in which the masses of the external particles do not satisfy the condition 


of stability. 


i In a previous paper by the writers [1]* 4 study 
was made of the analytical properties of the sim- 
plest square diagram with arbitrary masses 

(Fig. 1). The specific form of the dispersion rep- 
resentations with respect to energy and momentum 
transfer (43; and po,) for the amplitude A of the 
diagram was found for any values of the external 
masses that satisfy the condition of stability: 


pi, = (m2 => m2 —p2) | 2num, > — 1, 


From the study made in I it could be seen that 
as soon as one of the masses (for example, 4.) 
has a value that makes decay possible, the corre- 
sponding singularity of A‘) (yo, fe3) [Eq. I (12)], 
from which the integration over 43 starts in the 
dispersion integral for A [Eq. I (29)], goes off 
into the complex plane; this means that there is a 
complex singularity of A (yj) as a function of 
M43, and therefore Im A = 0 for all real j43 and 
Mod: 


FIG, 1 


In the present paper we shall show that in the 
decay case the imaginary part of A is determined 
not only by the usual absorption part of the scat- 
tering A;(44;) [Eq. I (2)], but also by the decay 
absorption part Ag(yj,). The latter is different 
from 0 for all 443 and fy. This result, obtained 
by analytic continuation with respect to the ex- 
ternal masses, obviously agrees with the unitarity 
condition, from which it follows that for a decay 
value of the mass py) the imaginary part of the 


*In the present paper we use the notations ofL}), which is 
hereafter cited as I. 


process comes not only from the fact that a real 
intermediate state with particles 1 and 3 exists, 
but also from the existence of a real state with 
particles 1 and 2, through which the process can 
go (see below, Fig. 3). Thus in the decay case it 
is possible to write A either in the form of a dis- 
persion integral over a complex path of p43 (or of 
Ha4), or in the form of the integral along the real 
axis of 43 (M24) from —- to » of the absorption 
parts A, and Ag (or A, and Aq).* 

It is obvious that the results obtained not only 
are valid for the diagram considered, but to some 
extent characterize the analytic properties of any 
decay process involving four particles. Moreover, 
since in the decay case a given diagram can be 
regarded as the simplest diagram with five exter- 
nal lines [two external lines at the vertex (12)], 
the existence of complex singularities and absorp- 
tion parts with respect to different variables (of 
the type of energy and mass) is for five-branch 
vertices (and for many-branch vertices) already 
a general rule, which does not arise as an excep- 
tion for certain masses of the particles involved, 
but always exists for definite values of the exter- 
nal parameters (including physical values of these 
parameters ). 

2. We consider the case in which only one mass 
M4. has a decay value, and shall set the others, [Up3, 
M34, and j44, equal to each other [the definition of 
the amplitude A is given by Eq. I (1)], that is, 


Pes = aa fa (1) 


According to the analysis carried out in I, the con- 
dition (1) means that the singularities of A; that 
correspond to these masses— A*(jsq, fy4) and 
A*(Uo3, Mg) [ef. Eqs. I (12) and I (13)] —are not 


*A, is the absorption part that corresponds to conditions 
in which p,, is the energy and p,, is the momentum transfer 
(Fig. 5, a). 
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singularities of A (normal case with respect to 
these masses ). 

This simple symmetrical case contains within 
it all the essential features of the decay diagram, 
and at the same time is free from the superfluous 
complications characteristic of the case of differ- 
ent masses, which are of no importance in prin- 
ciple. Later we shall indicate the main differences 
that arise in the general case; they will follow di- 
rectly from the analysis of I and the considera- 
tions given here. It follows from Eqs. I (12) and 
I (13) that for equal masses the singularities of 
the absorption part A, are of the forms 


Am = AM (1154, 1a) = AM (1199, sa) =1 or 2u*—TI, (2) 


for the upper and lower signs, respectively, and 
ae (Ure) = nse (12) tes) = ad (M12, L414) 


= 52+ VP). (3) 
Analogous simplifications can also be made for the 

_ singularities of O(u43) and O(p,) (cf. I), but their 
analytic form is not important, and they are shown 

, graphically for the case in which we are interested 
in Fig. 2 (curves I—V). 


a (bp) —~ 
Xe 


1 O° Au) +1 


FIG. 2 


Let us use the results of I for the case 64) + 693 
+ O34 + O44 < 27, O03 = O34 = O44 < 7/2, O42 <7. Fig- 
ure 2 shows the positions of the singularities of the 
absorption part A, in this case. For p24 >1 we 
have the dispersion relation [Eq. I (29)]: 


ie Ay (Yaa, 5) du, 


A (443, 24) = ee \ (4) 


+ Aan(tis, tea); 


Ce Chea kt 
A(—) (P12) ’ ' 
A Ee \ (Hat His) His (5) 
an(l13» fsa) = — 7 ne ceri 


sai! 


p= Qn [VK (p,,)]"?- (6) 


Ai(Hik) and K (yj,) are defined by the formulas: 


iat { V+V (w,—1)K (uy) 
VK (Pe) V—V (p2,—)K (uy) ” 
V = (113 — 1) [eee (tras + 1) —2 (2 + 2]; (7) 
K (1,,) =(2,— 1) (u2, — 1) — 2p-(1113— 1) (oa— 1) (pe + 42) 
+ (u?— 1) (2 ~p42)?. (8) 


As compared with the analogous formulas I (3) 
and I (5) we have changed the sign in Eq. (7) and in 
the first term of Eq. (4). In the integral (5) VK 
=i|V¥K |: 

For py < A‘) (j49) [cf. Eq. I (55)] we have 


p (P45 » Haq) 


eit , i 
A (443, tea) = Za \dv, du 


SF Aaa toa) (9) 


AC) (p12) ’ £ 
* i p (p ? Mo4) Aig 
Aan(t'13; boa) = rie 4 
AC Big — Py3 


A(-) , , 
2b P (P43) Haq) du, 


ni Hig — Phys 


(10) 


ey (P24) 


for by4 > uy, [uy is the point of reversal of the 
curve of Oyy(443), cf. Fig. 2], and 


A(-) (ty2) , , 
Co Plage Hy) diy, 


at 
A(-) Mig — Big 


(11) 


with [pq < Hq. 

In the first term of Eq. (9) the integration is 
taken over the region inside the curve II and VK 
> 0. In Eqs. (10) and (11) VK = -i|VK |. As 
was shown in I, with these definitions curve II is 
not a singularity of the amplitude A. 

3. The formulas (4) — (11) are analytic in py, 
and therefore we can continue them in this vari- 
able and obtain a representation of the amplitude 
A for the decay case. The point py. = —1 is ob- 
viously a singularity of the function A, and there- 
fore the passages around this point by the paths 
M42 + ie lead to different results. The Feynman 
amplitude (with negative imaginary quantities 
added to the internal masses) corresponds to the 
path py.—i¢. With this path all of the formulas 
(4) — (11) hold as before, but the point A‘) ( 1149) 
of Eq. (3) goes off into the upper half-plane. This 
means that in the variable p43 (and by symmetry 
also in f)4) the Feynman amplitude A for the 
diagram of Fig. 1 with the decay mass has a com- 
plex singularity in the upper half-plane. Thus 
there is no region on the real axis of 43 in which 
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Im A = 0, and the dispersion relation in p43 con- 
tains an integration over a complex path. Since 
the singularity lies in the upper half-plane and 
there are no complex singularities in the lower 
half-plane, we can write instead of the relations 
(4) — (11) with a complex path relations on the real 
axis of 43, but with infinite limits. 

Let us examine the case fy,>1. Then we have 
from Eqs. (4) and (5) 


1 ’ , 
4 \ Aj (Hy3> Pog) Pg 


A (ig, Hos) = — n ae ba 
aes 13 13 
-++co . ’ 
ag \ Ay (His: Pog) Ey (12) 
e a) Hig — Pas 
Aq(v,) =Im Aan (His = Ps — 78). (13) 


The specific expression for Ag(yj,) for the dia- 
gram of Fig. 1 can be obtained directly from Eq. 
(13) if we note that it follows from Eqs. (5) and 
(18) that: : 


A‘) (p42) , , 
i P (Migr Mog) Hy5 
Ag (tis, los) = — — eS 


4 (SS) M3 es His 
A* (42) 


, (14) 


if in Eq. (5) the path from the point —1 runs off at 
once into the complex region. 

The calculation of the integral (14) is not espe- 
cially difficult, though it is somewhat cumbersome. 
We are much more interested, however, in the 
physical meaning of Ag(yj,) than in the concrete 
expression, and therefore we shall conduct the cal- 
culation of Ag(ujix) in a different way, which leads 
to the same result as Eq. (14), but is much more 
closely connected with the physics. 

The region fy, > 1 and p43 > —1 (region I of 
Fig. 2) is the physical region of the reaction in 
which particles with momenta py. and py)3 are con- 
verted into particles with momenta pz, and py, 
(P42, Po3 — P34, Pig). In this region, for py < —-1, 
the imaginary part of the amplitude A can be found 
from the relation of unitarity and is equal to the 
sum of the absorption parts which correspond to 
the fact that the process goes through real inter- 
mediate states with particles (1, 3) and (1, 2) 

(Fig. 3,a andb). (In Fig. 3 the lines that separate 
the initial and final states in the unitarity condition 
are marked with crosses. ) 

The state (1,3) leads to the appearance of the 
absorption part A,, which is given by Eq. (7) in 
the region p43 < —1 and is zero for py3 > —-1 
(Fig. 3, a). Therefore Ag in the physical region 
H43 < —1 is the decay absorption part with the in- 
termediate state (1,2) (Fig. 3, b). For 43 > —1, 
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P23 


FIG, 3 


My4 > 1 there is no physical region of the direct 
reaction (p42, Po3 — P34, Pag), but here (in region 
IV, Fig. 2) there is a physical region of the re- 
action (p44, Pe3 — P34, Pig). The diagram of Fig. 1 
has no absorption part in the energy of the cross- - 
ing reaction, (p)3 + py4)? but in this region it does 
have a decay absorption part Aq (Fig. 3, c), which 
is then the imaginary part of A. 

In the two physical regions we can find Ag from 
the unitarity condition, and of course get the same 
expression in both, 


Ae i, Vt St) (0d 
VE UR) yy GE RL 


Va = Probables + pt (Pag + Mea) + [Bae (lf — Pas) + 1]. (15) 

Outside the physical regions the imaginary part 
of A will coincide with the sum of the absorption 
parts wherever the analytic continuations of A, 
and Ag are real. As is shown in I, A, is real 
right up to the curve II (Fig. 2). As for Ag, if the 
expression (15) is defined as real in one of the re- 
gions I or IV, it must be complex in the other. 
Since in the physical regions Ag must be a real 
function, we cannot define the decay absorption 
part as the expression (15) with the principal value 
of the logarithm in region I (or IV) and as its 
analytic continuation in region IV (or I). But if 
we take Ag as real in both regions I and IV, as 
follows from the unitarity condition, then in the 
intermediate region —1< p43 < 1 we get different 
values of Ag, depending on which region, p43 > 1 
or 43 < —1, we start from for the continuation of 
the expression (15). 

This, however, is only a seeming ambiguity. 
The formulas (4), (5), (12), and (14) do not contain 
it. The ambiguity is due to the fact that in the term 
Aan in Eqs. (4) and (5) we can integrate over paths 
leaving the real axis at different points, i.e., in 
Eq. (5) we can separate the integrals from the real 
axis —1 to some point jj3. In Eq. (14) this would 
correspond to different points of intersection of 
the path of integration with the real axis. This 
would also lead to redefinition of A, and Ag and 
to different points j4,3, up to which the decay ab- 
sorption part (15) is defined as the analytic contin- 
uation from the right or from the left. If we have 
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the formulas (4), (5), and (10), then the redefinition 
of Ag, Eq. (15), occurs at the point yy3 = —1.* In 
the decay case the point 43 = —1 is the only re- 
maining real singularity of A. We can redefine 


the point 443= A). Then 
ae , , At) , , 
£4) 1 Ai (By3> Mog) Uys i P (MygsMoy) Ait y5 
A (1433, Hea) = ea 7 in \ ; 
—co Big Ps Ve ago Pig 
+00 , ’ , 
1° Ag (Myg> Mog) Ap 
—— \ d M13? Boal 3 (16) 


eer i. a8 

The formula (16) has the convenience that its 
first two terms are easily continued into the re- 
gion /,< 1, and give the first term in Eq. (9). 
Since all of the formulas remain analytic up to 
Mo, = AW, Eqs. (12) and (16), with A, and Ag 
defined by Eqs. (7) and (15), remain valid in this 
entire region. 

4. In the region pp, < A let us first consider 
values po, < —1, since they are of the greatest in- 
terest. Using the same transformation as in Eq. 
(12) on the integral (10) over a complex path, to 
convert it into an integral over p43 from —~- to 
+o, we can identify the various terms in the imag- 
inary part of A with the absorption parts that arise 
in the physical regions. 

The physical region for the reaction of decay of 
particle py) into py4, P23, P34 is in the lower left 
quadrant of Fig. 2. In this region the imaginary 
part of A is given by three absorption parts Ag, 
A;, and A, (Fig. 4, a, b, c). The concrete forms 
of A; and Ag for the diagram in question are 
given by Eqs. (7) and (15), where the logarithm is 
defined as the principal value inside curve II of 
Fig. 2. The quantity A, (Fig. 4,c) is the absorp- 
tion part that arises owing to the fact that for [4 
< —1 the decay can go through a real intermediate 
state with particles 2 and 4. The concrete form 
of A, is obtained from Eq. (7) by the interchange 
M43 = Ma4- In the lower right quadrant there is the 
physical region of the reaction (po3, P34 — Pi» Pia), 
in which the nonvanishing absorption parts are A, 
and Ag (Fig. 5,a,b). Thus for po, < —1 Eq. (9) 
is equivalent to the following formula: 


i 


1 ¢ Ar (Pigs Boa) M43 
A (ts, bs) ==, | — 


aise) Py3 — Mis 
+ TAG (Hy, Aa (gy Hyg)] aby 
a [Aa (Hig Hag) FA 2 (Hag Hae!l Mas (17) 
* —oo His oi Pas 
*As we go around the point p,, = —1 the integral (5) gets 


just the added imaginary part that returns the logarithm (15) to 
its principal value. 


. B, 
2 ; Pog 2 Do 9 : 23 
Dre Ds Diz P34 Pho 234 
f 4 1 4 1 4 


Diy Diy Diy 


a Pie 


FIG. 5 


It can be shown that the formulas (9) — (11) cor- 
respond to the definition of Ag and A, in which the 
analytic continuation of Eqs. (7) and (15) from both 
physical regions is taken up to the point y4,; = A“. 

Finally, in the region A‘) > po, > —1 the for- 
mula (12) is retained, with A; and Ag defined by 
continuation with respect to uy, from the regions 
II and III; for Ag the redefinition in terms of p43 
is accomplished just as in Eq. (17) for p43 = AW. 

5. If the masses of the particles do not satisfy 
Eq. (1), but, as before, only one mass has a value 
permitting decay, then there is nothing new in 
principle as compared with the case treated in I. 
The changes correspond entirely to the complica- 
tions that arise in I, and are explained by the un- 
symmetrical position of the curves I—IV and the 
appearance of singularities A‘) of A, which cor- 
respond to anomalous masses. This leads to a 
change of the points of redefinition of the absorp- 
tion parts (for example, for pp, >1 the point in 
question does not coincide with the point p43 = —1, 
but is equal to one of the A‘). In formulas of 
the type of Eq. (12) or Eq. (17) there are anoma- 
lous added quantities from the other masses 
(see I). 

If we have a diagram with two masses pj, < —1, 
another decay absorption part appears, and makes 
a contribution in Eqs. (12) and (17). If the decay 
masses are [yj and py3 (two adjacent masses), 
then the singularity of A (,42, 423) in the variable 
43 is on the real axis, and the singularities in 
Hg4 go off into the complex plane. As before, the 
integral (5) will be taken along a real path, but is 
the integral of a complex function, since in this 
case the singularity of p lies on the path of integra- 
tion in Eq. (5). The integral (5) can again be trans- 
formed into an integral from —~ to +~ of the sum 
of two decay absorption parts. The same result is 
obtained in the case of masses located along a 
diagonal. 
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In a certain sense the decay case is even sim- 
pler and more intuitive than the anomalous case 
(cf. I). This is due to the fact that it is more 
closely connected with the unitarity relation, and 
it is from this relation that all of the dispersion 
parts that occur in the dispersion relations for 
the decay masses are obtained. This connection 
is possible owing to the fact that there is no re- 
gion of real pyg and Hg which would be separated 
by singularities from all the physical regions. In 
the anomalous case there is such a region, and the 
analytic continuation of the unitarity condition into 
it is difficult. 


It is just for this reason that the physical inter- 
pretation [2] of the anomalous added terms is not 
directly connected with the unitarity condition. 
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It is shown that for an arbitrary reaction involving the formation of three particles one can 
separate (with an accuracy to terms which are linear in energy) the long-range interaction 
contribution, which is proportional to the pair-interaction amplitudes and cannot be expanded 
into a series in the above-threshold momenta. A separation of this type allows us to deter- 
mine the scattering amplitude for unstable particles at zero energy by analyzing the reac- 
tions in which they are produced. The reactions K* — 27* + 7 and 27° + m+ are considered 


in detail. 
1. INTRODUCTION 


Reactions involving formation of three particles 
are at present the only practical means of studying 
interactions between unstable particles. However, 
it is often impossible to extract information on the 
amplitudes of interactions of unstable particles 
from data on the energy and angular distributions 
in the reactions by which they are produced, owing 
to the complex character of the production and sub- 
sequent three-particle interaction. The only ex- 
ceptions are cases of sharply pronounced reso- 
nances, so that experimental investigations fre- 
quently reduce to searches for such resonances. 
One of the most important theoretical problems 
in this field is to ascertain whether it is possible 
to gain unambiguous information on the amplitude 
of pair interactions from an analysis of reactions 
in which three particles are produced. This ques- 
tion is the subject of many papers, most noteworthy 
of which is that of Chew and Low, C1] who proposed 
to determine the pair interaction amplitude by ana- 
lytic continuation of the amplitude of particle 
production in the momentum transfer variable. 
Several methods have been proposed [2-4] for 
determining the zero-energy amplitude of scatter- 
ing on stable particles from an analysis of the 
reactions near threshold. It was shown earlier 
that the correlation between the momenta of the 
produced particles depends essentially on the in- 
teraction in the final state and can serve as a 
means of determining the scattering amplitudes. 
We shall show in the present paper that it fol- 
lows even from the results of (?/ that the energy 
distribution of the produced particles also depends 


[2] 


appreciably on the scattering amplitudes of the 
particle pairs. 

In view of the presence of interaction in the 
final state, it becomes impossible to expand the 
reaction probability in the momenta of the pro- 
duced particles and to retain only a few terms at 
low energy. The probability of the reaction de- 
pends in essential fashion on the ratios of the par- 
ticle momenta to their possible maximum value at 
specified full energy. Accurate to quantities of 
order ( kr, )?, where k? is the mean square of the 
momentum of the produced particles and ry is the 
interaction radius, this dependence can be deter- 
mined and the reaction probability expressed in 
terms of the pair-interaction amplitudes at zero 
energy and a small number of constant parameters 
[formulas (5) and (6)]. The additional parameters 
are due to the interaction at small distances and 
in the p state of relative motion. The result ob- 
tained allows us in principle to determine the pair 
interaction amplitudes from the momentum dis- 
tribution of the particles in their production re- 
action. 

In Sec. 3 we rederive the results of [7] by ana- 
lyzing the analytic properties of the three-particle 
production amplitude. This derivation is simple 
and clear. 

In Sec. 4 we obtain the distribution over the 
momenta of the pions produced in the T and 7’ 
decays (K* + 21* +7, K* —27n° +7*) as a func- 
tion of the pion-pion scattering amplitudes, a, and 
aj, and one unknown constant parameter in each 
reaction [formulas (18), (19), (16) and (13)]. The 
dependence of the probabilities of both decays on 
the relative-motion energies of similarly charged 
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pions is calculated [formula (21) and Fig. 6], as 
is the dependence on their energies in the K* rest 
system [formula (22) and Fig. 7, the analog of the 
angular distribution ]. 

The best way of obtaining the scattering ampli- 
tude is to study the dependence of the decay 
probability either on the energy difference in any 
of the decays or on the relative-motion energy in 
the K* — 27° + 1* decay. 


2. FORMULATION OF RESULTS 


The main result of (J is that the wave function 
of three spinless particles [masses mj, Mo, M3, 
momenta py, Py, P3, and relative pair momenta 
Kip, kj3, Ko3 i Vk 195K 130Ko3(T1> Toe r3)] has at low 
energies (kjjr) «K 1 where ro is the interaction 
radius) in the region py. ~ P43 ~ P23 ~ Yo (Pil 
=|r,;-—r7,|), accurate to terms of order k?7rj, the 
form 


Phu, Ria, Ros (ry, Tp, rs) Ga C (Riss kis, hos) Yo, 0,0 (r1, Tp, rs) oi (1), 
(1) 


where %,9,9 (Ti, %g, 3) is the exact wave function 
of the three particles at zero energy. C (Kj, ky3, Ko3) 
is a standard factor, which depends only on kj7 and 
on the zero-energy scattering amplitudes of the 
particle pairs, ajz, which will be written out be- 
low. w~’ tends to zero as kjj — 0 and contains the 
dependence on the cosines of the angles between 

p3 and Kio, Pp. and ki3, and p, and ko, raised 

to a power not higher than the first. 

Formula (1) follows almost directly from sim- 
ple considerations, connected with the penetrabil- 
ity of the centrifugal barrier.'2] The factor 
C (Kyo, Ki3, Kg3) takes into account the interaction 
between particles in configurations such that the 
distance between two particles is on the order of 
rq and the third is outside the force radius. It is 
natural for the contribution from the interaction 
in such configurations to be expressed in terms 
of the particle-pair scattering amplitudes. 

If there are no interactions in such configura- 
tions, particles with non-vanishing relative angu- 
lar momenta can penetrate the region py. ~ p43 
~ Po3 ~ Yo Only by overcoming the centrifugal bar- 
rier, the penetrability of which is kph, kph, 
or kph, where A is the angular momentum of 
the particle pair and L the momentum of the third 
particle about the center of gravity of.the first two. 
Therefore, for example in the case of a state with 
zero total momentum, the only states possible 
(accurate to terms quadratic in the momenta) 
are those with L = A =1, and consequently states 
where the dependence on the angles between the 
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momenta contains the first powers of the cosine. 
This is precisely why the function ~’, which 
contains the contribution of the interactions in | 
configurations other than those indicated above, 
depends only on the first powers of the cosines. 
We shall henceforth confine ourselves to states 
with zero total momentum. In this case, obviously, 
the most general expression for ~’ has the form 


Wp’ = Reotbs + Rise + Rasth, (2) 


where 7; is independent of the particle momenta. 
An expression for C (kip, ky3, Ky3) is obtained 
directly from formulas (26) and (32) of [2], 


C (Riz, Rig, Rog) = 1 — iky2Q12 — iky3Q13 — tRe3Qe3 
+ ay2dh3 IJ, (R12) + Jy (R43) + dy2Ao3 lJ yg (R12) 


+ Js (Ros)] + aygde3 LW (R13) + J (Ros), (3) 


J;(kj7) are standard real functions of order ke, 
calculated in [#1 [formula (31)] and given below. 

Formula (3) differs from the sum of (26) and 
(32) in [7] in that summation is carried over 1 
and two terms dependent on kj, are added. In (21 
these terms were left out, for only the dependence 
on the angle between kj, and p3 was of interest. 
Addition of these two terms to C (kyo, ky3, Ko3) 
ensures independence of y of the higher powers 
of the cosines of the angles between any of the 
directions listed above. 

The physical meaning of the individual terms 
in (3) is exceedingly simple.. The terms linear in 
kjz correspond to a single account of the interac- 
tion. Terms containing Jj(kjj) are due to two 
successive particle interactions. These two types 
of terms can be obtained from the Feynman dia- 
grams shown in Figs. 1 and 2 respectively. Lad 

With the aid of (1), (2), and (3) it is easy to cal- 
culate the amplitude of a reaction producing three 
particles with zero total momentum, accurate to 
terms quadratic in the momenta: 

M (Riz, Ris, Ree) = Mo {C" (Riz, Ris, R23) ++ ay hog 
(4) 


2 2 
+ deRig + Akio}, 


where Mp is the amplitude at zero energy. The 
reaction cross section, averaged over all the ori- 
entations of the plane containing the momenta of 
the resultant particles relative to the momentum 
of the incident particle, has therefore the form 


do = Ms {1 + 2a12013 [Rik + Ji (R12) Sy (Ai3)] 
+ 2ay2A23 [Ryokos + Js (Ros)\+ J» (Riz) | ++ 21323 [Ry skos 


++ J's (Ros) +13 (Ris) ]+ agkj. sie ahs + asks} dr. (5) 
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Terms such as kf, kis, or ks in | C (kip, ky3, ky3) |? 


result in overdetermination of the coefficients a3, 
which are not calculated anyway. 

It follows from Eq. (5) that a detailed study of 
the distribution of the momenta of the produced 
particles will in principle yield the pair interaction 
amplitudes, since the contribution due to the inter- 
action in the final state depends in a complicated 
manner on kjj, and can therefore be separated 
from the simple terms such as a,k%, etc. 

In conclusion, let us write out an explicit ex- 
pression for J;(kjjz), obtained by simple transfor- 
mation from els (31) of [2]. x 


Ji (Rit) = 1; (xi); 
| Y/ MyM2iN3 2x are cos x 
gel my —- M,4-M3 x V1 — x2 
1 os ; 
x |B, + = 8 (1 —48,)] ; 


Rie m;--m, ’ 


(4) 


By = my (Mm, + mz + msg) / (tm, + me) (m, + ms), 
Ait = ki / ) aE, (6) 


where E is the kinetic energy of the produced par- 
ticles. 

Expression (5) for do has the following inter- 
esting property. If we examine it as a function, 
say, of Ey. =k? /2u4) it has at first glance a root 
singularity at Ej. = 0, owing to the terms kj)kj3, 
and kyoko3 (Kyo = V 242E4. ). However, Jy(kj.) and 
J_(ky.) also have singularities at Ey) = 0: 


Jy (Rie) = — Riz V 2p3E Bi, Je (R12) = — Ris V 2u3E Bo; 


*A misprint in [2] has been corrected in Eq. (6). 


and in addition 


i 13 i ms 
kis my + ms Kis — Paps, kes = aa kis. — aa 


eG ki, = 0 we have p3 = ¥2u3E , since kj, / 
2u42 + p$/2u3 = E, and consequently the singular 
parts in Kyki3 ote Jy (Kyo) and Ki9ko3 TF Jo(Ky9) can- 
cel out, and do does not have a root singularity at 
Ey, = 0. The situation is obviously the same when 
Ey3 = 0 and E,;=0. The situation here is similar 
to that in electrodynamics in the infrared region, 
where singularities of the second-approximation 
diagram [the analog of J,(ky.)] cancel the singu- 
larity of the square of the first approximation 
(the analog of kj kj3). 


3. ANALYTIC PROPERTIES OF THE papas ey 
AMPLITUDE NEAR THRESHOLD 


In the preceding section we leaned exclusively 
on the results of “J. In the present section we 
re-derive these results by using only the analytic 
properties of the reaction amplitude. We first 
follow closely Dyatlov’s paper. '*] Consider the 
amplitude of the process corresponding to the di- 
agram shown in Fig. 3a as a function of the invari- 
ants S45, S34 and Sj, S43, S93 near threshold: 


2 2 2 
S54 = Sy2 + S33 + S23 — mM, — my — ms 


=z (M,-- M+ ms)?-+ 2 (Mm, — m2+ mg) E, 
E-+0. (9) 
dD; Dj 
ea at Ss, Bs ae <p, 
Dy D; Pi D3 
a b 
FIG, 3 


At sufficiently small E the range of variation 
of the invariants sj, tends to zero; therefore, if 
the amplitude has no singularities with respect to 
any of the invariants near their threshold values, 
it can be expanded in powers of the deviations from 
these threshold values. Actually, as a function of 
the invariants Sj, S43, S93, and s4;, the amplitude 
has singularities precisely at the threshold values. 
These singularities correspond to the diagrams 
shown in Figs. 1 and 4. Generally speaking, the 
amplitude has no singularities in sy; and s3, near 
threshold and can be expanded in a series. Such 
an expansion results in terms of the type C5] pi 
and ps-pj or Ppy-pj. In the zero-order term of 
this expansion we should set sy; and s4, equal to 
their threshold values, i.e., we should consider the 
diagram of Fig. 3b instead of 3a. 
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As was explained in detail in [5] , in the first 
approximation in the above-threshold momenta we 
can write the amplitude corresponding to the dia- 
gram 3b in the form 


M = Mo (1 + ikyeQy2 + ikysQ13 + tRo3Qo3); 
Re, = [Siz — (mi + 11)?] ,, | (12 + mi). 


As already mentioned, this expression corresponds 
to an account of the diagrams shown in Fig. 1. We 
must determine the form of the second-order terms. 

We shall show that the amplitude expansion can- 
not contain terms of the type kj.k,3. Terms of this 
type have root singularities when sj. = (m;+m,)’ 
and sj;= (m;+mg3)* simultaneously, whereas 
there are no diagrams with such a property. Ac- 
tually, according to Landau, to find the coefficient 
of kj. it is necessary to integrate over the lines 
q; and q, of the diagram of Fig. 1. At the same 
time (see also (51) we can neglect the momenta 
p; and p, in the remaining parts of the diagram. 
Under these conditions the diagram as a whole is 
independent of ky, and ko3, and therefore cannot 
contain terms of the indicated type. 

Consequently, all that we can add at first glance 
is an expression of the type 


(10) 


oy Rog rp Aekis = alghie. (11) 


This would be correct were the amplitude not to 
have at E=0 the three-particle singularity shown 
in Fig. 4. In the presence of this singularity we 
can have a large number of terms of equal order, 
such as VE ky, kj, /VE,.... 

Let us examine the three-particle singularity 
in greater detail. The behavior of the amplitude 
near this singularity is determined by the integral 
corresponding to the diagram of Fig. 4, which in 
the nonrelativistic approximation has the form 


M (419243) 
E— E (q1) — E (42) — E (qs) 


\ aa d?qy d2q98 (g1 + 9s-+9s) 


x A (419293 | PiP2P3)- (12) 
If M and A are finite near E=0, we find that the 
contribution of the three-particle singularity is of 
the order E? ln E, and therefore cannot be signifi- 
cant in terms quadratic in the momenta, i.e., lin- 
ear in the energy. 

Thus, the three-particle singularity can con- 
tribute to the terms of interest to us only if 
M (q4G093) Or A (q44293|P1PeP3) become infinite 
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in the region of integration. The amplitude 

M (q49243) cannot have poles in the physical re- 
gion. The amplitude A (q14q243|P4P2P3) of the 
three-particle interaction can have in the physical | 
region poles corresponding to diagrams similar 

to those shown in Fig. 5. 
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4 
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If we substitute these pole terms in (12) we 
find that the contribution of the three-particle 
singularity is of the order E ln E or k?, In E, 
i.e., it must be taken into account. 

We thus conclude that along with terms written 
out in (11), it is necessary to take into account the 
diagrams of Fig. 4, in which A is described by 
diagrams of Fig. 5. Obviously, these are none 
other than the diagrams shown in Fig. 2. 


4. T DECAY 


In this section we apply the results of the pre- 
ceding sections to an analysis of the reactions 


Kos 2h eat. Kt —> 2n° + at. 


We shall denote by M™ and M”® the amplitudes of 
the first and second reactions, respectively. Par- 
ticles with like charges will be denoted by the in- 
dices 1 and 2. 

Unlike £2] we do not confine ourselves to the 
dependence on the angle between p3 and Kj. Fur- 
thermore, the Clebsch-Gordan coefficients in [2] 
have been incorrectly calculated and are corrected 
here. 

We note first that only one of the three unknown 
parameters in (4) and (5), namely a4, Q , and Qs, 
remains. By virtue of the symmetry of the ampli- 
tude relative to the momenta of particles with like 
charges, Q,= Q». By virtue of 


eo +R, +R, = 5, x= ([Mx—3ul, (18) 


the quantity kj, + k3, is expressed in terms of kj, 
and «?, The constant term 3a,x?/2 is not essential, 
since it influences only the normalization of the en- 
ergy distribution. 

The essential difference between the reactions : 
considered here and those described in the earlier 
sections is that, along with simple scattering, 
charge exchanges 7* + 1 ==7° + 7° are possible 
in the final state. It is therefore convenient to in- 
troduce in place of ajj the quantities ay and a, 
—the scattering lengths in states with isotopic 
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spins T=0 and T=2. In terms of ay and ay, 
we have for the scattering amplitudes ag*, ag", 


a, at, and a¥ the following expressions 


The upper signs obviously denote the charges of 
the scattered particles: the charge-exchange am- 
plitude is ag = (a,—ay)/3. 

It is easy to write out in terms of these ampli- 
tudes the contribution to the matrix elements M™ 
and M* from the diagrams shown in Figs. 1 and 2. 
The contribution from the diagram of Fig. 1 to 
the matrix element M™ has the form 


Likyods + i (Rs + Ros) + (2a, + a2)] Mo 


+ i (ky3 + Ros) + (a, — a,)Mo, (14a) 


and the contribution to the matrix element M* is 
litte = (2a, +a) + i(kig + kes)a2] Mo 


-+ iky— (ay = A) M). (14b) 


The contribution to M~ from diagrams 2a and 
2b is 
2/ (Ris) 5 Ae (2a) + a2) Mo +5 (a2 — Ay) Mo]; 
that from diagrams 2c and 2d is 
LJ (Ris) J (Ros) II + (2a, + a2) a2M, +4 (a2 — ay) 22M] 
(15a) 
and that from diagrams 2e and 2f is 
J (Ris) +J (Res)] [= (2a, + ae) * (2a) +42) Mo 
++ (2a, + a2) = (dz —— a) M*i+- (a2 — ay) a2MG I. 
The contributions from the corresponding diagrams 
to M* are 
2) (ki) 5 (2a2 + a) a2Mo +3 (dz — Ay) a_Mo 
+= (a, ek, ay) ; (2a, + a2) Mo +4 (a, nay Ay)” Mo}, 
(J (Ry3) + J (Ros)) {as = (2a2 +a) Mo + dz = (ay — ay) Mo}, 
(J (Ris) +J (Res) asMz, (15b) 


where Mt are the matrix elements at zero energy. 


The functions J(kjj) have been defined in (6). In 
our case (for equal masses) they are all equal to 


S  X., arc COS x, 8 
eee es —>%), 
TU (1—x;,)" 
kin 
xi = ie 


J (Rin) =F (xu) = 


(16) 
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Collecting terms from (14) and (15) and recog- 
nizing that the matrix elements can contain terms 
in the form ak?,, we obtain 


M> = Mo{1 + ikysd2 + i (Ris + hes) + (2a, + ay 
+ p (az — a)] +2J (R12) ds 5 (2a, +a, + p (a2—a,)] 
+ (J (Ris) + J (kes) | (2a Hae) +a] 
x 2 [2a, +a, + 6 (a —a)] 
+ (G2 — a) a,p] + _ B2,}; 

M* = M){1 + iki [2a, +a, +297 (a —a,)] 
+i (Ris + Ros) Os 4+ [J (Ris) +7 (Res)] 
x [> a,(2a, + ay + 2p (a, — ay)) + a2] + 27 (Rip) 
X A[ 5 (2a, + a0) +5 pt (a2 —a,)] 
++ 2S (R12) | (do— ay)? (1 — 297) +a, 2}, 

oe = M3/M. 


(17a) 


(17b) 


Squaring (17a) and (17b) and taking account of 
the fact that conservation of combined parity calls 
for real matrix elements Mj and Mj, we find that 
the probabilities of the decays K* — 2m7* +7 and 
K* — 2r° + 7* are respectively equal to 


dW) = | Mo ig {1 + Bi [Ry (Ris + Ros) + 2 (Riz) +J (Ais) 
+J (Ros) | + Bz [Ry3k23 + J (Ris) + J (Res) ] 


+ Bs LY (Ris) +4 (Res)] + o_ &2, ja, (18a) 
dW) =| Mo? {1 + yx Ure (Ris + Res) + 27 (Ris) 

+J (kis) +J (hes)] + Yo Ueiskes + J (his), 

+J (kos)] +32 (Ris) + a, #2,} dT; (18b) 


Bi =F a2 (2a, +42 + (ay —a,)], 
1 == As [2Qa, +a, +2p-} (a2—ao)} 


Be == [2a, +a, +p (a —a,)F, v2 = 202, 
Bs= 2 p (a, —a,)?(2— 9), 18 =—+2 (a, —a,)*(2 — p). 
(19) 

We note that (18a) and (18b) differ in structure 
from (5). In particular, the terms proportional to 
B3 and y3 have root singularities for E,;3=0, Eo 
= 0, and Ey, =0 respectively, and these singulari- 
ties do not cancel. This is a consequence of the 
possibility of going from one channel to the other 
via charge exchange, and is a phenomenon of the 
same type as discussed in [4], 

Formulas (18) and (19) determine the depend- 
ence of the probabilities of both decays on all the 
variables and make it possible, in principle, to de- 
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termine the amplitudes a, and ag from their ex- 
perimental analysis, in spite of the fact that the 
parameters a_ and a, are not expressed in 
terms of the scattering amplitudes. 
It is most natural to regard aw) and dw? 

as a function of the orthogonal coordinates on a 
Dalitz diagram. B is Pea hey to choose as one 
of the variables x? = k?, /k2, —the ratio of the 

square of the aa momentum of like charged 
pions to its maximum value. k? ig is simply related 
to the customarily used variable ¢€, the energy of 
the third pion: 


© = (Mx + 3n? — 4k) / 2Mx, 


Rin = —& (Mk — 20Mx — 3p?) = ¥?. (20) 
For the second variable we choose z, the differ- 
ence between the energies of like charged pions 
divided by the maximum value of this difference. 

For convenience in the experimental analysis, 
it is useful to have decay-probability formulas in- 
tegrated over one of the variables. Integrating 
with respect to z, we obtain the so-called energy 
distribution 


dW (x) = | Mo {1 + %? [BF (x) 

+ Boo (2) + Bako (x) +ax}} also, (21a) 
dw (x) = | MP Pte? rFi (x) 

+ YF (x) + ¥s2d (x) + a,x} dle. (21b) 


The functions F,(x), Fo(x), F3(x), and J (x) 
are plotted in Fig. 6 and are written out in the 
Appendix. In the calculation of Fj(x) we have 
left out terms of the form a + bx’, since they enter 
either into the normalization or in a,. As can be 
seen from Fig. 6, the curves for Fy, Fy, and F3 
differ little from straight lines and it is therefore 
little likely that it will be possible to determine ay 
and a, from an analysis of the energy distribution 
in the reaction K* — 27* +7 only. 

It follows, however, from the same diagram that 
owing to the presence of the term 2K*y5J Oy) the 
energy distribution in the eee Goes K* — 2r° + 1* 
differs appreciably from a,x’, and can therefore 
be used to determine the charge-exchange ampli- 
tude. The effect of this term on the energy distri- 
bution is also anomalously exaggerated by the fact 
that p = ¥,, and consequently 


It is clear from all the foregoing that the cor- 
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rections to the energy distribution, calculated in 
[6,7] cannot be successful since they are reduced 
to a calculation of first-order diagrams (Fig. 1), 
which in many cases are almost completely can- 
celled by the diagrams shown in Fig. 2. 

Integrating (18a) and (18b) with respect to x’, 
we obtain an analog of the angular distribution 


dW (z) =| My |? {1 + x? [Bigs (2) + Boe (2) 

+ Bas (2)]} a2, (22a) 
dW (z) =| Md PL +? [rags (2) + 22 (2) 

+ YsPa (2))} aD. (22b) 


The functions y4(z), @o(z), ~3(z), and g,4(z) are 
shown in Fig. 7 and are given in the Appendix. A 
study of the dependence of dW‘? and dw“*? on z 
can serve as a means of determining a, and ap, 
but statistics on the order of 10* events are needed 
for this case. 


In conclusion, I am deeply grateful to L. D. 
Landau and I. T. Dyatlov for useful discussions. 
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he V3x tees pees 
; Fix) =| hie (his + bas) ao a + 21 (x) + Fe (x) = 21 (x) + Fe (x) lies re : ) ae (Al) 
Z f l Sali oD : 
a dz hits 3 — 2x?) . 2x V3 (1— x) 
PF, (x) Fs; (x) +f Ri3ko3 Lyee Vi-x# | a Fs @ ) hp tsee arc sin VAT fee |3 = 2x? |, (A2) 
2 are sin x =i iG (3 — 4x4] sd fa eer day ec 2 
Fe(=( (0 (a) +4 (my ——# | Vt : ee 
¥ ways eae Baan V3 x 4x? 3 1 4x2 2 Bin 
: 9%Vi—w2 te On (4x eae ) atest x 3) x Bras 
I (x) is given by Eq. (16) in the text, and 4. == 2xV1— x. 
z Ris (k k lao ay ieaell Al ee 
@ (2) =i (bas + bas) Se +H (2) +O = 992 +10 + RUSE arcs Saag tie +V32) 
3 (V3—2z)” 
ae é =arceos * vie (1 +27 3z — 52%), 2c 3 
ae V3z2— V3z2—1 vet (A4) 
Bymea sy te eT 
4 es i 
S| ee [2 (2 — 2) —5 aresh 4], Bie toe 
P2 (2) = 5 (2) +{ Kighas a oe = Q3 (Z) mar 3 2 2 oy Ge, shied ir (A5) * 
nies fear eee 2 5 2>> 
= va lp S Enea (V3—22)(4 + V3 z) 
3 (2) Vu (x13) + I(x53)) nae 3V3 Vi-2 k ee roy 
a — arc cosz (V3 + 2z2)(4— V3 2) | V3 
1 Vi-2 i ce I sar a gt ne 
3V3 | 5Sarccosz (V3 + 22)(11— V3 ‘ a V3 
ae Fy een ores la —V3—2z, a rg 
a ee! arc COS Z ee Nee oe 
#@ =\1 0) Ses w= ~ 33 Vi-a (1 +) 3V5 
lis ea a +V1—#2),.. z2>0. (A7) 
1G. F. Chew and F. E. Low, Phys. Rev. 113, 5]. T. Dyatlov, JETP 37, 1330 (1959), Soviet 
1380 (1959). Phys. JETP 10, 947 (1960). 
2V. N. Gribov, Nucl. Phys. 5, 633 (1958). 6N. N. Khuri and S. B. Treiman, Phys. Rev. 
34, A. Ansel’m and V. N. Gribov, JETP 36, 119, 1115 (1960). 
1890 (1959) and 37, 501 (1959), Soviet Phys. JETP ’R. E. Sawyer and K. G. Wale, Phys. Rev. 119, 
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It is noted that the growth of bubbles and boiling conditions of heated or saturated liquids 
can be controlled by employing external fields, which influence the bubble motion on which 
the thermodynamic growth conditions depend. The growth of bubbles in an accelerated 
bubble chamber can either be hindered or enhanced. Local inhomogeneous electric or 
magnetic fields which keep the bubbles near the vessel walls or repel them can be used 

to change the boundary conditions for boiling and heat exchange with the wall. The effects 
considered can be used, for example, to improve storage conditions of liquefied gases, 


heat exchange control, control of boiling, etc. 
1. ACCELERATED BUBBLE CHAMBER 


‘Tue growth of a bubble in an effervescing liquid 
leads to local cooling of the liquid near the bubble. 
Consequently the translational motion of the bubble 
through new regions of the liquid can change appre- 
ciably the thermodynamic condition of the bubble 
growth. In particular, if there are no forces caus- 
ing the bubble to float up, its growth can be appre- 
ciably hindered. 

The bubbles can be kept from floating up ina 
‘‘dropping’’ bubble chamber, which is allowed to 
fall freely during the time of bubble growth. It is 
much easier to make a “‘falling’’ bubble chamber 
than a ‘‘falling’’ cloud chamber [1] since the short 
bubble-growth time t makes it sufficient for the 
chamber to fall a short distance (let s = gt?/2; 
usually t ~ 10-°3— 107? sec, i.e., the path of the 
chamber need not exceed several millimeters ). 
The start of chamber motion can be synchronized 
with the pressure drop. It is also possible to im- 
part to the chamber an acceleration much greater 
than that of gravity, thus increasing sharply the 
Archimedean force that pushes the bubbles out of 
the liquid. All this allows us to study the influence 
of the motion of the bubble on its growth and to in- 
vestigate, for example, the growth of the bubble 
under exceedingly simple thermodynamic condi- 
tions, which are amenable to simulation and to 
calculation (see, for example, [2,3])_ 

The compensation for the gravitational force 
in the falling bubble chamber can also eliminate 
convection in the working liquid and reduce dis- 
tortion of the tracks. 


2, EFFECT OF EXTERNAL INHOMOGENEOUS 
FIELDS ON THE MOTION OF BUBBLES IN 
LIQUIDS 


In addition to the inertia forces and the gravity 
force fy = pg, the liquid may be acted upon by in- 
homogeneous electric or magnetic fields (see, for 
example, (4,5]), The volume force acting on the 
liquid produces an additional Archimedean force 
acting on the bubble. 

The total force acting on the bubble as a whole 
is 


FS \ fe [E (En) —+ E*n| 


+ [H (Hn) — = H’n|\ ds = = na¥Fgip - 


The condition for the equilibrium of the bubble in 
the liquid in the presence of gravitational force 
and electric or magnetic field is —fy = faip, where 
fdip is the force per unit bubble volume acting on 
the dipole moment of the bubble 


inp = j= VEz get oaD Vex} « 

We consider here, for simplicity, bubbles with 
dimensions small compared with the characteris- 
tic dimensions of the field variation and for which 
the surface pressure is considerably greater than 
the pressure of the electromagnetic field on the 
surface of the bubble. In this case the principal 
role of the inhomogeneous electromagnetic field 
is to displace the bubble as a whole, and its defor- 
mation can be neglected. It is obvious that the 
equilibrium conditions and the force per unit vol- 
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ume tending to move the bubble are independent is facilitated. Inhomogeneous fields can be induced 
of its dimensions. from the outside even in the case of a conducting 

Let us estimate the necessary field gradients. wall (magnetic poles near the walls of a vessel 
The Archimedean force (due to gravity) becomes containing a diamagnetic or paramagnetic liquid). 
commensurate with the forces in the electric and The foregoing possibilities of influencing the 
magnetic field if XeVE? ~ g and Kia ol ~ g, boiling and evaporation of liquids by using local 
where Xe and Xp are the electric and magnetic inhomogeneous fields to retain or remove the 
polarizabilities per units mass of liquid. For bubbles near the walls can also be used to improve 
typical values, ye ~ 0.3 g-! cm? and yp ~ 1078 the conditions of storage of liquefied gases, to con- 
aot cm®, we find that in a field with characteristic trol evaporation, etc. 


inhomogeneity dimension / ~ 0.3 cm the necessary 
field amplitudes are Ey) ~ 10 kv/cm and Hy ~ 104 oe. ‘nN. N. Das Gupta and S. K. Ghosh, Revs. Mod- 
Such fields can be readily realized in a thin layer ern Phys. 18, 225 (1946). 


near the chamber walls. 2M. S. Plesset and S. A. Zwick, J. Appl. Phys. 
We note, for example, that the paramagnetic 23, 95 (1952); 25, 493 (1954). 
susceptibility of oxygen is hundreds of times 3S. A. Zwick, Phys. Fluids 3, 685 (1960). 
greater, so that the fields can be decreased or 41,. D. Landau and E. M. Lifshitz, Elektrodi- 
their effective zone of action increased. namika sploshnykh sred (Electrodynamics of 
It is possible to control by means of inhomo- Continuous Media) Gostekhizdat, 1957. 
geneous fields not only bubble growth but also the 5 J. A. Stratton, Electromagnetic Theory, 
boiling conditions on the boundaries and the heat McGraw Hill, 1941. 


exchange at the walls; if the bubbles are kept at 

the walls by local fields, heat exchange between 

the liquids and the walls becomes difficult, and Translated by J. G. Adashko 
after the bubbles are removed heat exchange 212 
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The question is investigated as to whether dispersion relations can in principle give a defi- 
nite relation between the position of a pole and the residue at the pole, i.e., between the mass 
and the interaction constant. It is shown that restrictions on the possible values of the inter- 
action constant !!-3,7] are a consequence of the use of models in the examples treated in the 
papers in question. It is proved that in the general case, if we start from only the dispersion 
relations and the unitarity relation for the forward scattering amplitude, there are no re- 
strictions on the possible values of the interaction constant. 


ECHRAT recent papers [1,2] have studied the 
question as to whether dispersion relations in 
principle give a definite connection between the 
position of a pole and its residue, i.e., between 
the mass and charge of particles. A nonrelativ- 
istic quantum-mechanical example [1] and a more 
general field example [2] show that it appears at 
first glance that there is in principle such a con- 
nection, or more exactly, that for a given position 
of the pole (a given mass) there is an upper bound 
on the residue (the charge). In a recent paper by 
Zachariasen/3J an interesting model of a quantum 
field theory is proposed, which is also free from 
internal contradictions only when there are defi- 
nite restrictions on the possible values of the in- 
teraction constants (g? and 2) of the theory. 

We shall show that these restrictions arise 
only because of the model nature of the examples 
considered, so that the results of {1-31 are of a 
model nature in a double sense, and do not follow 
at all from the dispersion relations in the general 
case. More exactly we shall show that if we start 
only from the dispersion relations for the forward 
scattering amplitude, the unitarity relation (‘‘op- 
tical’’ theorem ), and the supplementary condition 
associated with short-range action, (211) then there 
are no restrictions on the possible values of the 
interaction constant ot 

1. As is well known, [4] the causality condition 
together with the principle of spectral representa- 
tion leads to the analytic character of the forward 
scattering amplitude f(E) in the complex E plane 
with cuts along the semiaxes —~, —y and p, © 


DThis is equivalent to the assumption that there are no 
scattering phase shifts for large values of I. 


where yu is the mass of the particles being scat- 

tered. For the usual case of scattering of mesons 
by nucleons L4] which we consider here, in the un- 
physical region -—w< E<y, Imf(E) is propor- 

tional to a 6 function: 


Im f (E) = g25 (E — E,), (1) 


where Ej, is the pole of the scattering amplitude 
f(E) which is fixed by the masses of the 7 meson 
and nucleon, and the negative quantity — oe i.e., 
the residue of f{(E) at the pole E = Ep, is related 
in a definite way to the meson-nucleon interaction 
constant. We note that the presence of a single 
isolated pole and the absence of a continuous spec- 
trum in the unphysical region is a consequence of 
the present known ‘“‘spectrum’’ of elementary par- 
ticles. 

On the usual assumptions about the degree of 
the asymptotic behavior of |f(E)| for |E| —~ 
one gets dispersion relations connecting the real 
part Re f(E) and the imaginary part Im f(E) of 
the forward scattering amplitude La], in particular, 
the dispersion relation without subtractions”) is of 
the form 


I 
Re f(E) = 5 +P aie. dE 
p 
eal gH aT 
Tey POE Gee = 


—oo 


Hereafter when speaking of dispersion relations we shall 
have in mind just the dispersion relation (2), since the treat- 
ment of dispersion relations with subtractions is a natural ex- 
tension. 
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POSITION OF A POLE OF THE SCATTERING AMPLITUDE 


The unitarity relation for the forward scattering 
amplitude f(E) reduces to the optical theorem [4]: 


ae) 5\ sin@|f(E,@)|2d@ + 


0 
Re == EX —p*, P(E, 0) = fF (E), 


Im i (E) = ee: (E), 


ES", (3) 
where f(E, 6) is the scattering amplitude at the 
angle @ and Ojnel(E) is the total cross section for 
inelastic processes (in particular, many-particle 
processes). For E < —y we can use the condition 
of crossing symmetry |4 


F (—E) = fen (E), (4) 


where fan(E) is the forward scattering amplitude 
of the antiparticles. 

We note a fact of importance for what follows. 
As Lehmann!*! has shown, f£(E, 9) is an analytic 
function of 6 for all finite | E| < », so that the 
region of analyticity (the Lehmann ellipse) surely 
includes the physical region 0 < 6 <T. 

The meaning of the dispersion relations is in 
particular that one cannot prescribe independently 
the behaviors of Re f(E) and Imf(E) ina cer- 
tain energy interval, but that the real part Re {(E) 
for a certain value of E is determined by the be- 
havior of Im f(E) asa function of E over the en- 
tire range of variation of the energy. At the same 
time, and it is very important to emphasize this, 
the dispersion relations in themselves do not put 
any important restrictions on the choice of Im f CE); 
and thus provide a constructive method for fixing 
the forward scattering amplitude f(E) in terms of 
a given Ey, (position of the pole), given g? (the 
residue at the pole, which is equivalent to giving 
the interaction constant), and the value of Im f(E) 
in the physical region -~ < E< —p and p< E<™, 
and indeed for arbitrary Im f{(E) [naturally 
Im f(E) must be such that the integrals in Eq. (2) 
converge ]. 

The analytic property of the forward scattering 
amplitude, and consequently also the dispersion 
relations, are, like the unitarity relation, derived 
on the most general assumptions [4] regarding the 
form of the interaction, and consequently are valid 
for arbitrary values of the interaction constant. 
Thus the unitarity relation (3), and also the dis- 
persion relation (2), are identities with respect 
to the value of the interaction constant, and con- 
cently with respect to the want of the residue 

E It is quite obvious that oe the two identi- 
ties with respect to the value of g? —the disper- 
sion relation (2) and the unitarity relation (3)—one 
cannot derive any restrictions on the possible val- 


881 


ues of g’, provided these identities are not mu- 
tually (internally) contradictory for certain values 
of g’. Here mutual contradiction is understood 

in the sense that for certain values of g* one can- 
not construct any forward scattering amplitude 
f(E) (other than one that is identically zero) 

with residue at the pole E = Ey equal to —g* and 
with an imaginary part Im f(E) in the physical 
region which satisfies the unitarity relation. 

A possible contradiction between the dispersion 
relation (2) and the unitarity relation (3) in the 
general case could be caused by the following cir- 
cumstance. The unitarity relation (3) connects 
the imaginary part Im f{(E) of the forward elastic 
scattering amplitude with the absolute values 
|£(E, @)| of the elastic scattering amplitude at 
arbitrary angles and with the cross sections of 
inelastic (in particular, of many-particle) proc- 
esses. Since we are investigating possible con- 
tradictions only for the dispersion relation and 
the unitarity relation for the forward scattering 
amplitude f{(E), the elastic scattering amplitudes 
f(E, 6) at nonzero angles (@ = 0) and the ampli- 
tudes for inelastic processes must be regarded as 
‘‘external’’ functions, which in general do not de- 
pend on the elastic forward scattering amplitude 
f(E). But since according to Eq. (3) Im f(E) 
can, in general, depend on |f(E,0)|? = |f£(E)|?, 
and consequently also on Re f(E), the unitarity 
relation (3) could have as a consequence a definite, 
local connection between Re f(E) and Im f(E), 
independent in its explicit form of the value of g? 
and of the dispersion relations. 

At the same time the dispersion relations (2) 
also establish a definite connection between 
Re f(E) and Im f(E), which does depend ex- 
plicitly on the value of g’ and which is in general 
nonlocal. This could have the result that the dis- 
persion relations (2) and the unitarity relation (3), 
in serving independently of each other to give con- 
nections between Re f(E) and Im f(E), would be 
inconsistent for certain values of g?. 

It is not hard to show, however, that in the gen- 
eral case the unitarity condition (3) does not lead 
at all to a local connection between Re f(E) and 
Im f{(E). In fact, as can be seen from Eq. (3), 

Im f{(E) can depend on |f{(E,0)| = |f(E)| only 
through the fact that |f(E, 0 )| occurs in the inte- 
grand. But by a theorem of Lehmann [5] the inte- 
grand sin@ |f£(E, 0 )[? has no singularity in the 
range of integration, so that the value of the in- 
tegrand sind|f(E, @)|? at the one point @=0 is 
immaterial to the value of the integral (the more 
so because of the factor sin@), and consequently, 
generally speaking, Im f(E) does not depend on 
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|f(E)|. Thus in the general case no (local) con- 
nection between Re f{(E) and Imf(E) arises 
from the unitary condition. Consequently, in the 
general case the dispersion relations and the uni- 
tarity relation are consistent, and thus cannot im- 
pose any restrictions on the possible value of the 
interaction constant g”. 

8. Of course, in special cases of models 
Im f(E) can turn out to depend on the value of 
the integrand |f(E, @)|? at @=0, which in turn 
leads by Eq. (3) to a local connection between 
Re f(E) and Im f(E), and consequently to a 
possible incompatibility of the unitarity relation 
and the dispersion relations for certain values 
of g’. Then from the two incompatible conditions 
involving g? (the unitarity condition and the dis- 
persion relation) one can also get limitations on 
the possible values of the coupling constant g?. 

It is quite clear, however, from what has been 
said that the restrictions on g” so obtained relate 
solely to the model and really only show for what 
values of g” one can treat the special case of the 
model without contradiction. 

According to Eq. (3) Im f(E) can depend on 
the value of the integrand |f(E,@)|? at @=0 only 
if the values of |f(E, @)|? in some finite range of 
@ (in particular in the neighborhood 6 ~ 0) are 
determined by the values of |f(E, @)| = |f£(E)|,” 
i.e., if important restrictions on the dependence 
of f(E,@) on 6 are postulated a priori. In par- 
ticular, it would be sufficient for this to assume 
that in some arbitrarily small (but finite) region 
in E and 6 


|F(E, 6) | =| F(Z, 9)|=|F(2)|. (5) 


But in virtue of Lehmann’s theorem!*! and the fact 
that the partial amplitudes for elastic scattering 
are analytic in the energy (for finite energies ), 
the relation (5) would hold for all E and 6, and 
thus the elastic scattering would reduce to pure 

s scattering. 

It is precisely this special case that has been 
considered up to now. (1,3,7] Im the paper by Cas- 
tillejo and others [7] this model was used for the 
scattering of scalar mesons by stationary nuclei, 
and in the paper by Gribov and others "!J it was 
used for nonrelativistic scattering by a singular 
(delta-function ) potential. In [7] a restriction on 
the value of the residue at the pole was obtained 
for the first time by means of the apparatus of R 
functions. It is now clear that this restriction is 


We note that if in some range of 0, |f(E, 0)|? should depend 
explicitly on |f(E)|, then by the method of|*] one could also 
obtain restrictions on the asymptotic behavior of |f(E)| for 
ieee 
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entirely due to the fact that for the model consid- 
ered all of the elastic scattering reduced to pure 
s scattering. 

Thus if the elastic scattering reduces to pure 
s scattering, then for the analytic forward scat- 
tering amplitude we indeed do get from the dis- 
persion relations and the unitarity relation a re- 
striction on the maximum value of the residue at 
the pole.*? Actually, however, this restriction on 
the possible value of the residue at the pole only 
means that it is only for g < oth abe that elastic 
scattering for which the amplitude at @ = 0 has 
analytic properties (satisfies the dispersion re- 
lations ) can be treated without contradiction as 
pure s scattering. 

In this connection we note that in the treatment 
of the problem of scattering by a potential the par- 
tial amplitude for s scattering has the necessary 
analytic properties (satisfies the dispersion rela- 
tions ) only if the finite interaction radius ro is 
equal to zero, [8] i.e., only for the model of the 
singular potential, "1! 5 for which the entire elas- 
tic scattering reduces to pure s scattering. 

4. As has already been pointed out, a local con- 
nection between Re f(E) and Im f(E), and con- 
sequently also possible restrictions on the value 
of g*, can arise if we make drastic (model) as- 
sumptions about the dependence of f(E,@) on @, 
and in particular if we assume that the elastic 
scattering is completely described by a finite 
number of scattering phase shifts. This assumption 
actually means that in the neighborhood of 0 = 0 
the amplitude f(E, 06) is a sufficiently smooth func- 
tion (since it does not contain high phase shifts), 
and this in turn has the consequence that in the 
neighborhood of 6 = 0 the quantity |f(E,@)| is 
to a large extent determined by its value at 0=0. 
But then, according to the unitarity relation (3), we 
arrive at a local connection between Re f(E) and 
Im f(E), and consequently, at possible restric- 
tions on the maximum value of g’, which are gen- 
eralizations of those known for the case in which 
the finite set of phase shifts reduces to the s 
phase shift alone. [1,7] 

It is very important to emphasize that in virtue 
of the often-used theorem of Lehmann!*! and of 
the analytic properties of the partial scattering 


*\This restriction can also be obtained on the basis of the 
fact that when the elastic scattering reduces to pure s._ scat- 
tering there is an upper limit on |f(E)| which does not depend 
on the value of g’. ( 

‘From this same fact it follows at once that for scattering 
by a potential with a finite radius the main conclusions of the 
paper by Gribov and others[] are incorrect. Inl*] this conclu- 
sion is reached by indirect arguments. 
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amplitudes, the elastic scattering amplitude can- 
not be described exactly by a finite number of 
phase shifts in some restricted range of energies 
and by a different (finite or infinite) number of 
phase shifts in another range of energies; it must 
be described by the same number of phase shifts 
for all finite values of the energy. This assertion 
does not contradict the well known procedure 
(based, for example, on the uncertainty relation) 
of separating the phase shifts into the large (im- 
portant) aj with 1 < kr) and the small (unimpor- 
tant) az with 1 >kro, in the case of a short-range 
interaction with a finite radius ry.°’ We further 
emphasize that the separation into large and small 
phase shifts does not depend on the ‘‘strength’’ g? 
of the interaction (the coupling constant), because 
it depends only on the energy E and the interaction 
radius rp, which by its very definition does not de- 
pend on the interaction constant.” It is not hard 
to convince oneself of this for the case of scatter- 
ing by a potential, and also for scattering in quan- 
tum field theory. In fact, in the pole approxima- 
tion, we have for the phase shifts aj — 


ay = inf(k?) RQ, (1 + p?/2k?), (6) 


where Q) are Legendre functions of the second 
kind, 4 ~ 1/ry is the mass of the mesons trans- 
mitting the interaction, and f“)(k?) is a dimen- 
sionless function proportional to g?. From Eq. 
(6) and the asymptotic properties of the Q7 there 
follows, independently of the value of g’, a sepa- 
ration of the phase shifts into the large (impor- 
tant) ones with 1 « k/u =kry « 1, 


( k i) (7) 


i Seah (ey ieee 
was mn 
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and the ‘“‘small’’ (unimportant) ones with J >k/p 
= kro > 1,, 


ay = ivf) (k2) RV n/Qul eee. (8) 


Thus the additional condition associated with the 
short-range nature of the force—the separation of 
the phase shifts into large (important) and small 
(unimportant) phase shifts—is an identity with re- 
spect to g’, just as are the dispersion relations 
and the unitarity relation. 


®t also follows from the uncertainty relation that the num- 
ber of important phase shifts (in any case of nonvanishing 
phase shifts) for an interaction with a finite radius (0 <r 
< ) increases with increasing energy. On the basis of 
Lehmann’s theorem['] it follows from this that an interaction 
with a finite radius must be described by an infinite number 
of phase shifts. 

DThe radius r, of the interaction is determined by the 
mass of the particles that transmit the interaction, and its 
‘‘strength’’ (g”) by their number. 
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In a paper by Ansel’m and others [2] an attempt 
is made to obtain restrictions on the maximum 
value of the interaction constant by starting from 
the dispersion relations for the forward scatter- 
ing amplitude (in particular for scattering of 7 
mesons by nucleons), the unitarity relation 
(‘‘optical’’ theorem ), and the short-range nature 
of the interaction. From what has been said above 
it is clear that if we start from these three identi- 
ties in g*, which do not internally contradict each 
other, we cannot obtain any restrictions on the 
possible values of g?; consequently, the authors 
of [J have essentially made assumptions that are 
particularly dependent on a model. 

To derive restrictions on the maximum value 
of the interaction constant by the method of [1 it 
suffices to get a nontrivial (C ~ 0) lower bound 
on the quantity Im f(E)/|f(E)|? in some arbitrary 
(finite ) energy range, 

Imf (E)/|7E)PSc>0, (9) 
which does not depend on g*. In !*J an estimate of 
the type (9) is obtained in the following way. It is 
assumed that in a given energy range E € [ Ej, E,] 
the forward scattering amplitude f(E) is com- 


pletely described by a finite number Imax of phase 


shifts az; this number is given by 
(10) 


lmax =a Rofo, 
where ky corresponds to the energy Ep, and rg is 
the radius of the interaction. Then 
Im f (E)/| f (E) |? = F (ai; Imax, R) 


lmax 4 ! max 


=Im(3 3) a @+) )/|zq > 


t=0 !=0 


ay (2 + mH) (11) 


and by regarding F(ajz) as a function of the vari- 
ables az (2 =0,1,2,...,lmax) we easily get a 
bound for F/?J; 


Im f (E)/{ f (E) ? = F > C (Re Imaxs ), (12) 


where C is the absolute minimum of F(ajz) with 
respect to all possible az. Here it is essential that, 
since by hypothesis !*] 1,4, is determined by ky 
and ry only, and does not depend on g? [cf. Eq. 
(10)], the bound (12) contains a constant C that 
does not depend on g*. Without writing out the ex- 
plicit form of C, we merely note that when Imax 
—+ oc, C- 0, and the bound (12) becomes a trivial 
one. Thus we again verify that to obtain a relation 
(12) with C # 0 it is necessary to assume that the 
forward scattering amplitude is completely (ex- 
actly) described by a finite number lax of phase 
shifts az, which does not depend on e 


bic 
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It is not hard to verify that the method of the 
paper of Ansel’m and others, [2] which we have 
just explained, cannot be applied in the general 
case. In fact, from the separation of the phase 
shifts into ‘‘large’’ and ‘‘small’’ (important and 
unimportant) phase shifts we can conclude nothing 
except that for 1 < lmax, where lmax is given by 
Eq. (10), the phase shifts are “‘large,’’ and for 
1 > Imax they are “‘small.’’ It by no means fol- 
lows, however, (cf, footnote 6) ) that, as is re- 
quired for the method of [1 to apply, Imax gives 
a maximum (finite) number of phase shifts aj 
which completely (exactly) describe the forward 
scattering amplitude, independent of the value of 
g*. The only case in which this is true is the highly 
special case of a model in which the forward scat- 
tering amplitude f(E) is completely described by 
(the same) finite number of phase shifts aj for 
all energies E (u< E< ©). Only for this model 
case [with Imax fixed a priori, and not at all by 
Eq. (10)] is the bound (12) valid, and consequently 
only in this model case does one get on the basis 
2 Eq. (12) a restriction on the possible values of 
g. 

The meaning of this restriction is of course that 
only for g* < géyax can we treat without contradic- 
tion the model case in which the forward scattering 
amplitude, while possessing analytic properties 
(i.e., satisfying dispersion relations) is com- 
pletely described for all energies by a fixed finite 
number of phase shifts. In actual problems we 
must suppose that this model picture cannot apply. 
In fact, as can be seen, for example, from the for- 
mulas for phase shifts with sufficiently large 1 
(2 > kr) > 1)—in the pole approximation L101: of 
Eq. (7) or from a quasi-classical treatment of 
scattering by a potential"?1_the ‘‘unimportant”’ 
phase shifts aj increase with increase of the in- 
teraction constant g?, Therefore we cannot proceed 
independently of g? to neglect phase shifts az for 
large 1 > krg (see also footnote °). 

The only bound on Im f(E)/|f(E)|* that is 
valid in this case is the trivial one (C =0). In 
fact, from obvious physical considerations 


(positiveness of cross sections ) 
L 


Im (sip Bh a: (21 + 1)) 


Im f (E) 1-=0 
“(Ref (E)|2 -- Um (E)}}. 


(13) 


But it by no means follows from this that in Re f(E) 
we need keep only the finite number of phase shifts 
aj (2=0,1,2,...,L) that is taken for the calcula- 
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tion of Im f(E) in the numerator.®) For the esti- 


mate of Im f(E)/|f£(E)|? not to be in contradiction 
with the dispersion relations, even when it is as- 
sumed that only a finite number L of phase shifts 
are ‘“‘important,’’ one must express Re f(E) in 
the denominator of Eq. (13) in terms of Im f(E) 
by means of the dispersion relation (2). But then 


if, 
aye ina are) | flim(ate aver 
+|-gSe +P \ Im ae Dawes 1) 
: =|} = O(a, L, k, g?, Eo), (14) 


where @ already depends explicitly on te 

To obtain a lower bound on @ we can proceed 
in analogy with !?1, and find the absolute minimum 
of & with respect to the aj for fixed L, k, g’, E. 
Consequently, the bound on ® also depends on ey 
It is not hard to see from Eq. (14) that the only 
bound on Im f(E)/|f(E)|? that is independent of 
g” is the trivial one (C = 0). 

5. Thus it has been shown that the dispersion 
relations for the forward scattering amplitude, the 
unitarity relation (‘‘optical’’ theorem ), and the 
condition of short-range forces [separation of the 
phase shifts into ‘‘large’’ (important ) and ‘‘small’’ 
(unimportant ) phase shifts ] do not depend on the 
value of the interaction constant and are internally 
noncontradictory, and that consequently one cannot, 
using only these conditions, get any restrictions on 
the possible values of the interaction constant g?.®) 
A similar conclusion is also found when one con- 
siders also the dispersion relations (spectral 
representations ) and unitarity relations for the 
(elastic) scattering amplitude at nonzero angles. 
One here makes essential use of the property of 
crossing symmetry of the theory (the presence of 
a cut on the left) (cf. investigation of the Lee model 
in a paper by Ter-Martirosyan [i2]) It is true that 
it may be that if we examine the spectral represen- 
tations and unitarity conditions for all amplitudes 
(including many-particle amplitudes), they will 
turn out to be compatible only for quite definite 
values of the interaction constant and the masses 


®S)This assertion is not in contradiction with the fact that, 
for example in a paper by Pomeranchuk,!*J in determining 
restrictions on the asymptotic behavior of |f(E)| the same 
finite number of phase shifts has been taken for both Re f(E) 
and Im f(E), because in [1] g’ is regarded as fixed. 

Owing to this there is no meaning in the hypothesis |?,*5] 
that the strong interaction is the strongest of all possible in- 
teractions. 
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of the particles, but at present it would be unrea- 
listic to discuss this possibility in the framework 
of the existing theory. 

Thus the answer to the question stated at the 
beginning of this paper must be negative in the 
general case. Possible restrictions on the maxi- 
mum value of g? can be obtained only for cases 
of very special models, and actually indicate for 
which values of g’ these model cases can be 
treated without contradiction. The interaction 
constants, like the masses of the particles, are 
parameters in the present theory. 

In conclusion I express my gratitude to Acade- 
mician Ya. B. Zel’dovich, V. N. Gribov, I. T. 
Dyatlov, and A. A. Ansel’m for the opportunity 
to become acquainted with their papers /}:2] prior 
to publication. 

Iam grateful to Professor Ya. A. Smorodinskii 
and the members of the seminar of the Laboratory 
of Theoretical Physics of the Joint Institute for 
Nuclear Research for a discussion. I am grateful 
to Professor G. I. Petrashen’ for his constant in- 
terest and a discussion of the work. 


Note added in proof (September 4, 1961). The results 
obtained in the present paper are also fully applicable to 
papers [**'*5] in which the interaction constant is entirely 
determined in terms of the masses of the interacting par- 
ticles. 
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Applying the temperature-dependent diagram technique and the method of analytic continua- 
tion, we give a derivation of the transport equation for the distribution function of excitations 
in a degenerate Fermi system. The analytic properties of the four-vertex part are studied 
and the equation for it is extended. We consider briefly whether the results obtained can be 
applied to the microscopic theory of a Fermi liquid. 


1p It is well known that a degenerate Fermi system 
has an excitation branch of the Fermi type, and the 
excitations are weakly damped when their momenta 
are sufficiently close to the limiting Fermi momen- 
tum. This property is the basis of the semi-phenom- 
enological theory of a Fermi liquid given by Landau. 


An application of the quantum field-theoretical 
methods made it possible to obtain a microscopic 
interpretation of the most important quantities in 
the Fermi-liquid theory. !1-3] 

The present paper is devoted to a derivation of 
a transport equation for a degenerate Fermi sys- 
tem. To be specific, we consider the electric con- 
ductivity of a normal metal. An application of the 
temperature-dependent diagram technique and the 
method of analytic continuation 41 yielded an equa- 
tion for the distribution function of the excitations 
in which the collision integral was expressed in 
terms of the four-vertex part [. The connection 
between the collision integral and IT is, of course, 
independent of the character of the transport prob- 
lem. The results obtained can thus be helpful for 
studying different problems about the kinetics of 
a Fermi liquid. 

2. When we use the temperature-dependent 
diagram technique to calculate the conductivity, 
it is convenient to start from the expression 


(see (51) 
e\2 (C dpdip’ KR, (k, @) — KR, (k, 0) 
Ouy (k, w) che (=) \\ (27)® Pp. pp jo p, 
(1) 
where e and m are the electronic charge and 
mass,* k and w the wave vector and the fre- 
quency of the external field, and KB. (k, w) the 
Fourier component of the retarded commutator 
Kho (k, t) = id fe#-PNM ap)_tge ptt je € HAHN 


dp +k/2 Ap—k/2 1>0 (t). (2) 


*We use a system of units in which fi = 1. 


The average is over a grand canonical ensemble. 


We now introduce the function 
Kos (k, t) 


=(T, (egp an apr—Kj2 Ap’+k/2 ev HEN) at ijplp aay are 
The Fourier component of this function 
UT ah 
Kopp (ky Om) = ee \ oom Kop (jay dt? > Oyster iia ced 


=i/T 


and the quantity KB, (ks, w) are values of the same 


function, which is analytic in the upper half-plane, 
respectively in the points w,, (m > 0) on the imag- 
inary axis and on the real axis. Moreover, 


ee (k, 0) = K pp’ (k, 0). (4) 


One can check this by performing a Lehmann ex- 
pansion of the functions KR and K. 

The function Kpp’ ( k, Wy) can be represented 
by a sum of the diagrams depicted in Fig. 1. These 
diagrams correspond to the expression 


PXoo (k, om) = — T >) Gost (@n + om) Gp—wis (En) Sp-p' 


n 
sy > Gp+k/2 (€, ae m) Gp-Kie (En) lee iC Ae En’; Wm) 


nn’ 


X Gyr (Ent + Om) Gprk.o(En’)- (5) 


Here Gp(€n) is the temperature-dependent Green’s 


function defined at the set of points €y = (2n+1)7iT, | 


and I'pp’k(€n, €n’; #m) is the four-vertex part. 

3. In order to carry out an analytic continuation 
in (5) it is necessary to elucidate the analytic prop- 
erties of IT. To do this we consider the Lehmann 
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expansion (given in the Appendix) of the two- 
particle Green’s function K (€n, en’; wy) with 
which IT (€y, €y’; Wy) is connected in the well- 
known way. (We dropped the momentum sub- 
scripts as they will not interest us in this section. ) 

It is clear from that expansion that K (e, €’; w) 
- as function of the complex variables «, €’, and w 
has singularities when 


a) Mines ==0, Im (¢--+ e)'='0, Ime’ = 0, 
Mime (eae ky} SS) 0% 
b) Im (e +e’ +0) = 0; 
c) Im » = 0, Im (e — 2’) = 0. (6) 


These singularities correspond to cuts parallel to 
the real axis in the complex planes of each argu- 
ment. The whole space of the variables ¢, €’, and 
w is thus divided into several regions in each of 
which I is an analytic function of any of its argu- 
ments, while the values of the other arguments 
are fixed. 

Green’s functions which are external dnd points 
of I and which are included in K also possess 
singularities of the type a). Therefore the pres- 
ence of these singularities in the function K still 
does not mean that they also occur in the function 
I. However, a study of the separate diagrams of 
the vertex part shows that I’ has singularities of 
the type a). As an example we consider the dia- 
gram given in Fig. 2. This diagram corresponds 
to the expression 


Vi(e,, En’; Wm) =T XG (En”)G (En+ En? + Om — En”) 
x D (&, — &q”) D (€," — En’). 


Here D is some boson Green’s function corre- 
sponding to the interaction. It is most convenient 
to study the analytic properties of this diagram 
by substituting for the summation over n” an in- 
tegration: 

Zz 


Py (€ns €n'3 @m) = ze; \dz th go G (2) G (en + en 
Cc 


+ Wm — 2)D (&2— 2) D (2 — &n) + T IG (&n) G (En 
+ ®m) 7B) (0) D (En — En’) + G (En’) G (En i Om) 
x D (en — &n') D (0)}. Walks 


The contour C is depicted in Fig. 3; it goes around 
all poles of tanh (z/2T) except z = €y and Z = €p’ 
and does not contain other singularities of the inte- 


*th = tanh, cth = coth, ch = cosh. 


FIG. 4 


grand. The integrals over the arcs of the large 
circle are equal to zero. The integrals over the 
small circles are compensated by terms outside 
the integral. Taking into account that 
ee, &+0,, g 

20 op = thyz. 


€ 


we get thus for IT, the expression 


Uy {Bes Bar Om) ee \ de” {th = [GR (e”) 


— GA(e”)|G(e, + ey +0m— 8" 

x D (&, — e") D (e” — en) + then [G4 (— e”) 

— GR (— 8")|G(e” + &n + €n + om)D(— &” — En’—Wm) 

xD (8” + en +m) +ctb So D4 (— e’) 

— DR (— e")] G (e" + 82) G (en +o@m— 8”) D(e” +80 

—eq) + eth 5m [D8 (e") —DA (c")] G (e" + en) 

X G (en +m — &") D (8, — En — 8”)}. (8) 
The integration in the vicinity of «” = 0 must refer 
to the principal value. Since the functions G and 
D have singularities when the imaginary parts of 
their arguments tend to zero, the diagram consid- 
ered here will give all singularities (6), as can be 
seen from (8). 

We shall in the following be interested in the 
properties of I (e, €’; w) as functions of € and €’ 
for fixed values of w, with Im w>0. It is con- 
venient in that case to represent the analytic prop- 
erties of I as in Fig. 4, where the singularities 
(6) are plotted in the Im ¢, Im ec’ plane. The lines 
drawn in the figure divide the plane into 16 regions, 
each of which corresponds to a function [ which 
is analytic in that region in any of its arguments. 
The rectangular regions in the figure are num- 
bered by two.indices (i,k), each of which takes 
on three values. Some of these regions are divided 
into parts by the diagonal cuts. These parts are 
denoted by Roman numbers. Such a system of no- 
tation is also used for the T functions (for in- 
stance, Ti 

4, We can now carry out the analytic continua- 
tion in Eq. (5). To do this we first replace the 
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sums over n and n’ by integrals, in the same way 
as was done in the case of the diagram of Fig. 2. 
We can write 


a T (ns En" Om) G (&n + Om) G (En’) 


ai\ dz"th SAT (6m, 2; On) G2’ bem) @ (’), 

L’ 
where the integration is performed in the positive 
direction along the edges of the cuts: Im z’ = 0, 
Im Z’ = —Wy, Im Z’ = €p, and Im Zz’ = —€n—- Wy, 
while near the points z’ = €, and 2’ = —€n-Wym, 
the principal value of the integral must be taken. 
One verifies easily, by writing out explicitly the 
integrals over the different parts of the contour 
L’, that the expression obtained has singularities 
at Im z = 0 and Im z = — wy, as function of the 
complex variable z corresponding to €,. Using 
this fact we can replace the sum over n in Eq. (5) 
by an integral. As a result we obtain an expression 
which is an analytic function of w in the upper half- 
plane. Performing the analytic continuation with 
respect to w on the real axis we get finally 


eto 


Rea) — Fai \ de| thn Kile, w) +(th 


— thin \Ko (2, w) —th 2 O° K; (e, w)|, 


where 


(9) 


Kz (e, o) = gi(e, ofl + za) de’ Ta (e, €% 0) ge (e’, 0), | 


(10) 
Aa (e, w) = erp (€ +" w) G* (e), 
Zo (e, w) = GR (e + w) GA (e), 
gs (e, w) = G4 (e +.) GA (e). (11) 


The quantities Jj, are connected with the functions 
I'jx which arise because of the analytic continuation 
of the vertex sae as follows: 


Fx (€, &'; w) = ths eV (e, &; w) 

Bei to) ks (Pi (epe's wy — Tite; esi) 
Fr (©, 2 . “(nth ar) Tue (8, €'5 0), 
e’ te 


F 13 (€, & rae, eo ; w) 


eheth; ote | ru 


Fn (&, €'; w) = ths, 


e’; wo) = — th 


13(&, ©; sn) Dia (es e!; w)I, 


; w), 
J 22 (€, 5 w) = (cth rai sr) Tis(e, ©; w) 


( e 


e’ —s& 


+ (eth = 484° othe 
a (tht + @ 


F ag (8, 8’; 


\ Ta! (e, e!: w) 


—— aint tebe) fax (e, ke w), 


o) =— th H*r(e, 8% «), 
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Fu (e, 8&3 wo) = th 5 ai a (e, &; w) 

Sethe tte a: é': 0) — Tie, eo; 
F (bes ©) “(ine ee— th =) Tse (€, &'; w); 
F a9 (€,°8'5 Cee w) 


‘5 ) sails (e, a; w)]. 


Z oto Th (e, e'; 


(12) 


The problem of the analytic continuation of (5) is 
solved by Eqs. (9) to (12). 

5. For the following it is necessary to elucidate 
some properties of the Green’s functions 


GR (x, x’) = — i <hp (x), HF (x0 (E — 2, 
G* (x, x’) = EX fp (2), pt (xO — 0). 


In the momentum representation we can write 


GR (e) = [e — 9 — 3 (e)]4, (13) 


where €p = (p?/2m)-—y. The fact that there are 
weakly damped fermion excitations present in the 
system corresponds to a well-defined small imagi- 
nary part of aR €), namely such that, if the tem- 
perature is sufficiently low and « ~ T, «4 ~ T; 

Im aR €)< T. It follows from this that if € ~ 
and v|p—po|~ T (v is the velocity on the “aon 
surface ), 


Ime GF (2), c= Sanddi{e =22,)) (14) 
where gp is the root of the equation ¢€ — Ep 
—Re Zp Rie) =0, and 
fa) =i 
a =[1 —Z Re BF (@) eg] (15) 


We consider now the quantities g; defined by 
Eqs. (11). When w « T and vk < T, 


aa (P, Ke lGS Py, Poe Ap) ed 


i.e., we can assume that g, is in that case inde- 
pendent of w and k. If this quantity occurs in an 
integral where values « ~ T and v|p—po| ~ T 
are important, we can use for it the simple ex- 
pression 


gi(P, K)~a(e—e + = +0, 


The quantity g3 = gf has the same properties. Only 
the function go(P,K) = GBigpletw)> “GR k/2(€) 
depends appreciably on w and k for Jini] values 
of w and k. 

We shall see that in all integrals which contain 
g. the domain of integration is limited by the val- 
ues € ~ T and v|p—po|~ T. We can thus write 
for w « T and vk « T 


(w, k), 


16)" (16) 


ge (P, K) = 2mia*6 (e — &p)/(w — vk 4+ 2i7p) (17) 
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where 
(18) 


(19) 
In accordance with what was said before, Yp « T 
when v|p—po| ~ T. 

6. We consider now in somewhat greater detail 
the properties of the quantities Jj,. We note first 
that some graphic representation of these quanti- 
ties is possible. We introduce the irreducible 
parts J. ® which are obtained, as the result of 
the analytic continuation and of applying Eq. (12), 
from all diagrams [)(ey, €y’; wy) which do 
not contain a pair of lines of the type G(é€y + wm) 
G(e€y). One can then easily verify that Jj, sat- 
isfies the equation 
Fin (P, P’; K) =F (P, P’; K) 

+ arom \EPT IPP, Pts K) gy (PY, K) Te (P,P . 
This means that Jj, can be written as the sum of 
diagrams containing different numbers of irreduc- 
ible parts J“), which we depict by shaded rect- 
angles and which are joined by pairs of lines g7 
which we shall call sections 1. 

We saw that from among the three functions 
gi only g, depends appreciably on w and k when 
w and k are small. It is thus expedient to intro- 
duce for each of the functions Jj, the totality of 
diagrams J()) which does not contain the section 
2. We shall then have instead of the set of Eqs. 
(20) one equation for Jo: 


Fox(P, P' K) =F9(P, P's K) 
4 a ” 
+ aptaga | atP” TRIP, Pts K) ge (PY, K) 
Ba ab (Pp" Pp’. k), 


whereas all other quantities Jj, can be expressed 
in terms of Jo, and J ae as is shown in Fig. 5. 

If vk « T we can assume that all J{)) are inde- 
pendent of k. The dependence of these quantities 
on w occurs in practice only because of the hy- 
perbolic functions in (12). In particular, the func- 


v = p/m" =a [p/m + Vp Re 2» (8) jeep], 
Yon — alm, >. (e,) > 0. 


(21) 


tions Jy, and Jz. are proportional to tanh [(e+w)/ 
2T]-—tanh (€/2T) and tend to zero for w = 0. There- 
fore, when w = 0 the functions Jj,, with the excep- 


tion of Jo, do not contain diagrams which have at 
least one section 2. 

We need relations connecting the derivatives of 
the Green’s functions with the quantities Jj, at 
K = 0. These relations can be obtained in a way 
similar to the one used for T = 0 "#1 or through 
an analytic continuation of the relations for the 
temperature-dependent diagram technique. [6] We 
shall therefore give them without derivation 


a Gn Ben B_u 


(#2, k#2 


ree J ae 


FIG, 5 


0 aes P , 
£(Gx(e)It = 1 +5romr \ttP £F4,(P, P’) (GR(P’) 


+ F,3(P,P’)1G4 (P’)}}, (22) 
4 (a8 (e)] | 

ee = Di oa \UP’ PT (P, P) 1G* (PP 

+F43(P, P’) (G" (P’)]23. (23) 


7. We show now that the conductivity Oypy can 
be expressed in terms of the single function / 45 
only, while the other j, determine the values 
of renormalization constants. 

Bearing in mind the case w « T, kv « T we 
retain a dependence on w and k only in gy and 
J ig. It then follows from (1) and (9) that we need 
only be interested in those diagrams K,(¢€, w) 
and K3(¢,w) which contain at least one section 2. 
All those diagrams and also the diagrams forming 
K,(¢€,w) are illustrated in Fig. 6, in which the 
rectangles correspond to the quantities ¥ which 
do not contain sections 2, and a circle represents 
Jo. Substituting the expressions for the Kj cor- 
responding to these diagrams into (9) and (1), and 
applying Eq. (17), we get 


(1/27) ch? (e,/ 27) 


me Ps Bp H(t) 
re wal « {ley Qu’ (P) @ —vk -+ 2i7, 
2) , a dpd3p’ 
x Qn) + 5) BE QP (p) 
(4/27) ch (6/27) Hse (Ph P's Bir O) aay, 
X To vk + 27, @— wk a,) &v (P): 33) . 
} 
where Qi (Pp) and Qi? (Pp) are the values at € . 
= €p of the following quantities 


= (YD>+WITa> + YTV 


L#2, k#2 
FIG. 6 
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. = Pr. ras Z ch? Tae 95 say \aP” Pr Dp th = = [gn (P”) 
x FY (P",,P; w) — gs (P") F2' (P", Ps oI, (25) 
P = pe + spam \aP” IF (P, PY) gr (PY) 
+F%3 (P, P”) gs (P”)) pu. (26) 


We took here into account that J{?)(P, P”; K) 

a IMP, PY; (0.). “The quantities. gia( Pb, wks wo) 
weatatn a factor (w/2T) cosh7 *(€p/2T), and are 
otherwise independent of w. 

Using Eqs. (12) we can write 


O = pat som \atP'pL th oe [en (PY) TYP", P) 


— gs (P") i (P°\P)L 


@) apa “2 > vate, i\ dtp” Du thea ire (P, P") 21 (P”) 


—Tyy (P, P’) gs (P’)I. 


By considering the separate diagrams of the vertex 
part or the Lehmann expansion for the two-particle 
Green’s function (see Appendix) one can easily 
check that 


Tuer at) veh Pov elas Mh ee load sada Hh 


Thus, Q = Q®) = Q, where Q is a real quantity. 
It is clear that 


Q(p) = ap. (27) 


From our earlier considerations it follows that 


= (m/am")?. (28) 


We write the quantities J$?) and $$) which occur 
in (26) in ae following form: 


TOP, P)=F[Tu (P,P) +Tae(P, Py] +{ TMP, PY 
—3| TulP. P’) + Tu (P, P|}: 


A simple, though rather tedious study of the sepa- 
rate diagrams shows that when € ~ T the second 
term differs from zero only in an interval e€” ~ T, 
while outside that interval it decreases exponen- 
tially. Assuming that all diagrams have this prop- 
erty we get the result that one can in (26) replace 
TM by 31 Fy.+ Fi]. i if we substitute the 
He pee I~ - 31744 + F3,] into (26), we find 
that in the fier the ae e”~ T, v|p”—po| 
~ T are the important ones. Since we are, more- 
over, interested in the value of Q(p) when 
v|p—po| ~ T one may assume that the above- 
mentioned difference depends only on p—p”. We 
get thus when we use Eq. (16) and integrate over 
Ep” =v (p”—py) the result that the integral van- 
ishes. Equation (28) follows then from (23) and 
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(18). Equations (24), (27), and (28) completely de- 
termine the connection between oy, and J. 

8. We now introduce the quantity fp(k, w), 
which is the change in the excitation distribution 
function which is linear in the external field E, 
starting from the equation 


in (k, 0) = 5 | os Po by (ke ©). 
It then follows from (24), (27), and (28) that 


(1/2T)ch-*(e, / 27) 
o@ — vk + 2i7, 


ie 6 


Fp (k, w) PLR, 


(29) 


x Ey {P+ 


(Here and henceforth we drop the subscripts in 

Jo.) The equation for fp(k,w) follows directly 
from Eq. (21) for ¥. Introducing, as usual, in- 

stead of fp a function Pp such that fp (k, w ) 


x \ om aS (p, p’; k, w) 
(21)8 ’ @—wk + 2i7,, ae 


= Pplk, w) dnp /dep, where Np = (eSp/T 1)7}, 
we get 
i (w — vk) gp (k, w) 
2 d? vi i 
seve +15 | ahs TO (P, v's, 0) Op (k, ©) 


+ 2p 9p (k, w). (30) 


The quantity J J yepresenting all diagrams that 
do not contain sections 2 consists of an irreducible 
part J“) which neither contains sections 1 nor 3 
and of diagrams which have different numbers of 
sections 1 and 3. Such diagrams are illustrated 
in Fig. 7. It is clear that they all contain the quan- 
tity Fjo(P, P’) and it then follows from (12) that 
they are all proportional to (w2T) cosh” (€p {2b 
If we also split off from J) the part propor- 
tional to w we write J in the form 


J (p, p's ©) =F (p, p’) + sp ch? 52 FT") (p, p'). (31) 


By studying separate diagrams or from the Leh- 
mann expansion for the two-particle Green’s func- 
tion we can check that J(P, P’; K) is a purely 
imaginary quantity for K=0. Since g,(P,K) is 
real at K=0, J")(P,P’) is also a purely imagi- 
nary quantity. The expression 


iq2 d*p’ ; 
=) pp TO. P') Gr (ky 0) + 21m Gp (Kw) (82) 
ee pe Ta Te re (1) 
2 « We + 2 An Will 
(#2, k#2 
FIG. 7 
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is thus the collision integral in the transport equa- 
tion (30). We explainthe significance ofthe second 
term in (31) in the following. 

9. There is, of course, a direct connection be- 
tween the transport equation and Eq. (21) for the 
vertex part J not only for the problem of elec- 
trical conductivity considered here. In order to 
establish the connection between the quantity J 
introduced by us and the vertex part occurring in 
the zero-temperature diagram technique, we show 
how one can obtain from (21) the equation for zero 
sound in a Fermi liquid. [1] 

We consider Eq. (21) in the limiting case wr 
> 1, where T is the relaxation time which is of 
the order of magnitude of yp’. Since the collision 
integral (32) can be written in the form g/t for 
estimating purposes, it follows that J“ is of the 
order of magnitude of u/p3rT. On the other hand, 
if we estimate the simplest diagrams we get eas- 
ily the result that 7) in (31) is of the order of 
magnitude u/pi. Therefore, when wt < 1, the 
quantity J™~2 9), whereas for wt > 1 


‘. ~~ Or gop GC , 


We shall be interested just in that case. Neglect- 
ing in (21) terms of the order of magnitude (wr)7}, 
we get 


, Ei En , 
T (p, p’, k, o) =57-ch* 5% J (p, p’) 


a® \ dp” 1 fy” wT) (P, P”) 


oo Gms ar ch” OF onwk ie” (p’, p’; k, w). (33) 


Introducing the notation 


ey o 5 
F (p, p30, ©) =srch aT? (p, p’) (ot 1), (4) 
we get for k= 0 for I the equation © 
P(n,p) = 0) (p, p') + 2-\ 2 
PP) =9 PP) hey (2n)3 2T 
xch* = J (p, p’) T* (p", P’). (35) 


In the integral term in this equation and also in Eq. 
(33) practically only the quantity cosh™ ( Ep”/ 2T) 
depends on the magnitude of the vector p”. Inte- 
grating over p” and eliminating 7) from (35) and 
(33) we get thus 


F (p, p's kw) =Pech*SET* (p, p’) + gar dow 


p’kr (P, Pp”) 


SL io. ee he 36 
@ — v"k + 16 J (p’, p’; k, w). ( ) 


To find the natural vibrations corresponding to 
zero sound we must drop the free term. The equa- 
tion we obtain then is the same as Landau’s equa- 
tion. {1] We can thus conclude that the quantity re 
is the same as the corresponding quantity occur- 
ring in the zero-temperature diagram technique. 


(The case wt > 1 corresponds for T = 0 to the 
limiting transition k = 0, w—0.) When deriving 
Kq. (36) we completely neglected terms of the or- 
der (wr)-!. When such terms are taken into ac- 
count it is possible to obtain the damping of zero 
sound and also to consider other phenomena con- 
nected with damping. To do this, it is, however, 
necessary to study in detail the structure of the 
quantities 7 (1) and Yp> which is outside the frame- 
work of the present paper. 

The author is very grateful to L. E. Gurevich 
and V. I. Perel’ for discussing a number of prob- 
lems connected with the present paper. 


APPENDIX 


We perform the spectral expansion of the two- 
particle temperature-dependent Green’s function 


K (XX; %3X4) = (Tp (x1) p (x2) pt (x5) pt (x4), 
where 
p (x) == e(H—pN)t p (r) ee (H—p.N) ¢ | 


This function consists of 24 parts corresponding 
to different permutations of the ~ operators. All 
permutations fall into six cycles with four permu- 
tations in each. 

The contribution from the cycle created by the 
order 1-2-3-4 is equal to 
K,(%1%2} X3 Xa) = > Cay | (74) | Gey Cote |p (72) | @g> 


AyAeA shy 


X Cag |tpt (rs) | aa> Cora |*p* (74) |G1> Exp {Ey (t, — Ty) 


+ E2 (t2 — %) + Es (t3 — te) +E (ta—T)} 

x [e-EvT 8 (4, — To) 8 (T2 — Ts) 8 (Ts — Ts) 
—e-T @ (t, — 3) 0 (T3 — Ta) O(T4—T1) 
+ e—FaT @ (ts — %4)O (tT, — 15) 8 (4, — Ta) 


— e~ FIT (T, —Ty) (ty — Te) 9 (tT. — 7)]. (A.1) 
Here all energies Ej are calculated from pNj. We 
choose from the four differences Tj —T_ any three 
independent ones, for instance tj = T4—T 2, tp = T2 
—T3, and t3= 73—74 and carry out in them a peri- 
odie continuation from the interval (—1/T, 1/T) 
onto the whole axis of imaginary times. To do this 
one needs expand (A.1) in a triple Fourier series 
in terms of t,, t,, and t3, taking into account that 
we must have |t; +t, +ts3| = |7,-74| = 1/T. 
Carrying out next a Fourier-series expansion in 
all four tj, we get for the Fourier components 

the expression 


K, (81823 &384) = T-15 (8, + & — &3 — &) Ki (e182; &384). 
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The function Kj depends in actual fact on three 
variables for which we choose € = &, €’ = 9, 
and w = €4—€4 = €3—€). In terms of these vari- 
ables 

Rake, © 6). = oy, Arn Suan) 


12,0304 


e—EVT 
s | ee EOE ES 


p- Pat 
~ (Ei—E2-Fe+0)(Es— E2—e' )(E—E3+ 0) 
eEuT 
Ae SNe 9 ie a A ae Se ea 
(E;—E3+e-+e'+@)(E2—E3+€’')(E,—E3-+€' +) 


oF. T 
> 


is (E,\—E4+8)(E2—Es—w)(Es—Eq—et’) (A. 2) 


where € = (2n+1)7iT; w = 2mmiT; the quantity 
A (1, 2,3,4) is the product of matrix elements of 
the ~ operators occurring in (A.1).. The corre- 
sponding formulae for the other cycles are ob- 
tained from (A.2) by simple permutations of the 
indices. 
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An expression for the isovector part of the electromagnetic form factor of the K meson has 
been deduced by applying the dispersion relation technique to the problem of the electromag- 
netic structure of the K meson. The electromagnetic radius of the K meson is calculated 
under the assumption of a narrow m7 resonance. 


SEVERAL authors have in recent times success- 
fully applied the double dispersion relation tech- 
nique to the discussion of reactions involving 7 
mesons and nucleons as well as to the problem 

of the electromagnetic structure of the nucleon 
and the pion. We are thus encouraged to go on 

to the consideration of reactions involving strange 
particles. In the same way as the pion-pion inter- 
action plays a fundamental role in the problem of 
the scattering of nucleons and pions, the 7K inter- 
action is the determining factor in reactions in- 
volving strange particles. This last interaction 
has been given considerable attention in recent 
times. Since direct experiments on 7K scatter- 
ing are at present impossible, one may obtain 
information on the 7K interaction from the analy- 
sis of various reactions in which K mesons par- 
ticipate. Thus the analysis of experiments on KN 
scattering |] and K*N scattering [2] with the help 
of the double dispersion representation leads to 
certain conclusions concerning the amplitude of 
the process 7+ 7—K+K. 

In view of the success of the dispersion repre- 
sentation approach in the investigation of the elec- 
tromagnetic form factor of the nucleon [3] and of 
the KN scattering! 1] and the K*N scattering /?! 
it is possible to obtain some information on the 
electromagnetic structure of the K meson. 

Let us consider the current density operator 
of the K meson taken between a kaon-antikaon 
state and the vacuum. Owing to Lorentz and 
gauge invariance it can be written in the form 


<pipe | jp (0) |0> = (p1 — p2)u Fx (2)/ V Propero (1) 


where p, and p, are the four-momenta of the kaon 
and antikaon, and 


t = — (pi — po)? = (pio — pro)? — (pi — p2)?. 


The form factor of the K meson F(t) can be 
divided up into an isoscalar and an isovector part: 
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Fx (f) = FR) + Fk (), Fx (0) = Fk (0) = e/2. 
We shall restrict our discussion to the isovector 
part FY (t), which satisfies the dispersion relation 


7 oe ae Uy ae 
FkQ=3+ 5 \ aes (2) 
4p4 


We have performed a subtraction in order to im- 
prove the convergence of the integral. 

In calculating Im FY( t) with the help of the uni- 
tarity condition we shall take only two-pion inter- 
mediate states into account. We have then 


Im Fk () = £45 0t () Fa (0, (3) 


where q? =t/4 —- p?, E=Vq? + mi , F,(t) is the 
form factor of the pion, and b,(t) is the partial 
amplitude for the process 7 +7—-K+K in the 
state T=J=1. 

Assuming a narrow resonance of the m7 inter- 
action in the state T= J=1, we can express 
b,(t) approximately as {41 


bi (t) = (&/4n) Fr (4), 


where ~ is some phenomenological constant. Hence 


Fe) =4[1 +4 A(z) \ Se 
4p? 


4E' f(t — 2) 
We shall use the following expression for Fed 


11.3 


Felt) = peo 750 


This expression agrees roughly with the pion form 
factor of Frazer and Fulco, [3] but is more conven- . 
ient for calculations. To simplify matters, we 
make the replacement 


(11,3) ‘5 _, (11.3)? 


ran (tPF 2.32 nd(t, —2), (5) 


|Fr() |? = 


where ty = 11.5 and y = 2.32 je Then 
V ees E t 
Fx (2) =3(1 PA eer , (6) 


‘ 
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where A x 0.576. 1 Ferrari, Frye, and Pusterla, Phys. Rev. Lett. | 

With the help of (6) we can calculate the isovec- 4, 615 (1960). 

tor radius of the K meson: 2B. W. Lee, Phys. Rev. 121, 1550 (1961). 

3 

W.R. Frazer and J. R. Fulco, Phys. Rev. 

V2) ow ~ 0.38/42. Re | 

Se ea anaes Lett. 2, 365 (1959); Phys. Rev. 117, 1609 (1960). 

The analysis of the energy dependence of the KN 4B. W. Lee and K. S. Cho, Modified Static Equa- _ 

and K*N scattering phases [1,2] shows that 0.5 tions for the 7K Interaction. Effect of Pion-pion | 
= §/4n <1 for typ = 11.5 uw’. We then obtain Resonance (preprint). 

5 F 
5.4 -10-4em< r& <7.8 10 om, S. C. Frautschi and J. D. Walecka, Phys. Rev. 


120, 1486 (1960). 
which is in approximate agreement with the elec- 


tromagnetic dimensions of the nucleon. 

‘The author expresses his gratitude to A. M. 
Brodskii for a useful discussion and also to D. Translated by R. Lipperheide 
Ivanenko for his interest in this work. 215 


SOVIET PHYSICS JETP 


ON THE THEORY OF THE SPIN ECHO 


A. R. KESSEL?’ 


VOLUME 14, NUMBER 4 


MPR Ey Lone 


Physico-Technical Institute, Kazan’ Branch, Academy of Sciences, U.S.S.R. 


Submitted to JETP editor May 11, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1254-1257 (October, 1961) 


A theoretical discussion is given of the effect of two resonance pulses—an acoustic and an 

electromagnetic one, and also of two acoustic pulses—on the nuclear spin system in a cubic 
crystal. Expressions describing the effect of the acoustic pulse on the free precession sig- 
nal due to the electromagnetic pulse and expressions for the spin echo signals are obtained. 


l. At the present time a large amount of varied 
information on the internal structure of many ma- 
terials and on processes which occur in them is 
obtained from experiments involving spin echo and 
free nuclear precession produced by resonant elec- 
tromagnetic pulses. An examination of similar 
phenomena involving acoustic pulses appears to 
be of interest. 

It has been shown previously /1,21 that in cubic 
crystals an acoustic pulse of Larmor frequency 
Wo = YHp applied at t = 0, and an acoustic pulse 
of frequency w = 2w,) applied at t=7T, give rise 
to a spin echo signal at t = 2T. A single acoustic 
pulse does not give rise to a free precession sig- 
nal] and alters the z component of magnetiza- 
tion from My to My cosf or My cos ay l3J (B and 
y will be defined later in terms of parameters de- 
scribing the substance and the pulse). 

In order to carry out an experiment with two 
acoustic pulses it is necessary to introduce into 
the crystal sound at the Larmor frequency and at 
_ double the Larmor frequency, or to reduce to one- 
half the magnitude of the magnetic field within a 
time T< T, (T, is the longitudinal relaxation 
time). These difficulties can be avoided if one 
electromagnetic and one acoustic pulse is applied 
to the substance. 

Since the z component of the magnetization 
does not precess, its response to an acoustic 
pulse could be determined, for example, from the 
magnitude of the free precession signal from the 
second electromagnetic pulse. It is, therefore, of 
interest to study the results of applying an acous- 
tic and an electromagnetic pulse to a nuclear spin- 
system. In the present article we examine the 
theory of this phenomenon for the case I= 1. 

2. We consider a cubic crystal containing nu- 
clei of spin I= 1 and of quadrupole moment Q 
placed in a magnetic field Hy. We follow the 
"method of calculation presented in "J. 


If acoustic oscillations are introduced into the 
crystal along the C, symmetry axis longitudinal 
acoustic standing waves are set up in the erystal.[?1 
The operator for the interaction of the ultrasound 
with the nucleus giving rise to resonance transi- 
tions in the Zeeman spectrum is given by"?! 


h (t) =—h (20, (fief, + 7,1,) + @; (f, + 1] cos ot, 


pay 3e70q1Ak : . 
Oo, = Bul — 1h sin kR sin 20, 
Heese? Qa Aki t=. o85) 
= 3 al—ha sin kR sin? 6, (1) 


where 2A and K are the oscillation amplitude and 
the propagation vector lying in the xy plane and 
making an angle 6 with respect to the z axis 
chosen parallel to Hj, and eq, is the electric 
field gradient with respect to a displacement be- 
tween the particles resulting from the oscillations 
about the equilibrium distance between them; R 
is the position vector of the nucleus in the coordi- 
nate system fixed in the crystal. We neglect the 
time required to set up the standing waves in the 
crystal. 

For a pulse with the oscillating magnetic field 
2H, cos wt directed parallel to the x axis, the 
operator for the interaction with the nucleus is, 
as is well known, 


h(t) = —ho! ie of ey cos of, ot = 7A. (2) 


After the pulse has been applied the wave function 
for the nuclear spin can be represented in the form 


¥() = 2 Cin (to) CE mth Xn (3) 


where C,,(t) is determined by, the § Schrédinger 
equation with the Hamiltonian Hp + h(t), with the 
operator h (t) given in the form (1) or (2), while 
3p; Em 2nd Xm are respectively the Hamiltonian, 
its eigenvalue, and its eigenfunction in the absence 
of a pulse. 
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In the case of an acoustic pulse of frequency 
W = Wo = YHy and of duration t,, > w-! we obtain* 
for Cy (t) 


\¢ 
C27) = Coa ae 


a Cay sin? a 


—— 73 signw1 Cp sin| o1| ¢, 


Gy (ft) = Co cos| o1|¢ + yasien w, (C? — C®,)sin| @, |Z, 
(4) 


where ch = Cy (t=0). 

For an acoustic pulse with w 
> w7! we have 
Geil) = G_ cos |e, |'t 


= 2W 9 and t,, 


ERO we Cay SIT] of, Ge (2), ="Cg: (5) 
For an electromagnetic pulse we have 
C.1() = “cos? 3 — CAsin? 5 = awe +35 Eee sin wt 
C,(t) = Cocos wit are: (Co-+ C°)sin av (6) 


With the aid of (3) — (6) we can evaluate the ex- 
pectation values for the components of the nuclear 
spin. When two pulses are applied this procedure 
is carried out twice, with the nuclear state just be- 
fore the second pulse being given by formula (3) 
with t=T. 

In order to obtain the resultant magnetization 
it is necessary to add the expectation values of the 
components of the spin of all the nuclei in the 
sample. In order to do this, we shall average 
over the nuclear position vector, treating k-R 
as arbitrary, and over the frequency distribution, 
which we assume to be Gaussian."*! Since at 
t = 0 the nuclei were in thermal equilibrium we 
shall make use of Boltzman statistics for the ini- 
tial distribution of the N nuclei of the sample. 

The results of such a program of calculations 
for different combinations of pulses are given in 
the table where 


B= || to, 
f (p) = exp [—ioop — p?/2TY], 
a bar over an expression denotes averaging over 
the nuclear coordinates, and Tj~? is the mean 
square deviation of the frequency from yHp. 
The average value of the x and y components 


of the spin of an individual nucleus after an acous- 
tic pulse of frequency wy) is proportional to 


a= w'fty, Fo KOM Be 


*I take this opportunity to note that the expression sign a, , 
has been omitted for the corresponding formulas of [2], Apart 
from the sign, however, this does not affect the results of [2], 
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Second 
pulse 


First 


pulse Mt=Mx+iMy in units of 2Ny h?a)/3kT 


e.m. isin a cos B f (t—T) 
Am=1 0 


ac., Am=1 
ac., Am=1|ac., 


ac., Am=1|ac., An= 2 sign (@;@2) sin B sin Y f (t — 2t) 
ac., Am=2 e.m. isina cos 2y f (t —T) 
ac., Am=2]ac., Am= 1 | Sign (@1@:) sin B sin 2y {cos? (8/2) f (¢ + 7) 
+ sin? (B/2) f (¢ — 3t)} 
ac., Am=2)|ac.,. Am 2 0 
ap inet | eos shaNAees i sin a ((cos2B + cos) f (2) 
+ (cos 2B — cos B) f (¢ — 2t)} 
e.m. ac., Am=2 i sin a cos 7f (é) 


sign w,-sin|w,|ty. In averaging over the coor- 
dinates, this expression vanishes if the dimension 
of the sample parallel to the direction of propaga- 
tion of sound is an even multiple n of half a wave- 
length. If n is odd, then the total magnetization is 
determined by the nuclei situated in a layer half a 
wavelength thick in the direction perpendicular to 
the direction of propagation of sound. 

For a sample of linear dimensions ~ 1 cm and 
for a frequency v ~ 10’ cps this layer will contain 
~ 1% of all the nuclei. Moreover, as a result of 
averaging over the initial conditions it turns out 
that the total magnetization in the x and y direc- 
tions is proportional to (fw)/kT)?, i.e., it is 
smaller by a factor (fiw)/kT) than the magnetiza- 
tion due to the electromagnetic pulse (fiw)/kT) 
~ 10-6 at T~ 300°K and Hy ~ 10 kilogauss. 
Therefore, it is impossible to observe the free 
precession signal due to an acoustic pulse. : 

3. It should be noted that the results shown in 
the table have been obtained by neglecting terms 
proportional to (fiw)/kT)?. Also we have not 
taken into account here processes associated with 
longitudinal relaxation, for, as is well known, ina 
solid the nuclear longitudinal relaxation times 
satisfy” 'T, !TSY ; 

From the table it can be seen that in those 
cases when the electromagnetic pulse follows the 
acoustic pulse only a free precession signal ap- 
pears following the second pulse. The ratio of 
this signal to the free precession signal due to a 
single electromagnetic pulse is equal to P 
= cos | W412 |t.).. This can be easily understood if 
we take into account the fact that a single acous- 
tic pulse does not give rise to a free precession 
signal and alters the value of the z-component 
of the magnetization from My to My cos| wy, 9|t,, 
and that, moreover, the free precession signal 
following the electromagnetic pulse is propor- 
tional to the magnetization existing before it was 
applied. 
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In those cases when the acoustic pulse follows 
the electromagnetic one a free precession signal 
from the first electromagnetic pulse is present 


and, therefore, a spin echo signal can be produced. 


In this case, as expected, no free precession sig- 
nal is produced by the second pulse. 

The ratio of the spin echo signal due to the 
electromagnetic and the acoustic pulses giving 
rise to the Am = 1 transitions, to the echo signal 
due to two electromagnetic pulses [5] is given by 


P’= (cos 23—cos3) / 2 sin? “5 : 


A measurement of the values of P and P’ pro- 
vides a method for studying the changes in the 
crystalline electric fields at nuclear sites asa 
result of the application of ultrasound. 
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A new method is developed for constructing the Hamiltonian for carriers in semiconductors 
in the ‘‘effective mass’’ approximation in the presence of external fields and deformations, 
which allows the symmetry requirements to be taken into account without directly using 


perturbation theory. 
1. INTRODUCTION 


Tae effective-mass method used to consider the 
motion of carriers in a periodic lattice perturbed 
by external electric and magnetic fields has been 
derived by a number of authors (see, for exam- 
ple, [1,2]) This method is used for calculating 
the energy spectrum of carriers in semiconduc- 
tors and its change during deformation, [3,4] and 
in the theory of scattering it leads directly to the 
‘‘deformation potential’? method. [8] 

In the method the wave function W, which is a 
solution of the Schrédinger equation 


HY = (H, + H,) ¥ = inaV¥dt, 
is written approximately as the sum of the prod- 
ucts of smooth functions Fj(r,t) and Bloch func- 
tions 


(1) 


Pik, = Ux, exp [i (kor — Et/h)), 
which are the eigenfunctions of the operator Hp 
= — (h?/2m) V7 + V(r) at an extremum point kj: 


Y= ee F,Q;. (2) 


i=] 
Here in general the band is assumed degenerate at 
the point ky i.e., to the eigenvalue Ek, correspond 
n eigenfunctions Piky: 

The method is, of course, only valid when a 
number of conditions are satisfied—to be explicit: 
for free electrons described in this approxima- 
tion by plane waves, the wave vector k, reckoned 
from the point k), must be sufficiently small as 
compared with a vector of the reciprocal lattice; 
the external fields appearing in iy must be suffi- 
ciently smooth; if these fields depend on time, the 
characteristic frequencies must be small compared 
with the quantity AE/f, where AE is the distance 
between nearest bands. 


When these conditions are satisfied, the system 
of differential equations determining the functions 
Fj has the form 


Diy (H) Fj = ih OF,/dt. (3) 

The matrix #%, which is the Hamiltonian in the 
effective-mass method, depends on the operators 

k, on the external electric and magnetic fields, on 
the deformation tensor ¢€, etc. For simplicity in 
what follows, we shall use a single symbol & for 


all these scalar, vector, and tensor quantities. 

Various variants of perturbation theory are 
generally used both to prove the applicability of 
the effective mass method and to construct the 
Hamiltonian %. To construct D(%.) the calcula- 
tion has to be carried to second and higher orders 
of perturbation. Although the constants entering 
into Z can in principle also be calculated by these 
methods, they are in practice determined from ex- 
periment. Thus, once the validity of the effective- 
mass method is proved, it is not necessary to use 
explicitly the rather cumbersome methods of per- 
turbation theory to calculate D(#) for each spe- 
cific case, since the form of this matrix is uniquely 
determined by the symmetry properties. 

A number of workers !?8] have successfully 
used various ways of constructing #% directly. In 
the present work we develop a general method of 
constructing the operator %(%), starting directly 
from the symmetry conditions and the invariance 
of the Schrodinger equation under time inversion. 

In the first part we shall not take spin-orbit 
interaction into account, so as to be able to dis- 
play the principles of the method more simply. 

In the second part!*J it will be shown how spin- 
orbit interaction can be accurately taken into ac- 
count within the framework of this method. For 
clarity we shall consider several examples in the 
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first and, especially, in the second part. Using 
the method we shall consider the change of the 
energy spectrum of carriers in semiconductors 
with the wurtzite and germanium structures dur- 
ing deformation. 

Other examples are contained in the article by 
the author and Bir devoted to calculating the effect 
of deformation on the electrical properties of p 
and n type InSb!!°] and the article by the author {11 
where the energy spectrum in tellurium is calcu- 
lated. 


2. SYMMETRY CONDITIONS 


The operator Ky in (1) is invariant under all 
the operations of the space group characterizing 
the symmetry of the crystal, i.e., in particular to 
the operations of the wave vector group Gk), i-e., 
those operations of the complete space group 
which move ky to equivalent points differing from 
ky by one of the reciprocal lattice vectors. 

Under these operations the functions Piky 
transform linearly into one another 


Gq; (r) = 9; (Gr) = GP; gy (r). 


Here Gh are the matrix elements of the repre- 
sentation Ty) according to which the gj(r) trans- 
form. 

For brevity we shall omit the label ky on 9j 
and G, here and below. The operator 5, in (1) 
is not in general invariant under these operations. 

If we apply to (1) the transformation fee going 
from r to r’ = Gr, then, in place of the system 
of equations (3), we obtain a new system 


D (Gx) F = inOF/dt. 


(4) 


(5) 


The form of the matrix % depends on the choice of 
a definite representation, i.e., on the basis: in (3) 
D(*) is written in the basis gj(r), and in (5) 
D(Gx) is written in the basis gj(Gr) = G10; (r). 
if G appears in the wave vector group, then, us- 
ing (4), we can rewrite ®(*) in the same basis as 
D(Gx), and then both these matrices must be iden- 
tical. 

Consequently, 


OD (xx) G2 = D (GH). (6) 


This equation also determines the requirements 
imposed on D(%.) by the symmetry conditions. 

The matrix % is of dimension nen. It is there- 
fore possible to take, as the basis for construct- 
ing D, n? linearly independent matrices Az with 
constant coefficients, i.e., not depending on %. 
Since these matrices form a complete set, any of 
the matrices G’A;G°-! can be expanded in terms 
of them, and, consequently, 
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Gri Ay. 


It is easily verified that the matrices Gyj/7 of 
dimensions n*-n* form a representation of the 
group Gk,- This representation is reducible in 
the general case. 

The matrices Aj can be chosen so that this 
representation is made irreducible. Then the 
matrices Agj, being the basis of an irreducible 
representation Tg of the group Gx,, transform 
only into one another, i.e., 


GA Go = GAy = Gin Ag. 

We label the matrices Agj with two symbols 
here: the first gives the number of the represen- 
tation, s, according to which they transform, and 
the second, 7, the number of the matrix in the 
representation; J takes values from 1 to mg, 
where mg is the dimension of the representation. 
Clearly, 2 om, = n°. 

As is well known, !!?] the wave vector group has 
two types of representation: for one of them under 
translation by a reciprocal lattice vector t we have 
(O[t)y-7 = elko-t 611. The wave functions gik, 
transform according to these representations. For 
the other type of representation (0|t)z-7 = 67/7. 
These representations of the group GE = (g|T) 
coincide with the representations of the corre- 
sponding point group G with elements (g|0). The 
matrices Ag] also transform according to these 
representations. Knowing the representation Ty 
according to which the functions gj, transform, 
the irreducible representations according to which 
the matrices A,gj transform can be established. 

We write (7) in expanded form: 


(7) 


(7a) 
[12,13] 


As, iy = Gir? Gy Gir Aseyege = Ghapv rrAs, ir 


From a well-known theorem of group theory 
the number of linearly independent groups of m, 
matrices transforming according to the represen- 
tation Tg iS Ng: 


1 
== Gana = 


F UU ype, (8) 
GeGy, GEG, 


where x) and xg are the characters of the repre- 
sentations Ty and Tg. 

The summation here is carried over all the ele- 
ments of the factor group Gk, of the wave vector 
group Gk, which contains h elements. In other 
words, ng is the number of identity representa- 
tions contained in the direct product Ty x Tj x Ts, 
or, correspondingly, the number of representa- : 
tions Ts contained in Ty x Ty. If ng > 1 ie., if Hy 
Ts comes in more than once in Ty x Tj, then sev- 
eral groups of linearly independent matrices Ag] 
transform according to this representation. In 
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order to distinguish these groups, we introduce 
a ga label, t, and shall label these matrices 
INGE Of course, the form of these matrices de- 
pends on the choice of a concrete representation 
To- 

: We consider below in detail the methods of con- 
structing these matrices; meanwhile we shall as- 
sume them to be known, and shall show how then 
to construct D(*), satisfying condition (6) and 
the conditions associated with the invariance of 
the Schrodinger equation to time inversion. 

We express 2(%) in terms of the basis mat- 
trices At 1 and write it in the form 


Di Ce 2s Au fir (2). (9) 


Ps 2m 


D(H) = 


Here f(%) are functions of the variables kj, Hj, 
€jj, ete., and their products, which we wish to in- 
clude in %. For example, to calculate the spec- 
trum it is only necessary to include in % functions 
of kj. Depending on the problem considered, we 
can either limit ourselves to linear or quadratic 
terms, or include terms of higher orders. Vari- 
ous functions of *%, for example ke, Hz, Exx, 
etc., can be associated with one matrix Ag7. We 
distinguish these functions by an index r. The 
coefficients clr are constants of the substance. 
If the matrices 21s tg1(*) are Hermitian 


these constants aan real. 

Let us see how to choose f(#) so that condi- 
tion (6) is satisfied. 

We substitute (9) in (6). Then, taking (7) into 
account and comparing terms in the independent 
constants cir in (9), we obtain 

D) GAu- Gf (#) = > Auta (4). (10) 
i f 
Analogously to (4), Gf(#”) =f£(G-!%) here. Equa- 
tion (10) means that each of the sums over 1 in 
(9) should transform according to an identity rep- 
resentation. Consequently, the matrices Agy, 
which transform according to the representation 
Tg, must have as multipliers the functions fg](%), 
which transform according to a conjugate (equiv- 
alent ) representation TZ, i.e., so that 


Ghia (H) = for (G72H) = Grifse (#) = Gir fer (%), AD) 


In fact, Eq. (10) follows at once from (7) and (11). 
Thus, to construct it is necessary to con- 
struct functions of #, which transform according 
to the irreducible representations contained in the 
direct product T) x Tj. Functions f(#), trans- 
forming according to other representations, can- 
not appear in %. In practice, the construction of 
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such functions presents no difficulty. All the 
quantities # are scalars, the components of polar 
or axial vectors or tensors and their symmetrized 
products, and they can be expressed in terms of 
irreducible representations by the usual methods 
of group theory. bead 

We shall not linger especially on this question, 
and point out only one particular case: according 
to [°], to take account of scattering by nonpolar 
optical vibrations, it is necessary to include in D 
functions of the components of the vector u, which 
describes the displacement of one of the sublattices 
relative to the other. This vector transforms as a 
usual polar vector under all operations which do 
not interchange the sublattices, but changes sign 
under those operations which do interchange the 
sublattices. It is necessary to take this fact into 
account when expressing f(uj;) in irreducible 
representations. 


3. INVARIANCE UNDER TIME INVERSION 


If in the original equation (1) we change t into 
—t, and then go to the conjugate equation and re- 
place in it Hj by —Hj and kj by es ip we obtain 
the equation 


HU = ihdv™ / at. 


If the system of differential equations (3) follows 
from (1), then we obtain similarly from this equa- 
tion the system 


Dy" F* = ih OF” | at. (12) 


The prime signifies here the replacement of kj by 
—kj and Hy by — Hj. 

The Hamiltonians 3 and 5* are in general dif- 
ferent. For them to coincide it is necessary to 
change Hj into —Hj and kj into —kj in or ees 
Consequently, the wave functions ’%*, as well as 
the functions W, are eigenfunctions of #, corre- 
sponding to the same value of the energy and the 
same value of the wave vector k, if, of course, k 
also remains an integral of motion in the ‘‘per- 
turbed’’ equation (1). 

Since Ki = 5, the functions Sy; = y}# are the 
basis of Eq. (12). If these functions are linearly 
related to the gj, which are the basis of D in 
(3), then % and H’* can be written in a single 
basis. Since in this case the functions © and w’* 
coincide, the matrices D and %’*, being written 
in a single basis, must also exactly coincide. This 
requirement imposes additional conditions on Z(*). 
As Wigner!!4] has shown, there is a linear rela- 
tionship between yj and CFs when the representa- 
tion Ty) is real (case a). If the representations 
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Ty and Th are essentially complex and non- 
equivalent (case b) and ky and —ky appear ina 
single star, or if these representations are com- 
plex and equivalent (case c), they must be com- 
bined into one, i.e., in this case there is additional 
degeneracy. 

If ky and —ky do not appear in a common star, 
there is no additional degeneracy at the point Kp, 
and E(k) must satisfy only the usual condition 
following from the equality of % and #’*: E(k) 
= E(—k). Knowing the characters of the repre- 
sentation, it is possible, using Herring’s for- 
mula, [12,15] to decide to which case this represen- 
tation belongs: 


he fies Caserg, 

w Dd, X(glt)?={ O-— case d, 
(g|t)"EGy, — 1— case c. (13) 
gk=—k, 


Summation here is performed over the opera- 
tions of the factor group of the complete space 
group G’ = (g|T), for which 8k) = —k); h’ is the 
number of elements of this group, and M is the 
number of vectors in the star of ky. It is clear 
that the operations (g|7)? always appear in the 
wave vector group Gk). From (13) it follows that, 
if k) and —kp appear in different stars, then we 
are concerned with case b. In this case, which 
we shall label as bs, no additional conditions 
apart from (6) are imposed on 2. 

We shall consider in greater detail the case 
when invariance to time inversion leads to addi- 
tional requirements on 2%. 

Case a: representation Tp) real. 

1) a4; Ky equivalent to —kp. 

In this case 


$0, = OF = Sr, (14) 
Since S88 = 1, and S is a unitary matrix, then 
S = Sores = of (15) 


where S signifies the matrix obtained by transpos- 
ing S. The matrix %’* in the representation 9j, 
must coincide with D, and, consequently, taking 
into account (15) and the fact that % is Hermitian, 


, D = SD°S* — SH'S*=(S*D'S)", (16) 
it follows from (16) and (6) that 
(G°S)1D’ (GH) (GS) ='D (#). (17) 


We substitute D in the form (9) into (17), remem- 
bering that {(#) is a homogeneous function of %, 
and, therefore, 


f (%') = vf ), (18) 


where y = +1, depending on the “‘parity’’ of f (#). 
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We then obtain equations similar to (7a) 
Ans = (@S)Pigr cp Ay ey 
= 1 (OS) rj (@S)iGAAiriy. (19) 


We introduce the expanded group consisting of the 
elements of G and GS, the matrix elements of 
which are defined by (7a) and (19), and find ng: 


at 1 OFS t 
Way) 5 > Giiéi;t,47 + (GS) s5:0,2) 
GEG, 


iS x S) %5(@) (2 (G) +-7% (G1. 


GEG, 


(20) 


Thus, we learn that, because G and § commute, 
and because of (16), it follows that SG*°S* = SG°*s7! 
= G’, and also that x#(G) = x9(G). 

Thus, in case a,, for even functions f(#), the 
number ng is equal to the number of representa- 
tions Tg contained in the symmetric product eyae 
and for odd, in the antisymmetric one {T? }. 

2) a; Ky not equivalent to —Kp. 

In this case the functions S?ik, = Pik, are lin- 
early related, not to Piky, but to Pi,-ky- However, 
according to (13), there are in this case in the 
space group operations R that turn Ky into —Kkp. 
Therefore the functions RSG ik, (T) = vik, (R-'r) 
can be linearly expressed in terms of Piky(¥): 


RSQ, = Rr» (21a) 
Since R and § commute, and §? = 1, it follows that 
Rq, = Ri Mp (21b) 


In order to write the matrix D’* in (13) in the 
same basis as @ in (8), we apply to the original 
equation the transformation R, translating from 

r to r’=Rr. Instead of D’*(#) in (12), we then 
obtain D * (RX), where the basis of this matrix 
will already be the functions o}* (Rr) = R-! So; 

= (R-1) 5 yi’. Inthe basis gj(r) this matrix must 
coincide with Y. Consequently, 


RD! (R#)R=D (A). (22) 
Here the matrix of the inverse operator R-! is 
(R>)y = Ri = Run, (23) 


which follows directly from the relationship 
(R-+R);ij = Ri * Ry; = 6ij, and the fact that R is 
unitary. 

An expanded group can be introduced, consist- 
ing of the elements of Gy, and R. All the elements 
of R can be obtained by multiplying one of the ele- 
ments of Ro by all the elements of Gx. In fact, 
the product of any of the elements of R by Ry does 
not change ky, and therefore this element of the 
space group RRp is one of the elements of G. 
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The functions gj and gj = Sy; are the basis 
of this expanded group. For G the only matrix 
elements different from zero are Gjj and GJ 
= ah), but for R, only Rig [= Rjj in the notation 
of Eq. (21)] and Ryj = Rij are non-zero. For the 
matrix products, for annipie in (22), the usual 
laws of multiplication are then valid, but summa- 
tion must be made over all intermediate indices 
and i and I. Thus Dy, = Di Similarly in (23), 
as for usual operators, (R- ae Rij = = Rij = Rji- 

If D is expressed in terms of the matrices 
Ay according to (9), and AL, and ft 5] are chosen 
so that they transform according to the irreducible 
representations of the point group, corresponding 
to the expanded group G, R— Tg, and (9) is sub- 
stituted in (22), we obtain in analogy to (7a) 


t = *$ t 
A Re Mtr i VA stiri? = yRpriRejiRrAsvej . 


Thus we learn from (18) and from the fact that D 
is Hermitian that 


DAuife (RA) = 1 DAuds (RX). 


t 
ship 


(24) 


When calculating ng it is necessary to sum the 
characters over all the elements of the expanded 
group (G and R= R)G): 


4 t t 
= 3 > Geisjst,47 + ay Retail 


GEG,, RER.G, 


= 5 >) Xs (G)| Xo (G) |? + Xs (RoG) Xo [(RoG)?I. 


GEG, 


Ns 


(25) 


Here (R? ii = RUF RJ = Rij Rji- 

Cases b and c: representations Ty and ee 
complex. 

1) by and cy; Ky equivalent to —Kp. 

In these cases there is additional degeneracy at 
the point ky, and the functions gj and yg] = S¢j 
= oF are linearly independent and are united into 
a single representation. Under all the operations 
of Gx, the ‘“‘diagonal’’ parts of the matrix D — 
Djj and Diy —, and the ‘‘non-diagonal’’ parts— 
Diz and Dj —each trarsform into themselves. 
Of course, the matrix ¢lements between the same 
functions must be equivalent, both in the matrix 2, 
constructed in the basis 9j,@j, and in La guts con- 


structed in the basis 9j = Sy; = gy and gy= Soy 
= $9; = gj. Therefore 
Dip = Dip Dip. (26b) 


These conditions do not impose additional limita- 

tions on any of the ‘‘diagonal’’ parts of D, and the 
number of groups of matrices AL) with a non-zero 
diagonal part ng is defined by the general equation 


PIKUS 


(8). As regards the ‘‘non-diagonal”’ parts, it fol- 
lows from (26b), (18), and (9) that 


Ait, = TAstie (27) 


It is, therefore, also possible here to introduce 
an expanded group G, GS. Then the effect of the 
operator G on the matrix elements Ag]ij is deter- 
mined by (7a), and the elements of (GS) are, ac- 
cording to (7a) and (27), 


Aun a (GS)B ee rp Aser lata {Gt 1G} GA “yey (28) 


Since Gul = Giis it follows from (28) and (7a) 
that for the ‘‘non-diagonal’’ parts ng is determined 
in this case also by (20). 

2) be and cy; ky not equivalent to —Kkp. 

In this case also there is additional degeneracy. 
In the space group there is an operation R con- 
verting ky into —Kkp, and the functions referring 
to the same point kp, i.e., yj and g] = RoSgi 
= gi (Ro'r), where Rp» is one of the operations 
of R, are united in a single representation. If 
® is written in the basis 9j, gv], then H’* is in 
the basis Syj and Sg] = Rygi- 

In order to write H’* in the same basis as QD, 
we apply, as in case ag, a transformation R. 
Then, instead of D’*(*#), we obtain H’*(R%) in 
the basis 

, = R159, = (RoR)79,, 
9, = R7Sp, = S*R,R 9, = RoR7*9), 


The functions yj(r) and Ro*(r) here are lin- 
early independent and are not expressible in terms 
of one another, but the operation R)yR appears in 
the group Gk» and, therefore, 


T = (RoR) oP Q; =a (RRo) > 


Of course, the matrix (R)R) cannot here be con- 
sidered as the product of two matrices Ry and R, 
which in general do not exist separately. 

It follows from (29) that 


(29) 


Diz = (RoR), Drs (RH)(RRo')i7. (30a) 
= (RR, Oe Drv (RX) (RoR) 5" 

(30b) 
These conditions do not impose additional limita- 
tions on any of the ‘‘diagonal’’ parts of %, and the 
corresponding value of ng, as above, is determined 
by (11). For the ‘‘non-diagonal’’ parts we have, 
according to (30b), (18), and (7): 


Abi = RineryAwry = 1 (RRo')y; (RoR): RuAwrr: 


If the expanded group G and R= R,)G is introduced, 
then it follows from (10) and (31) that in this case 
ng forthe ‘‘non-diagonal’’ parts is determined by (25). 


Dy, = (RoR) Di» (Row) (Ro) 4 


(31) 
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From (11), (20), and (25) are obtained the for- 
mulae, previously derived by Rashba, [8] for deter- 
mining the points of zero slope, i.e., those points 
where no terms linear in k appear in 9, i.e., 
where, for the corresponding representations Tg, 
ng = 0 for y=-1. 


4, CONSTRUCTION OF THE MATRIX & 


The definite form of the matrix Al, is deter- 
mined by the choice of a definite representation 
Tp) according to which the basis functions trans- 
form. The more detailed methods of constructing 
them depends on the properties of this represen- 
tation. We shall consider these methods. 

1. The wave vector group Gk, equivalent to 
the point group. As is well known, [2] in a num- 
ber of cases the matrix elements of the repre- 
sentation T) — (g | Tg )ij — can be expressed as 
the products of matrix elements of the correspond- 
ing representation of the point group G —(g|0 ij 
and e7ikyTE; 


iK ge 


Gij = G,je- “g. (32) 


For this to be so, it is necessary that (32) satisfy 
the multiplication law of elements of the wave vec- 
tor group, i.e., that 


(a | %a) (B| *e)Ie7 = 


a (xB) ,; eo fkeltte+t Fa) , 


This condition is satisfied when 


—iky 7 ze 
(aB),,e Mat *@) — (a8 | ate + ta) 


ap = exp {— io (aes = vp)} = 1 


‘ 


for all the operations of Gx), which occurs for all 
points ky lying inside the Brillouin zone and often 
also for points on the surface. In these conditions 
the factor group Gk, is isomorphous with the point 
group ey Thus, to satisfy (6) it is necessary and 
sufficient according to (32) that 


G.D (x) Go’ = D (GH) 


and, therefore, as the basis of %, the eigenfunc- 
tions uj of the point group G can be chosen, which 
transform according to the representation Pat 
Since any point group is a sub-group of the com- 
plete space group, the functions uj can consist of 
the eigenfunctions yi* of any of the representa- 
tions of the Re mipiete’s space group D which con- 
tain Ty: 


(33) 


Oe Baars (4) 


If the representation To is irreducible, then only 
spherical functions me with one aes of j appear 
in the uj in (34). For the matrices At gl we can 
thus use the well-known matrices of the compo- 
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eh of the axial vector Jj and their products — 
pk. 1(Jj), constructed from the pil even: 
basis functions uj. The matrices ok (I ) trans- 
form under the operations of G just as the eer 
ator pti(J). In fact, the matrix elements o§7(J) 
are non-zero only in the case when they are in- 


variant under the operations G Consequently, 
Ggt, (J) G* = gt, (G7) = Gig (J), (35) 


which agrees with (7). Therefore, in the present 
case it is necessary to construct the operator 


H= MS CM (J) Feu (%), 


038 


(36) 


invariant under the operations G, i.e., satisfying 
the condition 


Sot, (GI) ft, (Gx) = (37) 
l 


De (J) fe 
and its matrix constructed in the basis uj will then 
satisfy condition (10). 

Now, according to (11), Qsl(d) and f{(#) must 
transform according to conjugate (equivalent ) 
representations. The construction of these func- 
tions and of the operator 2% itself is very simple. 
The construction of the matrices ggj(J) is more 
complicated. 

The hey, number of linearly independent 
matrices gi(d ) in the space of the functions 
viz is (2j+1)*, while the number of linearly in- 
dependent matrices in the space uj is equal to the 
square of the dimensions of the representation T) 
_ mies and n, matrices from them transform ac- 
cording to each of the representations Tg, where 
ng is given by equation She Applying the usual 
methods of group theory, it can at once bes 
established in which of the representations Dj 
a given representation To is contained. Of course, 
j must be taken as small as possible; then the ac- 
tual breaking up of this representation into irre- 
duceple representations, i.e., the determination of 
aj, m in (34) and the construction of the corre- 
sponding matrices g(J), becomes simplest. If 
n < 2j+1, then some of the (2j +1)? matrices 
y(J) either become zero or linearly dependent. 
Therefore, if a greater number of the group of 
matrices transform according to the representation 
Tg than given by (8), the ‘‘superfluous’’ matrices 
must not be included in DH. If n= 2j+1, i.e., the 
representation Ty coincides with D¥, then the 
matrices y(J) can be taken in any representation 
with the given j. In this case the method described 
here coincides with Luttinger’s method. [7] 

If there are two representations Ty; and To 
for which the moduli of the characters coincide, 
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then the same {(#) appear in #(#) according 
to (8). It is not, however, obvious whether the 
determinants || 2(%)|| are always the same for 
both representations. For two-dimensional rep- 
resentations the equality of the determinants fol- 
lows from the method of constructing 2 described 
below. It is apparent from (6) that the determi- 
nants are also equal if the representations To, 
and To differ only in parity, and also in the more 
general case when the group G” = Ge7iTG, where 
e1TG = \)4(G)/xXo2(G), is isomorphous with the 
group G. In these cases it is sufficient to con- 
struct 2 only for that representation Tpj which 
is contained in D* with the minimum j. 

The additional requirements associated with 
invariance to time inversion imply that the part 
of the terms for which, according to (20) or (25) 
Ng = 0, is excluded from 2 in the corresponding 
cases. In case a, it is also possible to use di- 
rectly relation (16), since 


Sp (J) S* = SSg (J) S4*S* =@ (J) = 1’ (J), (88) 


where y(J*) is the matrix of the operator o(d a) 
the complex conjugate of Q (J). Here y’ = +1, 
depending on the parity of g(J). It therefore fol- 
lows from (16) that in case a, there can appear in 
® in (36) only even products with yy’ = 1, i.e., 
those not changing sign on replacing kj, Hj and 

Jj by —kj, —Hj and —Jj. In the other cases 

this simple rule is not, of course, valid. 

2. Unifying several representations. In some 
cases, for example, when it is necessary to take 
account of the effect of the nearest zones, and also 
in cases b;. and c;,., when complex representa- 
tions are combined, it is necessary to construct 
® for the reducible representation Ty) which con- 
tains several irreducible representations Tp). If 
the group Gk, is equivalent, in the sense given 
above, to the point group G, then D can be con- 
structed analogously. If all the irreducible rep- 
resentations are contained in the same represen- 
tation D+, then their basis functions can be con- 
structed from yi# ee the same j, and, as above, 
for the matrices mA‘ y can be taken the matrices 
Q Lid ), constructed from the corresponding basis 
functions. 

If the irreducible representations Toj are con- 
tained in different representations Dj with j dif- 
fering by not more than unity, then, depending on 
the parity of these representations, it is simplest 
to choose as these matrices the matrices of either 
the axial vector J or the polar vector A.!43] if 
Ty contains, for example, two representations To 
and To, of dimensions n, and ng», then in all there 
are (n,;+n,)? non-zero linearly independent mat- 
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rices. Of these 2nyn, matrices transform accord- 
ing to the irreducible representations contained 
in To X Top + Toy X Tog, and have only non-zero 
‘‘interband’’ matrix elements. For the remaining 
n? +n matrices, which transform according to 
the representations contained in | To; |? + | Ty |”, 
the intraband matrix elements are non-zero. As 
regards the conditions imposed by invariance 
under time inversion, in obtaining the equations 
of Sec. 2 we have nowhere supposed that the rep- 
resentation Ty is irreducible, and all these equa- 
tions therefore remain in force. 

When combining two complex representations 
in cases bj» and c;, it is also necessary to take 
into account the additional conditions (26a) and 
(30a) imposed on the ‘‘diagonal’’ parts of the 
matrix 2D. 

3. The group Gk, not equivalent to the point 
group. In this case, when the quantity %qp is not 
equal to unity for all Gko> the quantities Gjj can- 
not be represented in the form (32), and the factor 
group Ck, of the space group Gk, contains more 
elements than the point group G. This case, which 
is more complicated, can occur at separate points 
on the zone surface; then there is usually degen- 
eracy at such a point. In the case of twofold de- 
generacy, D can be immediately constructed by 
the method described in the following section. For 
higher degeneracy ® can be constructed as fol- 
lows. 

We reduce the symmetry of the group Gk, by 
excluding elements with non-primitive transla- 
tions, so that the new group Gk, becomes equiva- 


lent to the point group. In this group the represen- 


tation Tp) can be reducible, and breaks down into 
irreducible representations Pai By combining 
these representations it is possible by the method 
given above to construct a matrix #, satisfying 
Eq. (6) for the operations G) On increasing the 
symmetry, i.e., going from Gk, to Gk); the form 
of Z® can change only due to some of the constants 
clr becoming zero and some of them becoming 
equal. If, using relation (8), ng is found for both 
groups, and Z and @ are written in the general 
form (9) without explicitly writing out the matrices 
At j, then, by comparing these expressions, it is 
usually possible to establish at once which of the 
constants become zero or equal on going from GD 
to ®, and, simultaneously, to find D. To simplify 
the calculations it is, of course, necessary to 
choose the group Gk, so that the symmetry re- 
mains the maximum possible. 

4. Twofold degeneracy. In the case of twofold 
degeneracy at the point kp, both the determinant 
||D—E|| and the matrix ® can be constructed 
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without using concrete basis functions. From 
(6) follows the obvious identity 


iD (4) —E| =|D (Gx) — E|, (39) 


i.e., the determinant | D (%)-—E|| must be invari- 
ant to the operations G. We write the matrix 
-E in the form 


a +a,—E Are 


D-E= (40) 


Then 


| D — El = (E —a,)? — a — |aye/. (41) 


Here we have formally replaced all operators in 
aj by numbers. We remember that only symme- 
trized products of operators appear in %. Itis 
clear from (39) that only functions f(%) appear 

in ag which are invariant to Ge i.e., transform ac- 
cording to an identity representation, but in a, =a} 
+ | ajo |? there appear only quadratic invariants of 
f{(#), which transform according to non-identity 
representations. These invariants can be con- 
structed uniquely. Since in the direct product 

Tg X Tg’ an identity representation is contained 
only once if s=s’, and not atallifs #s’, 

only products of f{(#) can appear in a, which 
transform according to the same representation 
—one product for each irreducible representation 
Tg for which ng is non-zero according to (8), 
(20), or (25). These formulae therefore uniquely 
determine ||D-—E||. 

For two-dimensional representations Ty the 
product T, x Tj breaks down either into four 
one-dimensional irreducible representations or 
into two one-dimensional, including the identity 
Ty, and one two-dimensional. 

In the first case, when all the representations 
Tg are one-dimensional, 


Rae Chaar nan=.-D) 


r,S=2,3,4 


|Csfs (#) |. (42) 
It is apparent that can be chosen in any form 
satisfying (42) and the condition that it be Her- 
mitian. 
If all the f§ (%) are chosen real, then 2 can, 
for example, be written in the form 
D = S\CSAsfs (#), 


r,s 


(43) 


where A; =I, and Aj, Aj, and Ay are the Pauli 
matrices ox, dy, and oz. We note that, irrespec- 
tive of the choice of basis, we have Sp Ag = 0 for 
any matrix A, transforming according to the one- 
dimensional non-identity representation. In fact, 
Sp (G°A,G°-!) = Sp Ag. On the other hand, for the 
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one-dimensional representations GAg = e 19G A 0, 
and, consequently, Sp GAs = = elPG Sp Ag.. Since 
for non-identity representations all the e 106 can- 
not be equal to unity, for them Sp Ag = 0. There- 
fore Ag can always be represented as the sum of 
Pauli matrices, and by unitary transformations 
they can be brought to the form described above. 
This does not, of course, mean that the corre- 
sponding matrices transform as spin operators. 

In the second case, when one of the represen- 
tations, T3, is two-dimensional, the Ue (#) trans- 
forming according to this pati ceasg te can al- 
ways be chosen so that ff. (H)= fh (4%) and 
| £3,(%)|? is invariant ae G. Then 


Bs, a Cofe (%) ? ae | Cofsr (#) ge (44) 


If here f} (x) is real, then D can be expressed in 
the form 


D = SCA (0). (45) 
TaSye 
where 
1 0 1eon0 01 
sins 2 ie Ar =o. =|, ih An =2,=|9 9) 
00 
Ag om; of (46) 


Of course, all the £ 1(#) with equal indices 1 
must transform is ante to the same represen- 
tation, i.e., according to the representation Tg, 
for which all the matrix elements coincide and 
not only the characters. 

With the choice of f§7(#) and the matrices Ag] 
given above, the operator ® satisfies both condi- 
tion (39) and the requirement that it be Hermitian. 
The method proposed here for constructing D for 
twofold degenerate representations is the most 
simple. This method is close to that used by 
Rashba. £81 

In conclusion we consider a concrete example. 


5. THE EFFECT OF DEFORMATION ON THE 
ENERGY SPECTRUM OF CARRIERS IN 
WURTZITE TYPE CRYSTALS 


The space group of wurtzite Cy has been in- 
vestigated in detail by Rashba.'®] He has con- 
structed the wave vector group for the various 
points and calculated the spectrum at these points. 
For degenerate representations the possible 
points of zero slope in wurtzite are: a) for the 
representations A; and Ag, all the points on the 
A axis apart from A; b) for the representations 
Ps, the point H (in the notation of [81). We con- 
sider the change of the spectrum for the corre- 
sponding representations under deformation. 
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Table I*. Characters of the representations for the point A 


of ele- Elements of the class 
ments 
4 (e| 0) 
2 (86 | 4/2 40), (85 * | 1/2 ¢0) 
2 (5310), (837 | 0) 
4 (5 | 4/2 to) 
3 (610), (62 |), (ss | 0) 
3 (5, | 2/2 f0)s (64 | 4/2 t0)s (6g | 2/2 tc) 


1 1 1 1 2 2 


ur Wer. Ue (oes We ae IR te 
1 1 4 4 —1 —{ 
Nh Te |— | — TM] 2% |— 2%, 
1 —1 1 —1 0 0) 
Mel ape etd es Nr 0 0 


*1),, = exp (ikzt)/2). For the point I’ the quantity Ny = 1. 


1) The point A. The characters of the repre- 
sentations at the points A calculated by Rashba 
are given in Table I. 

The twofold representations A; and A, belong 
to the case bg and, consequently, according to (8), 
there can appear in Y matrices Ag7 and f(%), 
which transform according to the representations 
Gee ke = Ag xAg ety + Ly ele. 

The functions f(%), transforming according to 
these representations, are given in Table III. We 
limit ourselves here to terms quadratic in k and 
linear in €. The matrices mentioned transform 
according to these representations. We choose 
the functions f(#) in accordance with the require- 
ments of Sec. 3, item 4, taking in particular (44) 
into account. Therefore, according to (45), 


D=A, (Bykz +. Bik? + Bok’, + Cytzz +C2e1) 
+Bs (Ask; ++ A sok”) +C3 (Age, + Agoe_). 


Here 


(47) 


Re = | eas iky, 


B+ = Egy 1 2ixy — Cy, 


ki = ke + hip 
&) = Exx + Eyy, 


Bj and Cj are constants of the substance and the 
matrices Ag7 are given by (46). 

For the representations ['; and I',, which be- 
long to case a,, there can, according to (20), only 
appear in 2 even functions of #, which transform 
according to [T2 ¢] =I,+TI; (and odd functions 
transforming according to {I gt =T,). There- 
fore, at this point By = 0. In addition, the point 
of zero slope can be any of the points A. At these 
points, according to (47), the solution of the secu- 
lar equation ||%-—E || = 0 has the form 


E (k, &) = ¥ + {Bsk) + 2B3Cg [(exx — &yy) (Re — Ry) 


+ dehy) +-C3 [(exx — eyy)*® + 422,13", (48) 
where 
N= Bik? + Bok) +Ciez. + Cre). 
The splitting of the terms at k = 0 is 
bE 5°= 2 Cy | Meee — eyy)® 4 422; 1. (49) 


Close to the extremum, i.e., for E(k) «K 6Ep, the 
surfaces of constant energy have the form of ellip- 
soids: 


Eyg = E94 ALTE (RE — Bi) (Cx — uu) + Arak eryl- 
(50) 
For large k, when E(k) > 6Ep, 
E = hA| Bo | Ri LE [(ece — yy) (RE — Bi) 
[Bs | &, 
+ 4e,yk kyl. (51) 


Therefore, according to [16] | large values of the 
piezoresistance coefficients, Iyyxy = Ilyyyy> 
IIxxyy = Hlyyxx, and IIxyxy, can be expected here 
—these constants being proportional to C3/kT. 
Of course, all these formulae are valid only in 
the case when the splitting of the bands 6E) 
caused by the deformation exceeds the spin-orbit 
splitting. 

2) The point H. The characters of the repre- 
sentations at the points P are given in Table II. 
The twofold degenerate representation H3 belongs 
to the case ay. To construct 2 according to (25), 
it is necessary to construct f(#) which transform 
according to the irreducible representations of the 
expanded group G, R, containing the elements Gy 
and GyRy. This group coincides with the group I, 
and we have already constructed the corresponding 
functions (Table III). Substituting in (25) the val- 
ues of the corresponding characters from Tables I 
and II, we find that there can appear in Z odd 


Table II*. Characters of the representations 
for the point P 


Number 

of ele- Elements of the class Py P, Ps 

ments 
1 (e | 0) 1 1 2 
2 (8s|0), (65710) ria pe ae 
3 (, | 1/2 to), (55 | 42 to), (S| 4/2to) | Te |—T,} 0 


*For the point H the quantity im i, and for the point K the 
quantity 1, =1. 
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Table III*. The distribution of {(%) and Ag; 
over the irreducible representations 


T and K 
Repre- | Repre- f(#) 
: sentation A 
oon K odd | acon i 
Ty Ki | k, Re: Ca E52) ey Ay 
T, a a 
T, A >. y) As 
T; Ke = _ 
i er — Re iF Bae Agi, Ase 
ig Rie ips: Ry Meer skaiie=s Biz & 2 


5 2 2 2 
* ky =k, + thy, ky =kyt+ky, E+ SExy £ WEyy —Eyy, 


|] =Exxt Eyy E+2z =Exz =e LE yz: 


functions transforming according to the represen- 
tations I, and I's, and even functions transform- 
ing according to I, and I's. We emphasize that 
the matrix 2 must be invariant to the operations 
of the point group K corresponding to the group H, 
and there must appear in D products of f,7(%) 
and Agj, which transform according to the equiva- 
lent representations of the group K appearing in 
H3H3, i.e., Ky, Ky, and K3. These functions can 
transform according to different representations 
of the group I’, since two representations Tj 
correspond to each representation Kj, as is seen 
from Table III. 

We construct 2 using the functions from 
Table III: 


D =A; (B,kz at Bok, + Cy8&zz +C2e)) + Bs (Ask, 
+ Age k_) kz + C3 (Asitsz + Ase €-2), 
where €,, = €x, + i¢y,, and the matrices Ag] 


are given by (46). Solving the secular equation 
||D —E|| = 0 we have 


E (k, &) =a) ee {B3k* Re + 2B3C3 (Rx€x2 a Ry&yz) kz 
+ : (ie + e?.)} a= 


where ) is given by (48). 
Consequently, the splitting of the bands at k = 0 


(52) 


(53) 


is 

Ey = 2|Cs | (ee + ee)”. (54) 
The spectrum close to the extremum for small 
values of k is: 


B 
Ex, = +B At a 


(Rxk2€xz + RykzEyz)- (55) 


The spectrum for large k is: 
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E =V+| Bok he | + 2? (epskehz + eyekyke). 


[Bsk | 2, | (56) 


Therefore, according to [16] | there will be large 
piezoresistance coefficients Iy7x, = Iyzyz- 

It is curious here that for any deformation all 
the extrema at different points of the star H are 
displaced equally, as is seen from (49). This 
means that no effects arise associated with the 
displacement of the extrema relative to one an- 
other, as are observed, for example, in n-Ge and 
n-si, 117] 
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The spectrum of the excited states and the transitions between these states are calculated 
for a nucleus with two nucleon pairs in excess of the filled shells. Residual pair interaction 
is taken into account along with the self-consistent potential. The importance of taking np 
forces in such nuclei into account is demonstrated. 


1. INTRODUCTION 


ee self-consistent potential acting on an indi- 
vidual nucleon, as well as the residual pair forces 
in the nucleus, have already been determined in 
earlier investigations. [1-4] The self-consistent 
potential consists of two principal parts, central 
Vc and surface Vg. The central potential is 

OV (r;) 


i in I;s; 
Or; ; 


Vols) eV Ws) eo ar 

Vir). = Vel (es nw 
The parameters a, A, and Vy) were calculated 
from the energies of the ground and excited levels 


of nuclei with filled shells + one nucleon (for more 
details, see 1), The surface potential Vg is due 


(1) 


to the quadrupole interaction between the outer par- 


ticle and the core particles, and is usually repre- 
sented in the form 


Vs)=—x(r) V2 Db, + (—1)* 8s) Yn (8s @): 

< (2) 
Here b* and b are the phonon creation and anni- 
hilation operators. The parameters hw and C, 
which characterize the phonon energy and the de- 
formability of the surface respectively, were de- 
termined from the E2-transition probabilities and 
the quadrupole moments. [4] th the region of heavy 
nuclei, fiw = 2—3 Mev and C = (1—2) x 103 Mev. 
For the radial matrix elements we have the fol- 
lowing estimate 


<n|x (7) |n’> = (— 1)"*" (35 — 40) Mev 


where n is the principal quantum number. 

In nuclei with two nucleons (holes) in excess 
of twice-filled shells, in addition to the self-con- 
sistent field, pair forces begin to play an impor- 
tant role which must be correctly accounted for. 
The pair interaction operator was taken in the 
form L?,3] 


Vp (ij) = — (Us + vette) exp {— |rz — 1; |? / p?}. (3) 
Here vg and vy; are the parameters of the singlet 
and triplet interaction, mg and 7 are the opera- 
tors of singlet and triplet projection, and p is the 
effective radius of interaction. The parameters 
Vg, Vt, and p were determined separately for the 
nn, pp, and np pairs in the corresponding nuclei. 
The results obtained show that vg is somewhat 
greater for the pp pair than for the nn pair, but 
we cannot say that this difference has physical 
meaning and is not the result of inaccurate knowl- 
edge of the energy of the single-particle levels in 
the Pb?!° and Po#!® nuclei. For the np pair in 
Bi2"* the main contribution to the interaction en- 
ergy is made by triplet forces, and the parameter 
vz determined for this case is more reliable. 


2. SINGULARITIES IN THE FOUR-PARTICLE 
PROBLEM 


The problem of determining the states of four 
interacting nucleons in the nucleon has its own 
singularities, which greatly complicate the solu- 
tion. We consider, for example, as in the case of 
two nucleons, five neutron and five proton single- 
particle levels (see Fig. 1). We then obtain for 
the neutron pair and for the proton pair 225 con- 
figurations, each multiply degenerate. Even if 
we confine ourselves to the zeroth-approximation 
levels, with energies <3.5 Mev, we obtain more 
than 70 levels with spin I= 0*, more than 270 
levels with spin I = 2*, etc. These are only lev- 
els without phonons (N= 0); if states with N = 0 
are taken into account, the number of levels in- 
creases still more. Naturally, not all these levels 
must be taken into account if we are interested in 
excitations not higher than 3 Mev, for after ex- 
cluding the pair interaction the levels will be ap- 
proximately 6 Mev apart. But in order to calcu- 
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FIG. 1. Single-particle levels of Po?!” nucleons. 


late correctly the configuration mixture, it is nec- 
essary to take into account a sufficient number of 
levels, and this leads to great computational diffi- 
culties, which so far could not be overcome even 
in the simple problem without account of the 
interaction with the surface. Only programming 
for a computer resulted in a complete solution of 
the entire four-particle problem. 

On the basis of the data accumulated in the ear- 
lier investigations, we can formulate the following 
assumptions of importance to the four-nucleon 
problem. 

1. The nucleons move in the self-consistent 
potential (1) and (2). 

2. The residual forces are short-range pair 
forces. 

3. The parameters of the pair forces are the 
same for all particle pairs (isotopic independence 
of the pair forces). Naturally, small deviations of 
the parameters of the pair forces or of the self- 
consistent field are actually possible. But if these 
deviations are significant, they can be observed 
and subsequently accounted for. 

We chose for the pair-force parameters the 
values p = 2f, vg = 30—36 Mev, and v; = 15—20 
Mev. These are precisely the forces obtained for 
Pb?!0, Bi2!0, and P0210, 


3. METHOD OF CALCULATION 


In the present problem we consider a system 
of four nucleons (2n + 2p) moving in a central 
field, and a nuclear surface executing quadrupole 
oscillations. The nuclear surface is needed only 
to account for the Vg interaction. The single- 
particle and phonon functions were determined 
from the equations 
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Hy (i) |n,L,jn) =E|\n,Lim), 1 = 1,2,3,4 (4) 
Hs\|NRMp> = (N +%/2)ho | NRMR); 
Ho (i) = p?/2M 4+-Ve (i), (4’) 


where njljjjmj are the quantum numbers of the 
i-th nucleon, N is the number of phonons with en- 
ergy hw, while R and Mp are the angular mo- 
mentum of the phonon and its projection on the 

Z axis. 

In the zeroth approximation the eigenfunction 
of the entire system, corresponding to a definite 
momentum I, projection M, and parity v, is 
written in the form 


| [(nilsjs, neleje) Jyel, : [(nslsjs, nalaja) Jel, J; NR; IMv). 
(5) 


The indices 1 and 2 pertain to neutrons while 3 and 
4 pertain to protons. The index a denotes anti- 
symmetrization of the functions. We have in mind 
here the following connections between the angular 
momenta: 


ji + ie = Jue, is fa = Jeg 
Jv + Jag = J, J +R =I. 
The total Hamiltonian of the system is 


4 4 4 
H = 2 Ho (i) +Hs + DiVs(i) + D Vo (i). (6) 
i=1 i | i<j 
We seek the solution of the Schrédinger equation 
with Hamiltonian (6) in the form of an expansion 
in the eigenfunctions (5): 


IMv» ater (a) | [Ciais) Jiro] , [(jsja) Jal, J; NR; IMv), 


() (j1fod 19] sfad 34d NR). (7) 


To abbreviate the notation, the index j; denotes 
the set of three quantum numbers mj/;jj. 

The eigenvalues and the coefficients Cl( a) of 
expansion in eigenfunctions of the Hamiltonian (6) 
are obtained by diagonalizing the energy matrix. 
To set up the energy matrix it is necessary to cal- 
culate the matrix elements of the operators 
ZVp( ij) and ZVg(i). The matrix element of the 
pair interaction has six terms and its value is 


4 
<Uisia) Jislgs Uisis) Jsa)q, Js NR; IMv| >) V> (if) | 
i<j 
—>U(jaio)Y tala (Gale) Jala J’; N’RG IMv) 
Own Sardar bag Bis nko sags 
x <[(jrie) Jr2Miel, [Vp (12) | ((i,i,) u2Miel > 
+ 6, 78; ¢ <U€isia) JaaMaal, | Vp (34) | [(i,7,) JsaMaa] >! 
EL si2 
+ 4<[(jijo) Jie], [(isis) sa], 
JM |Vp (13) | (Gi) Sela Ujsis) JalaidM>}. (8) 
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This general expression must be reduced to a 
form which is simplest and most convenient for 
machine computation. Let us rewrite (8) in the 
form of a sum of the matrix elements of the non- 
antisymmetrized functions 


dwn'SrR Sys (ake \*, iid; i Niu ee. 
KD Pais) FisMaz| Vp.02)) | iia) 
P 


+6, 8. ¢Nig Nf? 
Ifill's 3/4 fgl, 


x D\(— IPP Cisia) JeaMox |Vp (34) | (igi) Joule | 


P 


+ 4Nj, PAE ry age Rae CP <(jaje) S12, (isfa) J sai 


ighy 


—> JM Vp (13) | ii) Siar isi) Sou3 Lis (9) 
Here P is the operator which permutes the indices 
inside each of the pairs jijo, jsj4, Jij2, and j3jq. The 
summation extends over all the different permuta- 
tions which actually change the arrangement of the 
indices. Each pair of indices makes its own con- 
tribution to the power p of the factor (-—1). If the 
permutation jjj, is even the corresponding term 


vanishes, and if it is odd its value is (jj +j, —Jj, +1). 


The normalizing factors of the functions of the par- 
ticle pair jjjj, have the form 


Nicip=1/V 2+ (1—1/V 2)8;,,. 


In order to calculate the matrix element of the 
np interaction, it is necessary to go over in the 
last term of (9) to a different coupling scheme, in 
which the first particle is connected with the third 
and the second with the fourth. Then 


<(jsj2) S12 Gafa) Saas JM | Vp (13) | (ii) Jha» gi) S543 JM 
i iz Ju) (fi ie Jp 
by bial, At A f ja r ff ja Joa 
Jig Joa J Jig Joa J 
x Cif) J1sMis|Vp (13) | (7,75) J1sMis>. 
Here A{ } are normalized generalized Racah co- 
efficients. 
This formula is difficult to compute, for it calls 
for double summation of a rather complicated ex- 
pression. We make therefore the following trans- 


formations. We represent the pair interaction op- 
erator in the form of two terms 


Vp (13) =V (| m —rs|) la +6 (0365)] 


(10) 


(11) 


(9) (13) +.V® (13); (12) 
Vp” (13) =a Sf, (T* (1) T* (3), (12’) 


k 
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Vi (13) = 6S) f, (T* (1) T* (3) (e195) 
k 


=b5\(— 
Rk’ 


Here Uk’ is the tensor product of the tensor oper- 
ators TK and o: 


Bite (Ue) Ue (3)): (12”) 


UF S1F xely => Conlon (13) 
qe. 
=k—1,k,k +1,q' =—R’,—k’+1,...,8; 
eee: 
i,= \ exp \- (=2) bP. COS 13) dQ, (14) 
a =(v, + 3u;)/4, b ='— (us — v4) /4. (15) 
Then 
(jaja) J1sMis |Vp (13) | (ff) J1sMis> = (— hi at 
x2 PAT | A ><lo | ls> W Chsisisiss P'S 13] 
hk! 
cc Me fi Is 4/2 is) 
X |abwA sh Ye j,pAyly We jg? 
l Ok OR | 
by { ly 4s ht Is */g i 
yay ae , ’ ' 0 
eens shen Gaat ay le LifA {ls Ve | , 
| Mates Rat Re oR: 
(16) 


where FX are radial integrals of the Slater type. 

In each term of (16) the dependence of Jj, enters 
only in the form (—1)7 Jaw ( j45453)33 k’Jy3]. This 
enables us to sum over Jyg and Jo, in (11), using 
the relations 


ge la go Jip in Je S42) 
pe (So) “W [fajiJsts; R'J13) A js da Jaap A js Ja dan 
staat i. Jas Joa lf Jas Jes di | 


evi Eth i titict i ttect ln TI 9 7 ay ee 


(Qa 1) (yen PL Wo eae k’ jo] : 
W lislsl keg hile Vso ied sada kJ). (17) : 


Finally, the matrix element of the operator Vp(13)_ 
becomes 


(isis) tien atadl aunt Malte CIS) NG ce tea) 


f i bet i tictetdy, +d 
* Js4; J M> a8 Groth ia or Bd 


x [(Qi2 +1) (is +1) (2Fa4 + 1) (Qu +12 SF 
Rk’ 


x ch || T* | li) CLT Ils > W Lisi red 123’ jal Whisist setae k’ jy 


: hoe jh ibe Ve ji 
x W Wyedied sedan P'S) | adevAs i Ve fypAdl Ve j 
ke One k 0 A 


wean, [ies Al! (lea 
— (aye T)A4h Me fpA4 ls Ve jaf}. 
Cees tee ke LR 
(18) 
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Formulas (16) and (18), apart from a factor, differ 
only in the fact that one Racah coefficient in the 
former is replaced by a product of three Racah 
coefficients in the latter. Inasmuch as (16) and 
(18) are of the same type, it is convenient to use 
formula (16) for the calculation of the matrix ele- 
ments of the nn and pp interaction. 

The matrix elements of the Vg interaction 
were calculated with the formula 


<[(iaje) S12) {(jsia) J oalg, J, NR; IMv|VsIl(j,j2) 
X Ite] (isis) Saal d’3N’R’ 31 Mv) 


4 
1t >) (nj+n') 
= 26n,wti1(—1) 


[<n|x (ri) |n'>| / 2 2 
x <NR|6|N’R’) VOl +1) QI” +1) W LIRI’2: JR’ 
x {On 81 Or 


XW Wad Sied’s S542] Nig jp ¢ DPS, (= 1) 
2 


Jie— Jig —I— Siz 


(1) V@in +1) Oe £1) 


, 
34 


P+f2—j, 


XChjs iT?) iD W Uw sil 1; i221 


8) 8/785 90 (— 1" V Olen +1) Olea +1) 


12° 12 


z +i—i, 
XW aI I sd"; S122) Nii pp DPS, (— 1 
374 P 4 
X Cas |T* | isd W Cod auil ss: 121]. (19) 


As noted earlier, even if we confine ourselves 
to single-particle levels lying within 3 Mev, the 
energy matrices are still found to be of rather 
large order. For comparison with experiment, 
it is sufficient to calculate accurately the posi- 
tions of the first three levels with given I, which 
are the most sensitive to the parameters of the 
pair interaction. We stipulate that the error in 
the determination of the energies of these levels 
be less than 0.1 Mev. Then, to obtain this accu- 
racy, there is no need to operate with high-order 
matrices. It was established that if we cross out 
from the matrix with given spin I the columns in 
which the ratio of the non-diagonal matrix ele- 
ments aj; to the difference between diagonal ele- 
ments, namely aj, /(ajj —axk), does not exceed 
0.05 (i=1,2,3;k> 3), then each of the levels 
i=1,2,3 will shift by not more than 0.1 Mev. 
This was carefully investigated by testing many 
matrices. 

In the present four-particle problem for I = 0 
we first calculated and investigated in detail a 
46-th order matrix (with N=0). For I=2 we 
calculated the first three rows of a 200-th order 
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matrix and checked which of the high levels can 

be neglected. It was thus established that the 31-th 
order matrices,* with which we subsequently oper- 
ated, guarantee the required accuracy in the deter- 
mination of the energy and the level functions. 


4. SPECTRUM OF Po?!2 


Let us trace the formation and shifts of the 
levels, by successively turning on the interaction 
in parts. The single-particle levels of the four 
particles (Fig. 1) will be multiply degenerate. 
When the pair interaction diagonal matrix ele- 
ments are added, the degeneracy is lifted. The 
matrix elements of the nn and pp interaction 
are strongly dependent on the intermediate mo- 
menta Jy and Jz, (see 21) and give rise to mo- 
mentum level splits. The matrix elements of the 
np interaction depend weakly on either the inter- 
mediate momenta or on the total momentum I, and 
therefore produce a parallel downward shift of all 
the levels without an appreciable distortion of the 
preceding splitting. The result is the level scheme 
shown in Fig. 2. 

We then take account of the non-diagonal matrix 
elements, in other words the interaction between 
the levels. We first turn on only the matrix ele- 


=) —— $F 2 (hop)?2 “Hh 

~1.23 —————ing Yop) 2h 9p) 2 AC 

chat Ge aT Hees foes ae (99p)°0 (frp hyp) 2 

“188 Sins (hap)®O -169 eae ee 
' (99p)"4 (hyp )*4 2 


1949 9fp)®4 (hap)? 2 
195 ‘9 9fp)°2 (hajp)?4 


~21J———— (gjp)*2 (hyp) ?2 
-242———— (ggp)?2 (ttgp)°2 
-257-_______ (ajp)*2 (ign }70 
-2.75————— (g)?0 (hhgpp)?2 
-3,.283-—————— (9p )"0 (hyp)? 
158 E=2 


FIG, 2. Lower levels of four Po**? nucleons with account 
of the single-particle energy and the diagonal matrix elements 
of the pair interaction. The configuration is indicated on the 
right and the energy on the left. The energy is referred to the 
single-particle ground level. 


*Including levels with N = 0, 1, and 2. 
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ments of the nn and pp forces. The first level* 
I= 0j will interact both via the nn forces and 
the pp forces [with levels 4, 7, etc. in downward 
order on Fig. 2; see formula (8)], and will drop 
more than twice as far as in the case of a single 
pair. 

On the other hand, the first level I = 2, will in- 
teract only via the nn forces (with levels 3,5,9... 
on Fig. 2), while the second level I= 2, will inter- 
act only via the pp forces (with levels 3,4, etc), 
and consequently both will drop lower than the level 
I= 0,. We then find that the two levels with I = 2 
will lie ~ 1 Mev above the I = 0, level and will be 
close to each other. Such a level scheme disagrees 
with experiment. We now take into account the 
level interaction due to the np forces. It must be 
noted that the nondiagonal np matrix elements be- 
tween the levels of the main configuration are ap- 
proximately four times greater than for a single 
particle pair, and are comparable in magnitude 
with the matrix elements of the nn and pp forces 
in the case I= 0, when the latter are large. The 
np interaction of all the lower levels will there- 
fore be strong and the first levels with given I 
will move down owing to repulsion. But the 2, 
level will drop farther than the 0, level because 
the I= 2 levels are denser than the I = 0 levels. 
Thus, a certain sequence of equidistant levels 
0,—2;—2,) is formed, with properties similar to 
those of the vibrational levels, but actually en- 
tirely different in nature. An account of the np 
forces is essential not only for the levels I = 2, 
but also for all levels of the four-particle system. 

Finally, let us take into account the interaction 
between the external particles and the surface and 
let us calculate the entire spectrum. Figure 3 
shows the calculated level scheme of Po*!?, ob- 
tained with parameters p = 2f, vj = 15 Mev, vg 
= 35 Mev, hw = 3 Mev, and C= 1000 Mev. For 
comparison, the experimental level scheme is 
shown on the right. The Po*!* nucleus was ex- 
perimentally investigated by many authors /*-?1 
and the results obtained in different laboratories 
are quite close to each other. It is also important 
to verify the correctness of the calculated binding 
energy for the ground state. The measured energy 
required to remove two neutrons and two protons 
from Po?!” ig 19.4 Mev. The single-particle en- 
ergy of the four particles in potential (1) is 
—(7.8 +7.6) =—15.4 Mev (see !4J), ‘the energy 
of interaction with the surface is —0.7 Mev (for C 
= 1000 Mev), and the energy of Coulomb repulsion 
between two protons is + 0.4 Mev. Consequently 


*The parity sign will henceforth be omitted where self- 
evident. 
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FIG, 3. Level scheme of Po?” after diagonalization of the 
matrices. The experimental level scheme is shown on the 
right. 


the pair energy of the four particles is —3.7 Mev. 
The calculated total pair energy for the chosen 
parameters is —3.8 Mev. 

To illustrate the sensitivity of the level scheme 
and of the binding energy to the choice of param- 
eters, Table I lists the energies of the first three 
levels with spins I= 0 and 2 for different param- 
eter combinations. By plotting different curves 
we can determine the dependence of the energy, 
of the distance between levels, etc. on the choice 
of each parameter separately. 


Table I. Energies of the first three levels with 
spins I= 0 and 2 as a function of 
the potential parameters 


Parameters* 

: 1) f=2 

% | »% | ho | Cc | | 
—3.75 —3.22 
£5 35 0 2.42 —2.69 
—1.94 —2.21 
—4.50 —3 .82 
15 3D 3 1000 —2.87 —3.02 
—2.40 —2.48 
—4.26 —3.67 
15 390 3 1500 —2.73 —2,93 
—2.24 —2.30 
—4.10 —3,.56 
15 30 3 1000 —2.64 —2.73 
—2.12 —2.20 
—4.88 —4,28 
20 35 3 4000 —3.20 —3.34 
—2.77 —2.66 
—5.24 —4,54 
20 40 3 1000 —3.45 —3.54 
—3.06 —2.88 
—4.14 —3.58 
15 30) 3 2000 —2.68 —2,85 
—2.20 —2.36 


*All values are in Mev. p = 2f. 
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Table II. Fundamental coefficients el(a@) of the eigenfunction 
expansion of the Po?! levels 


1=0 Nee 2) 


le hal Oadiaiels NR | Ove -|j als (aii Sis: Ueleddos Ji NR. ob 2, | 2g. | pe 
(8,)” 0 (f,)° 0; 0; 00 0.80|—0.39) — (gy,)® 0 (f,)?2; 2; 00 0.63 ae 0.18 
(ge/,)" 2 (Av,)?2; 0; 00 0.36), 0.77) (gs),)? 2 (Az,)?0; 2; 00 0.55} 0.66] 0.20 
(Goy,)” 4 (fr), 4; 0; 00 0.12) 0.26) (g,,,)? 2 (Ay,)*2; 2; 00 —0.26|—U.04] 0.88 
(o,)® 6 (hy,,)” 6; 0; 00 0.04) 0.05]  (go/,)? 2 (fe,,)?4; 2; 00 0.18/—0.18/—0.04 
(411),)® 0 (Ae),)?0; 0; 00 0.10/—0,17} (go),)? 4 (y,,)? 2; 2; 00 0.17} 0.21] 0.02 
(8o/,)” 0 (fr/,)?0; 0; 00 0.09}—0.12)  (g,,.)? 4 (fy,)?4; 2; 00 —0.04,—0.01]} 0.29 
(8,)° 0 (fs),)?0; 0; 00 0.12}—0.09}  (g,,,)? 0 (,,)?2; 2; 00 0.10|—0.11] 0,04 
(Ge,)? 9 (dss/,)? 0; 0; 00 —0,01/ 0,09]  (g,,)? 2 (iss,.)20; 2; 00 —0.08|—0.12|—0,05 
(Gs/,)” 0 (f/,)?2; 2; 12 —0.24/—0.03) (in)? 0 (Ay,)?2; 2; 00 0.07/—0.09) 0.05 
(Goy,)? 2 (f),)?0; 2; 12 —0.28}—0.03) — (g,/,)? 0 (f,)?0; 0; 12 —0.17/—0,01|—0.07 
(Go/,)” 2 (Me),)?2; 2; 12 0.08) 0.21)  (g,,)? 0 (ty,)?2; 2; 12 0.41|—0.07/—0.13 
(Goj,)” 2 (M,)? 4; 2; 12 On OTUs 7 (Go/,)? 0 (tte) )? 4; 4; 12 ==05 1/2) WOs13i=—0209 
(Bo/,)? 4 (da),)?2; 2; 12 —0.08)—0.17) (gy)? 4 (fy)20; 4; 12 —0.10]—0.14/—0.05 
(ds) B0),) 2 (Mu), 0; 25 12 —0.14] 0.06) (g,,)?2(fy,)?0; 2; 12 0.10} 0.09/—0.12 
(gz/,)* 0 (hoy,)2 0; 0; 20 0.06) — (Guj,)® 2 (te),)?2; 4; 12 —0.18/—0.01} 0.02 
(go,)® 4 (Mo),)? 0; 45 24 0.04) 0.02)  (g,/.)80 (ty))®2; 2; 24 0.03} 0.01) — 


Table III. Reduced probabilities* of y transi- 


Table II lists the coefficients cli a) needed to 
tions from Po?! levels 


construct the lower-state functions [see formula 
(7)]. All the functions are characterized by a large 
configuration mixture and this greatly influences 
the properties of the levels. 


C = 1000 Mev Cc = 2000 Mev 


Transition} p (E2)-10-4, | B(M1)-40-", | B (E2)-40-", B (M1)-10-%1, 
sec!» Mev | sec!» Mev-3| sec!» Mey-5| secu!» Mev-3 


5. Y- TRANSITION PROBABILITIES 2 “ 0 re, Ric, 
The y-transition probability is sensitive to the 2 2 nies 61 00 vas 68.00 
its : : > if 11.50 
perueture of the initial and final state functions. io 3 fen eb (ne 4 ag 
This can be traced by calculating the reduced 0, > 24 2.70 4.00 
transition probability B (A), which is connected pa 2:20 0.04 Le 0.01 
i iti ili 234 0. 0.10 
with the total transition probability T(X) by the a 5s oy Jats re ree 
relation Pee 0.14 4,20 0.03 7.60 
Ay 24 7.20 3.30 
& i OS oye Nay R 2A+-1 
T (5 [1 ) =B (Ast >t ) (AE) 3 (20) *The eigenfunctions were calculated with parameters 
’ 8a (A + 1) p = 2f, v~= 15 Mev, vg = 35 Mev, hw = 3 Mev, and C = 1000 q 
B Ne I I = ev. 
( a ee ) h [(2h + 1)! 2 & (fic)? (21 +1) and 2000 Mev. 
x Hy T , ii 1 aU ’ 
rig ee COIR) Ts? energy ~2 Mev. The value of B(A) varies within 
wide limits and is an individual characteristic of : 
+ >} c! (a) c? (ax’) <alv | Ms (A) fo’l’v’> ? |. (21) each transition separately. A distinguishing fea- 
at ture of the transition 2, — 0, is that all the mem- : 


bers of the sum (21) have the same sign. Both 
parts of the sum give approximately the same 
contribution when C = 1000 Mev. On the whole the 
probability of the 2, — 0, transition with C = 1000 
Mev is found to be five times larger than the so- 
called single-particle probability. The 2,— 0; 
transition differs strongly from the preceding one. 
The difference in the signs of cl(aw) causes the 
principal terms of the sum (21) to drop out and 


Mpy(A) and M,(A) are the operators of the nucleon 
and collective transitions with multipolarity 2. 

The sum in (21) breaks up into two parts; one 
corresponds to partial phononless transitions, and 
the other is connected with the change in the num- 
ber of phonons. The contribution from the second 
part of the sum is essential for El transitions. 

Table III lists the calculated values of B (A) 
for transitions between levels up to an excitation 
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B(E,) becomes two or three orders smaller than 
the first transition. This transition is particularly 
sensitive to the parameters of the forces. 

The 2, — 2, transition has high intensity. In 
this case the electric component of the transition 
is small because of the strong quenching in the 
sum (21), while the magnetic component is, to the 
contrary, large. The 23 — 2, transition differs 
from the preceding one in that the magnetic com- 
ponent is small and the electric one increases 
sharply. The direct transition 23; —- 0; has a no- 
ticeable intensity and can be observed. From the 
1, level there is an intense M, transition to the 
ground level 0; and a mixed (E, + M,) transition 
to the excited level 2. 

Most transitions in Table III have been experi- 
mentally observed, but only their multipolarities 
and relative intensities have been determined 
(see, for example, C7]), All the known experimen- 
tal data on y transitions are in good agreement 
with the theoretical calculations. This shows that 
an account of the mixture of configurations makes 
it possible to calculate the y-transition picture 
sufficiently completely. As to the absolute values 
of the transition probabilities, these have been 
determined earlier from a comparison of the in- 
tensity of the y line and the long-range q@ par- 
ticles from a given level. In this case the a- 
decay probability was found from a semi-empiri- 
cal formula verified against the transitions from 
the ground levels. The data on B(A) in Table III 
show that this method yields too high a probabil- 
ily. For example, the probability of the 2; — 0, 
transition is estimated in "71 to be 2.5 x 107! sec, 
while from Table III we get for probability not 
more than 1.2 x 1071! sec. 

The theoretical spectrum contains levels with 
spins I= 3 and 4, the 4, level being rather low. 
Since however, the 6 decay of Bi2”? to these lev- 
els is strongly forbidden and the y transitions to 
the 4, level have a low probability, it is quite dif- 
ficult to observe these levels. 

In the discussion of the spectra of Bi?!” and 
Po? a suggestion has been made that the single- 
particle levels i4,/. and ij3,, move approximately 
0.5 Mev below their positions in Pb”? and Bi2%, 
because the boundary of the potential Vc is less 
diffuse. This raises the question of the positions 
of these levels in Po!*. All the previous calcula- 
tions were made without lowering the iy, /. and 
i43/2 levels. To verify the effect of the change 
in the positions of these single-particle levels, we 
calculated the spectrum with i4;/. and ij3/, dropped 


0.5 Mev. It turned out that all the levels previously- 


present up to 1.8 Mev barely shifted, but new levels 
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appeared, which we denote by 0j, 1;, and 2;. The 
0; level lies near 2,, 1j lies near 1,, and 2; is 
higher than 2.2 Mev. It is very difficult to detect 
these levels by the y rays,* nor are any other 
means clear. Since the investigation has shown 
that a shift of the ij, and ij3/ levels in Po? 
within the indicated limits does not greatly affect 
all the results obtained, the question loses its 
urgency. 


6. CONCLUSIONS 


1. The previously obtained self-consistent and 
pair potentials were applied to a nucleus with two 
particle pairs in excess of the filled shells. The 
results show that an account of these potentials is 
sufficient to determine and describe in detail the 
pattern of excited states of such a nucleus. 

2. We calculated the spectrum of Po?!*, the 
binding energy, and the y-transition probabilities. 
All the known levels have been found and their 
properties explained. The additional levels that 
should exist are indicated. 

3. The theoretical results cannot be reconciled 
with the experimental data without account of the 
np interactions. 

4. The method developed can be readily gener- 
alized to include the case of 8 nucleons (4n + 4p) 
in excess of the filled shells. 
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Photoproduction of a neutrino-antineutrino pair on an electron is considered. The cross 
section for this process is calculated, and the photoneutrino emission by a degenerate or 
nondegenerate electron gas at high temperature and density is determined in the nonrela- 
tivistic approximation. The photoneutrino emission from an electron gas of density 10° 
g/cm? at temperatures xT = 40 kev (x is Boltzmann’s constant) exceeds the neutrino 
bremstrahlung radiation under the same conditions] by two orders of magnitude. In 
stars with high temperature and density (such as novae between bursts, etc.) the energy 
radiated in the form of photoneutrinos exceeds the usual photon luminosity. 


1. INTRODUCTION 


ee onDING to the theory of Feynman and 
Gell-Mann!!J there is a direct neutrino-electron 
scattering process vy +e —v’ +e’ with a matrix 
element 


G2" @ 7, (1 + 15) ¥) (V7, (1 + 15) 2) (1) 


which is of first order in the weak interaction 
coupling constant. Direct experimental study of 
this process is extremely difficult at the present 
time; however, its existence can lead to macro- 


scopic effects which are important in astrophysics. 


In 1941 Gamow and Schoenberg [2] showed that at 
the high temperatures and densities which exist in 
the interiors of stars in the last stages of evolu- 
tion the process of nuclear electron capture and 
subsequent beta decay 


Nee Nei tv, Nee NG Se ew tAd) 


with the emission of two neutrinos, becomes pos- 
sible. Although the cross section for this process 
is very small, the energy carried out of the star 
by neutrinos from this process can exceed the 
energy emitted in the form of photons. This is 
because neutrinos travel out freely from the star’s 
interior, while photons have a very short free path 
and are therefore radiated only by the external 
envelope of the star. It should be noted, however, 
that process (2) has an energy threshold, and 
therefore stellar neutrino emission from this 
process depends on the presence of nuclei with a 


; low threshold. 


Pontecorvo [3] pointed out that if the direct 
electron-neutrino interaction (1) occurs then neu- 
trino pair bremstrahlung can occur in the scatter- 
ing of an electron by a nucleus: 


e+Asrvivte4+A’. (3) 


This process is unlike process (2) in that it does 
not have a threshold; in stars with high tempera- 
tures and densities and also high Z it can be an 


important energy radiation mechanism. !*] Gandel’- 


man and Pinaev!‘] showed that in stars with Z 
about 10, temperature xT = 30 kev, and density 
p > 10° g/cm3, the energy carried off by neutrinos 
formed in process (3) exceeds the energy radiated 
in the form of photons. 

We wish to point out that the existence of a 
direct electron-neutrino interaction also leads 
to the photoproduction of neutrino pairs on elec- 
trons: 


y¥tecoe +v+y. (4) 


This process is first order in the weak interaction 
and electromagnetic coupling constants. Since the 
photon number density increases very rapidly with 
temperature and can be comparable with and even 
exceed the density of electrons and nuclei at high 
temperatures, process (4), like process (3), can be 
an important energy radiation mechanism in stars 
with high temperature and density. 

In this work we calculate the neutrino pair pho- 
toproduction cross section on electrons and the 
photoneutrino radiation by a degenerate or nonde- 
generate electron gas as a function of temperature 
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FIG. 1 


and density. We show that the photoneutrino radia- 
tion by an electron gas is two orders of magnitude 
greater than the neutrino bremstrahlung radiation 
under the same conditions. This is mainly due to 
the fact that the neutrino pair photoproduction cross 
section increases rapidly with photon energy and the 
neutrino bremstrahlung cross section increases 
with increasing energy, while the photon spectrum 
is shifted to higher energies as compared to the 
electron spectrum at the same temperature. 


2. CROSS SECTION FOR NEUTRINO PAIR PHOTO- 
PRODUCTION OF ELECTRONS 


We let p=(p,E) and p’ = (p’, E’) be the initial 
and final electron four-momenta and k = (k,w), 
di = (G4, €1), and q»y = (Q2, €2) be the four-momenta 
of the photon, neutrino, and antineutrino. The for- 
mation of a neutrino-antineutrino pair in the colli- 
sion of a photon and an electron is described by 
the two Feynman diagrams shown in Fig. 1. The 
matrix element for this process is 


M = Avail, (1 + ve) (Px +11)Fee) (ey, (1 +98) ¥) 
+ (¢'é (ip, +m) y, (1 +ys) ¥,) (av, (L +s) 2}, (5) 
where ey is the photon polarization four vector 
and 
| iy ON A ae Z ee REN a Pe oP 
pP,=Pp+k. 
For calculation, it is convenient to use a Fierz 


transformation to obtain M in the form (e’Oe) 
(vOv). Then 

ee a ics 
M = Va (e ly, (1 

+€ (ip, +m) y, (1 +s) e) 

x CAR (1 a Ys) Vi) 
We then obtain for the differential cross section 
averaged over initial electron spin direction and 
photon polarization and summed over final elec- 
tron spin directions 


+ Vs) (ips apetiyie 


(6) 


dp’ d*q1 dq2 
E’€&5, 


re. 254 
do = —aeoy \ FL PO (oP) fit til) 
where F is the invariant amplitude, M 


= (WEE’e,€,) 1” F and 


RIPUS 


— (4e?G?)* Z| FP = tm? (p’qr) (10192) 
+ (pk) (p'qs) (Rq2)] (pk)? + Upp’) U(p2q1) (p92) 
+ (p41) (P192)] — (kp) (p'1) (P+ P's G2) + Rp’) 
<(p +p’, 41) (Pq2)1 / (pk) (p'k) + Im? (p2qi) (p42) 
+ (p'k) (Rai) (pqs)] (p'k)* 
Integrating over the neutrino and antineutrino 
momenta with the aid of the formula 


d*q, a*qo 
& 1&2 


(8) 


\ (agi) (642) 8 (g — gr — 92) 
=F [2 (aq) (bq) + (ab) @1, 


we obtain 

eG? nee ten 

do = iam (pnt * OF +) Lae + tea 
2 (g? — m*) (kq)"| aép’ 

sabitiler gerry eee 

where q=qy+q,=p+k-—p’. 

In the following we make the nonrelativistic ap- 
proximation that w/m, |p|/m, and |p’|/m are all 
much less than one. Then the differential cross 
section (9) in the center-of-mass system is 


< e2G2 302 me's De w2 + p” , 1 P ‘ 
do = aay = Bare gts kD elena cee \ dp 
(10)* 


In order to write the differential cross section (10) 
in the laboratory system, it is sufficient to make 
the replacements p’ — p’- p —k, k—k, d'p’ 

— dp’. 

We note that in general the number of final 
states of an electron with momentum p’ is given 
by (1 —np’) d3p’/(27)?, where np’ is the occupa- 
tion number of the state with momentum p’. Thus 
the differential cross section (10) has an additional 
factor (1—np’) in the general case. In a medium 
with temperature T 


bpceat 


(kp) (kp’) 
(9) 


Np’ = [exp (= y+", 


where yp is the chemical potential; in the center of 
mass system np’ must be replaced by Np’+p+k in 
the nonrelativistic case. Theintegrationover p’ of 
the differential cross section (10) with the weight 
function 1 —Np’+p+k cannot be done analytically. 
Therefore we consider two extreme cases. 

1. Nondegenerate electrons. In this case np’ 
< 1, and the total cross section for photoproduc- 
tion of neutrino pairs on nondegenerate electrons 
obtained by integrating (9) over p’ is 


ens 2 1 5 
a oat A ar oe ahaa 2 ee 4x? 


+(2x%8 ax —2)V ea +1] In (x + VF +1) 
ye ihe 2 —et(geta oa) eae 
*{kp']=k~xp’. : 
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_ Here a = e*/47 = ¥,,, and g = m’G = 3.0 x 10722 
are dimensionless constants and x = w/m, where 
w is the photon energy in the center-of-mass sys- 
tem. In the nonrelativistic approximation 
4 2 h 4 4 
(Kk, p) = 3555(<-) (Sa) = 113-10") om’, (11) 


30m? \ me mc?) mc 


2. Completely degenerate electrons. In this case 


Np’+p+k = 1 if lp’+p+k]< py and Dp’+p+k = 0 if 


|p’+p+k|>pp, where py is the Fermi momentum. 


By using the properties of the dependence of the 
differential cross section on p’ and the fact that 
|p| =pp, the nonrelativistic total cross section 
for photoproduction of neutrino pairs on degenerate 
electrons can be written in-the form 


2G2 ( e 
é , , / ( / 
o (k, p) = ana \ p? dp \ d cos 8 \ de (12) 
Po—P pe—p P2 0 
PY oy 2} 
eee Pe |) @? + p? 
oS { 6 {2@4 


x [kp’ |? += kp’! 6 (P + w — po), 


where P=p+k, 96’ is the angle between p’ and 
P, ¢’ is the angle between the planes (p’, P) and 
(k,P), and @(x) is one for x >0 and zero for 

x <0. The explicit expression for o(p,k) is 
cumbersome and therefore we do not give it here; 
in the following only the value of this integral at 
the point |p| =p, P = pp will be needed. 


3. PHOTONEUTRINO RADIATION POWER OF AN 
ELECTRON GAS 


The energy carried off by the neutrino pair in 
a single photoproduction event is €,+«€,=E+w 
—KE’. Therefore the energy carried off by neutri- 
nos from a unit volume of electron gas per unit 
time (the photoneutrino radiation power per unit 
volume of medium) is 


Q, =\ ee Bae ny (k) ne (p) vset\(E + © — E’) 


(2m)? (2)8 
x'do (k, p, p’), (13) 
where n,(k) and ne(p) are the momentum distri- 


butions of photons and electrons: 


: (14) 


1 
ny (k) s= out 4 » ‘Me (p) a ef E—e)/xT +4 Y 


and Vo) = 1—p-k/Ew is the relative velocity of 
the photon and electron. 

From energy and momentum conservation it 
follows that E-—E’ <w in the nonrelativistic case. 
Therefore the energy carried off by the neutrino 
pair in a single photoproduction is equal to the 
photon energy €, + €, = and the last integral 


in (13), which is usually called the effective de- 
celeration, is simply 


\(E +0 —E’) do (k, p, p’) = 06 (k, p). (15) 


We consider two cases in which Q, can be 
evaluated analytically. 

1. Nondegenerate electrons. In this case ng(p) 
= C exp(—E/xT) «1 and o(k,p) is given by 
(11’). After integrating, we obtain 


Lee (b) 
= 3514 


agime ae (aT ne (16) 


Substituting numerical values into (16) and assum- 
ing that the medium is almost completely ionized, 
so that the electron density is related to the mat- 
ter density p by ng = 6 x 1078 p/ue, where pe! 

= 21 CjZj/Aj with Cj the weight concentration of 
element with atomic number Aj and charge Z;, 
we obtain (with T in kev) 


Q, = 3.32-10°-8T8 (p/u,) erg/sec-cm? (17) 


2. Strongly degenerate electrons. In this case 
pj/2m >«T and ne(p) = 1 if [p| < pp, ne(p) = 0 
if |p| > po; Do is the Fermi momentum, which is 
related to the electron density by 


p,imc = (3r2n,)" (h/me) = 1.01-10-? (p/p,)"; (18) 


o(p,k) is given by Eq. (12). We note that o (k,p) 
depends on k and p only through w, |p|, and P 


=|p+k|; namely, o(k,p) =o0(w,p,P)x 6(P+w—po). 


Therefore the integration over the direction of p in 
(13) can be replaced by an integration over P be- 
tween the limits |p—w]| and p+w. We then obtain 
aime) 

\ 0 (w, p, P) PdP 


Po—® 


(0 (k, p) dQ = = {0 (p — po + 20) 


Ip—o| 
—6 (|jp—©|—po +e) | 9 (wv, p, P) PaP}. 
Po— 
Then integrating over |p| between zero and po, 


we obtain 
Po Pot 


(5 (k, p) dtp = = { \ pdp \ o (w, p, P)PaP +.. F 
Po—2H Po—® (19) 

where the dots stand for terms proportional to 
6(2w—py)) and @(w-—p)). In the strongly degen- 
erate case Py > XT; in the integration over w 
these terms will therefore be exponentially small 
[of order exp(—pp/2kT) and exp (—p)/kT)] in 
comparison with the integral over w of the term 
written out in (19); hence, they will be neglected. 
Furthermore, since the main contribution of the 
first term in (19) to the integral over w comes 
from frequencies w near KT «pp, we can write 


= — - ¢ a P 
——— eee 
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dy 


erg/sec* cm 


Vv 


3 
erg/sece em? 


| T, kev 


1 |] 2.08-10-4 | 1.41.10 
5 | 4.06-402 | °4.47-4 
precierate. 6ae | 10 | 2.08-105 | 4,66-104 
20 | 1.06-408 | 4.20-40° 
30 | 4.09-10® | 3.05-407 
40 | 1,08-10! | 4.40-408 
Nondegenerate gas 50 6.50-4010 3,05-108 
70 | 9.55-10% | 4.38-409 
100 | 1.66-4018 | 6.87-10° 
Po pro Pot 
pdp \ o(w,p,P)PdP ~2upy \ 9(0, po, P) PaP 
Pp y—2®@ Po—® Po—® 
= (2wpo)* 5 (, Po» Po)- (20) 


From Eq. (12) we obtain to lowest order in 
w/Po 
6 (w, Po Po) as Qa <= (e?G?/m?) w*. 


Then, to lowest order in kT/pp, we obtain 
Mihaye 
Q a (=) Ne 


Using (18) and substituting numerical values, we 
obtain 


12-8! € (9) 
35 14 


mc 


8 mca me mo. 
ag? mc — (21) 


h 


Ges keer (p/u,)" erg/sec-cm?, (22) 


The table lists the photoneutrino radiation power 
Q, per unit volume of electron gas (degenerate and 
nondegenerate) in erg/sec-cm? as a function of 
temperature for a density p = 10° g/em?. The cor- 
responding values of the neutrino bremstrahlung 
radiation power q, found from the formula of 
Gandel’man and Pinaev!41 are also shown. 


4, NEUTRINO RADIATION BY STARS 


If the distributions of temperature and density 
in a star are known, then Eqs. (17) and (22) enable 
us to find the energy emitted by the star in the 
form of neutrinos. It is advantageous to compare 
this energy Ly, which we will call the neutrino 
‘Juminosity’’ of the star, with the usual photon 
luminosity Ly. 

1. Nondegenerate star configurations. If the 
energy emission in the star occurs uniformly over 
the whole volume (uniform source model) or if 
all the star’s energy is emitted at the center 
(point source model), then it follows from gen- 
eral properties of the equation for equilibrium of 
the star that the liminosity Ly is related to the 
temperature Tce and density pc at the star’s 


center by [5] 
Ly = Cy--5p—2-56T 6, (23) 


where b is the constant in Kramer’s formula for 


*We note that in the Foie aa 
4 
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the photon mean free path: 


i = bpT*", 


pt = DC; (Z: + 1)/ Ar (24) 

The value of the constant C and the tempera- 
ture and density distributions are different in the 
two models and must be found by numerical inte- 
gration of the equilibrium equations. 

In the following we consider the point source 
model, since it corresponds more nearly to reality. 
The temperature and density distributions in this 
model were found by Cowling 6] by numerical in- 
tegration of the equilibrium equations. Since the 
temperature falls rapidly, and the density even 
more rapidly, with distance from the star’s cen- 
ter, the central values of the temperature and 
density do not characterize the temperature and 
density of the main stellar mass. We therefore 
introduce the mean temperature T and mean 
density p defined by 


: \ Tao, ape —J odo. 


(25) 
By using the distributions p(r) and T(r), it 
can be shown!*8] that the central temperature and 

density are related to the mean temperature and 
density and also to the mass and radius of the star 
by 

Te = 1.85 T = 6.28-10-"4MR, 


p, = 37,09 = 8.84MR>. (26) 


Here and in the following temperatures are in kev 
and densities in g/em®. With the values found by 
Cowling for the constants, we obtain* 


Ly = 7,22-10°%p-0-5 p-2.5678 = 1,19. 1084 p-0-5 p25 678, 
‘ (27) 
We integrate Q, over the volume of the star, 
using the distributions [6] p(r) and T(r) and Eq. 
(26), which relates R, Tg, and pg. We obtain the 
result t 


Ly = 1.45. 10% pl 5p—0.5 TR 


—-0.579. 
0 Ts 


= 0,822: 10°? p= p56 (28) 


equation [Eq. (16)] in 
the paper of Gandel’man and Pinaev,\"J the value of the con- 
stant is too large by a factor of 5.1. This also affects their 
Eq. (19). 

tWe note that in Eq. (18) in the paper of Gandel’man and 
Pinaev(*] the value of the constant in the expression for the 
neutrino bremstrahlung luminosity is two or three times too 
large due to the use of a rough approximation for the tempera- 
ture and density instead of the numerical values given by 
Cowling. 


PHOTOPRODUCTION OF NEUTRINOS ON ELECTRONS 


The ratio of the photoneutrino and photon lumi- 
nosities is 
L,/Ly == 2.01-10-" T2°p2/bpu = 0.69- 10-77" p2/bp. pw. 
(29) 


This ratio is of the order of unity for p = 3 x 10? 


and T=10 kev, for example, which apparently pre- 


vail in the stars like subdwarfs which flare up from 
time to time as novae.!’~®] In stars which are 
evolving into white dwarfs, Tg = 40 kev, pp = 5 

x 104 g/cm? (see Opick 110 ); then Ly/Ly = 10. 

2. Degenerate star configurations. Since the 
thermal conductivity of a degenerate electron gas 
is very high (soft photons cannot be absorbed by 
the electrons ), the temperature is constant in the 
interior of a star that consists of a degenerate 
gas. On the other hand, the equation of state of 
the degenerate gas depends weakly on the temper- 
ature. If we neglect this dependence, the density 
distribution in the star depends on just one param- 
eter, for example, the Fermi momentum at the 
center of the star xc = (py/mc)c. Ina nonrela- 
tivistic electron gas xe is small, and in this case 
the density distribution is determined by the Lane- 
Emden polytrope with index oS namely, p(r) 


=p ae (3.654 r7R), where £5 19 


Emden function with index % (see [1], Sec. 105, 
ome. Ch. 11). 
We integrate the photoneutrino radiation power 
of a degenerate electron gas over the stellar vol- 
ume, using 


\ p'adu = Mp3 & )"\ eee x? dx, 


(é) is the Lane- 


where the quantity F 
Nir "lg 
Pe SRO at 
3 a) \ Ge) tle 
depends weakly on the parameter x3, and is equal 
to 8.400 for small x2. Then 


Ly = 1,29-10-°-MT9/pit p's. (30) 


On the other hand, Schatzman [12] showed that 
the photon luminosity of a degenerate star is re- 
lated to its temperature and mass by T= 6.17 
x 10’ (Ly /M)2/7 (with T in degrees) or 


L, = 2.88-10-°° MT", (31) 


if T is expressed in kev. Thus, the ratio of photo- 
neutrino and photon luminosities is 


Ly [Ly = 4.48- 10-8 T55/y%/ p>. (32) 


10° g/cm? 


This ratio is of the order of unity for p = 
p® 10° and 


and T = 20 kev. In white dwarfs with 
Tx 5kev, this gives Ly/Ly ~ 107°. 
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FIG. 2. Mean stellar temperatures and densities for which 
the photoneutrino and neutrino bremstrahlung luminosities are 
equal to the photon luminosity. 


The dependence of L,/ Ly on temperature and 
density is most conveniently discussed with the 
aid of a diagram. In Fig. 2 the line labelled Tp 
separates the degenerate gas region (below Tr) 
from the nondegenerate gas region (above Ty). 
The lines Tp in both the degenerate and nonde- 
generate regions correspond to the mean temper- 
atures and densities for which the photoneutrino 
luminosity is equal to the usual photon luminosity; 
above these lines L,/Ly> 1 and below them 
Ly/Ly <1. Similarly, the lines Tp correspond 
to the temperatures and densities for which the 
neutrino bremstrahlung luminosity is equal to 
the photon luminosity; The points below Tp in the 
degenerate region correspond to temperatures 
and densities for which L, /Ly >1 (and vice 
versa). As is evident from Fig. 2, the region 
of stellar temperatures and densities for which 
the photoneutrino luminosity is greater than or 
equal to the photon luminosity is much larger than 
the region in which the neutrino bremstrahlung 
luminosity exceeds the photon luminosity, and in- 
cludes the latter as a particular case. 

The most interesting region to us is that around 
p = 5x 10" g/cm? and T=10 kev. These appear 
to be the densities and temperatures of novae be- 
fore and after bursts!’-°] (it is known that the 
same star can flare up as a nova several times 
and that its mass and luminosity are the same be- 
fore and after a burst). Stars evolving into white 
dwarfs have even greater temperatures and den- 
sities, 1101 Equation (29) and Fig. 2 show that the 
photoneutrino luminosity is near the photon lumi- 
nosity or exceeds it in the region of densities 
greater than 5 x 10? and temperatures greater than 
5 kev; therefore neutrino photoproduction must 
play a significant role in the energy balance in 
such stars. 

What are the greatest stellar neutrino luminos- 
ities? It is doubtful that the neutrino current in- 
creases strongly during a nova burst, since the 
energy released during a nova burst is about 10° 


920 Vie eT 


erg, §"] which is 10-4 of the star’s thermal energy. 
Therefore the mean stellar temperature and con- 
sequently the neutrino luminosity are not signifi- 
cantly increased during a nova burst. 

A different situation can be observed in a super- 
nova burst. Then the energy release is compar- 
able with the star’s thermal energy [7] and amounts 
to about 10°° erg. In such a case, a star with mass 
near that of the sun (2 x 10g) is heated up toa 
temperature of 50 to 100 kev. Since the photoneu- 
trino radiation power per gram of material is 
10°— 10° erg/g-sec at these temperatures, the 
neutrino luminosity of a supernova is tos 20s 
erg/sec. This is comparable with the usual super- 
nova luminosity (10’—10® times the sun’s). Dur- 
ing a burst which lasts 50 to 100 days, the neu- 
trinos carry off 1078 = 40% erg, which is LO S10" 
of the total energy released. Thus, although the 
neutrino luminosity during a stellar supernova 
burst is colossal, neutrino processes do not play 
as large a role in the energy balance of supernovae 
as they can play in novae before and after bursts 
and in stars evolving into white dwarfs. 


Note added in proof (September 19, 1961). After this article 
was submitted for publication, a paper on the same subject 
was published by Chiu and Stabler [Phys. Rev. 122, 137 
(1961)]. However, they do not consider the photoneutrino 
radiation by a nonrelativistic degenerate electron gas. More- 
over, it should be noted that owing to the use of an unusual 
relation between probability and cross section [for the cus- 
tomary relation, see C. Mgller, Kgl. Danske Videnskab. 
Selsk., Mat.-fys. Medd. 23, 1 (1945)] their expression for the 
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photoproduction cross section differs from ours by a factor 
(pk)/Ew and is not relativistically invariant. We also note 
that they used Heaviside units, but mistakenly set e’/ic = 
1/137, instead of e?/4rtfic = 1/137, and their results are 
therefore too small by a factor 47. 
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POSSIBILITY OF POLARIZING AN ELECTRON BEAM BY RELATIVISTIC RADIATION 


IN A MAGNETIC FIELD 


I. M. TERNOV, Yu. M. LOSKUTOV, and L. I. KOROVINA 


Moscow Power Institute 


Submitted to JETP editor May 17, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1294-1295 (October, 1961) 


Spin flip due to radiation produced by the motion of electrons in a uniform magnetic field is 
considered. It is shown that an initially unpolarized beam becomes partially polarized, with 
the magnetic moment primarily in the direction of the field. 


‘Tae solutions corresponding to the two polariza- 
tion states for a Dirac electron moving in a uni- 
form magnetic field (cf. Lt] gee. 28; this refer- 


ence contains a detailed bibliography on this prob- 


lem) can be used to compute the probability of 

_ radiative quantum transitions in which the elec- 
tron spin reverses direction. Assuming for sim- 
plicity that in the initial state the electron has no 
momentum along the field we obtain the following 
expression for the difference in radiation inten- 
sity, AW_;; (W_, is the radiation intensity for 
the case where the magnetic moment is initially 
antiparallel to the field and the final position is 
parallel, while W, applies to the inverse case): 


AW 41 = W_41—W.= 35 V3 ai A y( e ‘h ‘ (1) 


Te Se Waals Imoc? 


Here R is the radius of curvature of the elec- 
tron orbit, E/myc? is the kinetic energy of the 
moving electron divided by its rest energy, and 
€) is the electron charge. 

This formula indicates that the predominant 
quantum transitions will be those which leave the 
spin magnetic moment oriented in the direction of 
the magnetic field. Thus it appears that partial 
polarization can be realized in an electron beam 
that is initially unpolarized (an effect peculiar to 
emission ). 


The process in question should occur, for ex- 
ample, when electrons move in accelerators or 
storage rings. The effect should be stronger in 
the latter case because the particle storage time 
in storage rings is rather large. A macroscopic 
consequence of this effect is the appearance of a 
magnetic field in addition to that produced by the 
current; the additional magnetic field is propor- 
tional to the number of polarized electrons in the 
beam and reaches some fixed value in the course 
of time. 

In addition, the beam polarization causes an 
additional spin-orbit interaction, which should 
cause splitting of the electron energy levels. 

In conclusion we note that the result given in 
(1) also holds if the motion of the electron along 
the field is bounded by infinite potential walls. 

The authors are indebted to Professor A. A. 
Sokolov for discussions. 


: 1A A, Sokolov, Vvedenie v kvantovuyu elektro- 


dinamiku (Introduction to Quantum Electrodynam- 
ics) Fizmatgiz, 1958. 


Translated by H. Lashinsky 
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THE MOSSBAUER EFFECT IN MONO- AND DIATOMIC CUBIC LATTICES 


Yu. KAGAN and V. A. MASLOV 
Submitted to JETP editor May 17, 1961 


J. Exptl. Theoret. Phys. (U.S.S.R.) 41, 1296-1303 (October, 1961) 


We treat monatomic and diatomic cubic crystals, including both noncentral and central near- 
est neighbor interactions. An expression is derived for the Mossbauer effect at T= 0 and 

at arbitrary temperatures. We analyze the case of a diatomic lattice in which one of the 
atoms is the radiator. We show, in particular, that for a light radiator in a diatomic lattice 
the effect may be larger than for a monatomic lattice with the same Debye temperature. We 
find that in general for a diatomic lattice the Debye temperature does not even approximately 
characterize the probability of the Méssbauer effect. 


INTRODUCTION 


‘Tae probability of recoilless resonant emission 
or absorption of y quanta in a solid (the Méss- 
bauer effect) depends on a quantity which is an 
integral characteristic of the phonon spectrum 
(cf. §42]), go far, in calculating the effect, the 
isotropic model and a Debye spectrum for the 
vibration frequencies have been used. The prob- 
ability then depends on the ratio R/k®, where R 
is the recoil energy and @ the Debye tempera- 
ture. 

We know that the spectrum of vibrations of a 
real crystal is markedly different from the Debye 
spectrum. This immediately raises the question 
of the sensitivity of the Méssbauer effect to the 
shape of the spectrum, and whether one can use 
the single parameter @ for analyzing the inten- 
sity. Of special interest in this connection are 
crystals with different atoms in the unit cell, 
where the nucleus of one of the atoms is the 
active nucleus. 

The central point here is the analysis of the 
role of the optical branches, especially when there 


is a sizeable difference in the masses of the atoms. 


In particular, such an analysis should help solve 
the problem of whether one can obtain a sizeable 
effect for nuclei with a large recoil energy (i.e., 
relatively light nuclei) if they are incorporated 
into a multiatomic unit cell. We note that this 
problem is extremely complicated even for the 
case of diatomic lattices. The reason for this is 
principally that one must find the amplitudes of 
the normal modes for each atom separately, and 
also must include the different types of vibration 
branches. 


In the present paper we carry out the analysis 
for monatomic and diatomic lattices with cubic 
symmetry. We use a model of the simple cubic 
crystal with nearest neighbor interactions (of 
both noncentral and central type). This model 
has been used in recent years for the analysis 
of the vibration spectra of crystals (cf. the re- 
view article (31), An important point is that the 
frequency spectra obtained for the case of a mon- 
atomic lattice have all the singularities which are 
predicted by the general theory. {41 In the case of 
a diatomic lattice, the frequency distribution has 
an incorrect root singularity at the top of the 
acoustic branch and at the bottom edge of the 
optical branch, which is a consequence of omitting 
the interaction with next nearest neighbors. But 
a weak singularity of this type gives practically 
no contribution to integrals over the spectrum 
for the characteristic quantities, which are the 
only quantities of interest in the present work. 
Aside from this, the spectrum for the diatomic 
lattice has all the singularities of the general type. 


1. MONATOMIC LATTICE. T= 0. 


The probability for the absorption (or emis- 
sion) of y quanta in a monatomic crystal, not 
accompanied by any change in the phonon spec- 
trum, is given by the expression 


W =e, (1.1) 
: 0 | av, (f) ? 
Z= R gags L\ Fg ne (f) + gp (1.2) 


where f, wq(f) are the wave vector and frequency 
of a phonon corresponding to the a-th branch; Vg 
is the polarization vector; ng is the equilibrium 


922 


—— 
= 
ie ‘ 


THE MOSSBAUER EFFECT IN MONO- AND DIATOMIC CUBIC LATTICES 923 


density of phonons; q is a unit vector along the 
direction of incidence of the y quantum, Vo is 
the volume of the unit cell. For a cubic lattice 
at T=0 we have 

Z= Ro 2\ 4h ay \ aw ¥ (0) do, (1.3) 
where #(w) is the frequency distribution in the 
phonon spectrum, normalized to unity. 

Let us consider a cubic crystal and include 
only the interaction with nearest neighbors. In 
this case the equations of motion for displace- 
ments along the three cubic axes are independent. 
We have the same secular equation for all of them: 

3 
mo? = 2} ail = cos?) (1.4) 
i=1 
where y; is the central force constant, 72 = y3 is 
the noncentral force constant; gj = fja(-—7 < gj 
<T). 

Let us determine the frequency distribution 
function for such a lattice. The form of Eqs. (1.4) 
and the fact that all values of f; in the space of 
the reciprocal lattice, and consequently all the 
gi, have the same statistical weight permits us 
to use the solution of the familiar random walk 
problem. A direct application of the general 
scheme gives the following expression for the 
distribution function (cf. the corresponding ex- 
pression in /34); 


g(o*) =z, \ exp{— itp +i (nr + 2r0) of 


—oo 


x Jo (=p) J5 (22 p) dp, (1.5) 
where Jy is the Bessel function of zero order. 
The function g (w2) is normalized by the con- 
dition 
\ g (0) d (0) = 1. (1.6) 
0 
From this, 


p (w) = 2wg (w?). (1.7) 


We substitute (1.7) and (1.5) in (1.3) and, using the 
fact that J) is an even function, go over to an inte- 
gral over positive values of p. We interchange the 
order of integration and carry out the w integra- 
tion explicitly. The result is 


ay 2. R \ ye 4 sin (2b 2) 5 + #) J9(=p) Ja(p) dp 


hVa J Vp 


(1.8) 


The expression for Z contains two independent 
parameters y,; and y2. In place of these we intro- 
duce two new parameters, 


= 11/2 (1.9) 


and the Debye temperature @. We determine the 
latter by a comparison with the classical Debye 
formula for the low temperature specific heat of 
the lattice, using the dispersion law in the form 
(1.4). We have 


= (Ak) (36x4y24,/m)". (1.10) 


With (1.9) and (1.10), we transform (1.8) to the 
form 


Z =a ($8)" | 7esin[@ + By +H] 0 Eu) JEW) dy. 
(322) 

Assuming R/@ fixed, we consider Z as a func- 

tion of . It is easy to show that Z — 0 both for 

€— 0 and for §—o, But at both limits Z tends 

to zero slowly (~ 1/6 for & —0 and ~¢7-!/3 for 

€ — o), and over a wide range of variation of & 

it changes slightly. This is shown clearly in Fig. 1, 


ZKO/R 


FIG. 1 


where we plot the curve 
ZRO/R = f (6). 


If we relate y, and y, to the elastic constants, 
it can be shown that & = c4;/cy,. From the tabu- 
lated data for cy, and cy, it follows that as a rule 
— lies in the interval 0.2—5. Consequently in 
most cases the value of Z at T=0 will be deter- 
mined mainly by the constant @ alone. 

But the actual value of Zk@/R is different 
from *4, its value for a Debye spectrum. 


2. DIATOMIC LATTICE. T= 0. 


In the case of a lattice with several atoms in 
the unit cell, where one of them is the radiator 
(we give it the subscript 1), the probability for 
the Mossbauer effect has the form (1.1) with Z 
defined by the expression [2] 


1 4Vyq (f) P 


Tio, (2.1) 


= Ri gap BOF acy One) +1). 
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Here Vja(f) is the complex amplitude which ap- 
pears in the expansion of the displacement of the 
j-th atom in normal coordinates (cf. '#J). These 
amplitudes are normalized by the condition 


DiVia (f) Via (f) = 16 


To find the explicit form of Via» we must bring in 
the equations of motion. 

Let us consider a simple diatomic cubic lattice 
and include nearest neighbor interactions. The 
equations of motion for displacements along the 
three cubic axes are again independent, and the 
secular system of sixth order reduces to three 
identical pairs of equations (cf. [2J), 


(2.2) 


ux [myo? — 2 (7, + 24,)] + ux2 div, cos p, = 0, 


ux+2 >i YX, CoS P, + ux mew? — 2 (7, + 2y,)] = 0. (2.3) 
The uy are the amplitudes in the expansion in 
plane waves of the displacement of the i-th atom 
along the x axis. The rest of the notation is the 
same as in Sec. 1. From (2.3) we easily find the 
dispersion law: 


hie i) rer 2X5) 


+V (mt — m3)? (x, + 24,)? + 4X?2/m,m,, (2.4) 
X = >} 1,008 @;- (2.5) 


The plus sign refers to the optical branch, the 
minus sign to the acoustic branch. 
If we go over to normal vibrations, we can es- 
tablish a relation between the amplitudes uj and 
ba 
Vi: 
ux = Vi Vii (Qn + 1)/moN. 


Then using one of Eqs. (2.3) and the relation (2.2), 
we find 


My We, — 2 (1, + 275) 


SS oe 2.6 
2m,w*, Selig ae ta) (m,/m, 44) ( ) 


| Via. |? = 
The subscript a takes on two values, correspond- 
ing to the acoustical and optical branches. (In this 
model for the crystal, the polarization vector for 
each branch is directed exactly along one of the 
cubic axes). 
2 


Since (2.6) contains dependence only on w*, we 


can go over in (2.1) to an integration over frequency. 


We introduce the frequency distribution function 
g (w*) with the normalization (1.6). We then have 
tor. “T=.0; 
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co 


SR Pane 2 ie 2p Rae 
spa 7 2mow2 — 2 (1 + 272) (tme2/t + 1) g (w?) dw. (2.7) 


The function g(w”) is easily related to the dis- 
tribution function G(X) for the quantity X of (2.5), 
if we use the monotonic character of the function 
wi(X) (cf. Eq. (2.4)). The same arguments as in 
the monatomic case lead to the expression 

G(X) = ae | e-* Jo (ers) J8 (Pv2) do. 


—oo 


(2.8) 


Changing to an integration over X in (2.7), we find 


yiez Ra ON yo re a ee G(X) dX 
h 5 QO [2maw” = (Ty +e 272) (m,/m, Ar 1)] 
ot Yr $272 My wo? —2 (1 —+- 275) G (X) ax} 
@, [2m, w*, 2 (1, reg 2%) (m,/m, =f 1)] 
(2.9) 


Here the we are defined in accordance with (2.4). 

Let us consider the limiting cases. Suppose 
first that « =m,/m,;<« 1. We expand (2.4) in 
powers of e. Then, keeping the first two terms 
of the series, 


= 0,V1—# (1 — ef?/2), 
where we have used the notation 


2 
a apa t = Divx, cos | Dive (2.11) 
é é é 


e*(1 + ef2/2), 
(2.10) 


oO, = @o 


The form of the expressions for w, enables us 
to carry out the X integration in (2.9). Omitting 
the computations, we give the final result for the 
contributions to Z from the acoustical and optical 
branches: 


Z_= 


ih bag ge)“ {\ Jo (y (2 + 8)) Jo (Ey) Joly) dy 


=f [rue +8) poh sie YG +8)] 


So 


x Jo (Ey) Jo(y) dy}, (2.12) 
_ oR, 1h gayle [ 2c0s (u (2+ 8) 
Ca oe oe en | FOE 
te shea ae) 5 ae 
+( perp) sere eG BO ay: 
Fey wish a (2.13) 


In these expressions, é is defined by (1.9), and | 
the Debye temperature for the lattice is 
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a ( 2B8n%o7, \" 
q =+ (wot) : (2.14) 


From the form of the expressions (2.12) and 
(2.13) it follows that the main contribution to Z 
comes from the acoustical branch. The contribu- 
tion from the optical branches is ~ €3/ 2. which is 
related to the fact that w, ~ «7/2, while the square 
of the amplitude | V,|? for these branches is ~«, 
i.e., within the framework of this model for the 
crystal, for « < 1 a heavy atom is hardly dis- 
placed in the optical branches. 

In Fig. 2 we give the results obtained by nu- 
merical integration for the coefficients of the 
zeroth and first powers of € in (2.12) as a func- 
tion of € (Zk@/R,; =A -Be). In the interval of 
variation of € which is of practical interest, the 
coefficients A and B change very little. 


EO eee enna a 
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Now we consider the opposite limiting case 
(€ > 1), where the radiator is a light atom. From 
(2.4) we have approximately 


@. = w,e—” (1 — £2/2e), @, = 107 (I 4-.27/2e).. - (2.15) 


Substituting these values in (2.9) and carrying out 
the X integration, we get the expressions 


Z_= ee E(2 + B*\%er1| [ve (y (2 + §)) 
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From (2.16) and (2.17) we get the important re- 
sult that for € > 1 the expansion of Z in powers 
of 1/e begins with <1”. As a consequence there 
is marked reduction in the increase of Z (decrease 
of the Méssbauer effect) with decreasing mass of 


*cth = coth. 
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the radiating nucleus; instead of the 1/m, depend- 
ence we get a 1//m, dependence. Thus the Méss- 
bauer effect for a light atom may be much more 
likely in a diatomic lattice than in a monatomic 
lattice with the same Debye temperature. Physic- 
ally this gain is related to the fact that for « > 1 
the light atom vibrates mainly in the optical 
branches. But the band of optical frequencies cor- 
responds to a region whose characteristic frequen- 
cies are Ve times greater than the frequencies of 
the acoustic band. 

The coefficients of the different powers of € 
have the same order of magnitude and the same 
type of variation with ~ as in the preceding sec- 
tion. This is apparent from Fig. 2, where we give 
the coefficients of <~!/2 and «7! in the expansions 
(2.17) and (2.16): 


ZRO | Ry = Ce-e + De. 


Figure 3 shows the dependence of Zk@/R, on 
€ for a particular value of the parameter ~ (£=1), 
obtained by numerical double integration of (2.9). 
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This curve enables us to follow the manner in 
which the probability for the Méssbauer effect 
changes for a fixed Debye temperature, over the 
whole range of values for the ratio of the masses 
of atoms in the unit cell. 

The results of this section indicate that, in the 
case of a diatomic lattice with an arbitrary ratio 
of masses, the Debye temperature does not even 
approximately characterize the magnitude of the 
Mossbauer effect. For example it is easy to find 
a case where a larger Debye temperature corre- 
sponds to a smaller effect. 


3. MONATOMIC LATTICE. T = 0. 


Now let us consider the temperature dependence 
of the Mossbauer effect for a monatomic lattice of 
the same type as in Sec. 1. Transforming the gen- 
eral expression (1.2), we have 
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We use the transformation 
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Se i a @ (t) dt, (3.2) 
0 
Q(t)= >) erm, (3.3) 


n=—oo 


(When we replace t by —it’/7, the function 6 (t) 
goes over into the function 6,(t’), which coincides 
with the Jacobi theta function of the third kind. ) 
Then 


Z a5 aye \a°F\ ese" @ (1) di (3.4) 
0 
where 6 = h/2kT. 
We substitute the expression (1.4) for w* into 
(3.4) and integrate over the phase volume 
Rt op? 
Z = sie \ exp_—F (ra + 212) 1/0 © 
0 
2 2 (no 2¥2 ; 
x To (B°=U £) 5 (B?=22 2) a. (3.5) 


Here Ip is the Bessel function of pure imaginary 
argument. 

Now we make the change of variables {?2yt/m 
=x in (8.5). Using the definitions (1.9) and (1.10) 
we finally get 


(3.6) 


x \ e248) 46 (4a (= 5)" Gx) Fo (Ex) 13(x) dx 

0 
From (3.6) it follows that Zk@/R is a function 
only of T/@ and the parameter é. In Fig. 4 we 
show this dependence for two values of &. The 
curve for £ = 10 practically coincides with the 
one for  =0.1. For comparison we show the 
dotted curve, corresponding to a Debye spectrum. 
We see that the percentage variation of Z with 
T/® does not change much in the interval of val- 
ues of which is of most interest, and is com- 
paratively close to the Debye case. 
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Using the results of Sec. 2, we find the follow- 
ing general expression for Z at an arbitrary tem- 
perature: 


e s Vex FGA CAGLE 
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0 

po (t) = +et((l — 2)? +4e0)")%. (4.2) 
| Vig(t)|? is determined by (2.6) with the value of 
t given by (2.11). 

From the form of (4.1) it follows that Zk@/R, 
depends on T/@ and the parameters é and e. 
The general analysis of this expression shows 
that the dependence on € leads in the general 
case to a qualitative change in the way Z increases 
with temperature, as compared to the case of a 
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FIG. 5. Curve 1 — € = 0.1; curve 2 — €=0.5; curve 3 — € 
= 1; curve 4 — €=2; curve 5 — €=5; curve 6 — &=10. 
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monatomic lattice. Thus, when the radiator is the 
light atom and « > 1, one observes a slow varia- 
tion of Z with T/®. As ¢€ decreases the rate of 
increase becomes more marked, and for € < 1 
it has a character close to that for the monatomic 
lattice. Such a change in the temperature depend- 
ence of the effect is related to the change in the 
relative importance of the optical and acoustical 
branches in the vibrations of the radiating atom, 
when there is a markedly different type of thermal 
excitation for the two types of phonons. (The exci- 
tation of optical phonons starts at much higher 
temperatures. ) 

Figure 5 shows curves of Zk@/R, for several 
values of «, and €=1. We note that from our re- 
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sults it is clear that for an arbitrary diatomic lat- 
tice one can draw no conclusions concerning the 
value of the Debye temperature from the relative 
rate of decrease of the Méssbauer effect with tem- 
perature. 


1W. Visscher, Annals of Physics 9, 194 (1960). 

2Yvu. Kagan, JETP 40, 312 (1960), Soviet Phys. 
JETP 18, 211 (1961). 

3A, Maradudin et al., Revs. Modern Phys. 30, 
175 (1958). 

41. Van Hove, Phys. Rev. 89, 1189 (1953). 
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Experimental data on the mean number vy and mean energy E of prompt fission neutrons 
are considered. A correlation is established between v and the spontaneous fission periods 
of even-even isotopes. It is noted that E has a tendency to split up, depending on the parity 
of the nucleons of the fissioning nucleus. An analysis reveals that the properties of the fis- 
sioning nucleus that are related:to the parity of the nucleons influence the fission process 


at all its stages up to disintegration. 


A study of the systematics of spontaneous fission 
periods Tr and fission thresholds Ef (1] reveals 
that the properties of the original nucleus which 
are associated with the parity of the nucleons in- 
fluence the fission process up to the saddle-point 
stage. Experimental data on the mean number and 
the mean energy of the prompt fission neutrons 
permits one to confirm the influence of these prop- 
erties on the fission process and on later stages 
right up to disintegration. 

The following graph presents the experimental 
dependence of » on Z?/A (black dots). The data 
were taken from the work of Bondarenko et al. '?1 


54 35 J6 J7 J6 3g 4D 


The solid lines connect nuclei that differ by AZ = 2 
and AA=6. The broken lines connect isotopes of a 
given element. The plotted values of v fall near 
the intersections of these lines. The graph of 

log Tr vs. Z?/A (3] forms a similar grid. Thus, 
for even-even nuclei there is a distinct correla- 
tion between pv and log Tr. 
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Since there is a comparatively simple semi- 
empirical formula C1] for log Tr, it is natural for 
one to attempt to establish a similar formula for | 
bp. An analysis of the experimental data on even- 
even nuclei led to the following semi-empirical | 
formula for v: | 


v = 0.7Z7/A — 23.3 +.0,55 (0,9 + .0,88Z — Z?/A) 6M. (1) 


Here 6M is the difference between the ground- 
state mass M of the fissioning nucleus and the 
mass as computed by the semi-empirical Green 
formula. 

In formula (1) the first two terms correspond 
to a straight line passing through maximum sta- 
bility with respect to spontaneous fission, while 
the third term accounts for the correlation with 
the mass of the fissioning nucleus. The values 
computed by formula (1) are shown in the graph 
(the light circles). The experimental values of 
M used in the computation were taken from Glass 
et al. (41 

The systematics of v has been studied ear- 
lier. [7,5] Crane et al. [5] have noted that » has 
a general tendency to increase with the mass 
number of the fissioning nucleus. Bondarenko 
et al. 2] have attempted a more detailed syste- 
matization. An energy balance equation was 
used to compute v. The computed values of v 
for U8 and Pu?*8 are in poor agreement with 
the experimental data. This may be due to the 
fact that in their investigation the authors disre- 
garded the effect of the correlation between the 
kinetic energy of the fragments and 6M, which 
must occur, especially if it is assumed, as they 
have, that Ey = const. 

The satisfactory agreement between formula 
(1) and the experimental data permits P to be 
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estimated for those even-even isotopes for which 
the experimental data are either lacking or unre- 
liable. Specifically, for Th?®? formula (1) gives 
»v =1.54, which, together with the observed P for 
u38, correlates very well with the spontaneous 
fission periods of these nuclei. 


The aggregate of experimental values for E[-10] 


makes it possible to advance the theory that the 
mean energy of the fission neutrons depends on the 
parity of the nucleons in the fissioning nucleus. If 
the Z*/A dependence of the hardness parameter, 
B = 2E/3, of the fission neutron spectra is plotted, 
then it can be seen that this parameter is an in- 
creasing function of Z?/A, as has been noted 
earlier.'!1] The one difference which is observed 
is that the values of B for isotopes with odd A 
run somewhat higher (AB ~ 0.1) than for even 
isotopes, i.e., a splitting appears in E between 
isotopes with even and odd A. This split in the 
value of E which depends on the parity of A ex- 
plains the difference between the computed and 
experimental data for U?8?, [9,11] 

A direct relation between E and > was dis- 
covered by Terrel (see Leachman "]) in an 
analysis of even-even isotopes and is of the form 


E = 0.78 +0,62 Vv --1. (2) 


It is not difficult to see that formula (2) is not 
in agreement with the experimental data for the 
odd isotopes Th?*? and U239,[89] Formula (2) 
was based on the assumption that temperature T 
of the fragments is related to their excitation en- 
ergy Eex by the relationship T ~ v Egx . If the 
function E(Z?/A) is known, then formula (2) can 
be used to relate v to Z?/A for even-even iso- 
topes. The expression thus obtained for pv fails 
to agree even qualitatively with the form of for- 
mula (1). If it is assumed that T depends only 
slightly on Eex, then for the even-even isotopes 
we find 


E = 0.78 -+ 2 (0.41 + 0.067v). (3) 
The formula for v obtained by using Eq. (3) is 
analogous in form to formula (1). If the kinetic 
energy of an incident neutron is changed from 
thermal to ~ 14 Mev, then v is approximately 
doubled. According to the equation T ~ Vv Eex, 
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this corresponds to a temperature change of 
40 —50%. Equation (3) means a change in T of 
~ 20% which is in better agreement with the con- 
clusion derived from an analysis of the spectra 
of inelastically scattered neutrons, |!?] that the 
nuclear temperature depends only slightly on the 
excitation energy. 

The authors wish to express their gratitude to 
Professor I. I. Bondarenko for a discussion of 
this paper. 
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As is well known, the requirement of gauge invariance of the equations for arbitrary spin 
induces a vector field, where the vector character of the field is prescribed by the locality 
of the transformation. Similarly, we can derive in as natural a manner a gravitational in- 
teraction in terms of a tensor field, by assuming that the parameters of the Lorentz group 
depend on the coordinates. It can be shown that the known affinity coefficients can be ob- 
tained in the case of a spinor field. Gravitational coupling to a scalar field for the Klein- 
Gordon equation is given by the ordinary affinity coefficients. 


Scan [1] has recently proposed an inter- 
esting method of introducing vector boson fields. 
To each conservation law there corresponds a 
phase transformation which induces a vector field, 
in the same way as charge conservation, connected 
with invariance under the transformation ~’ = 
wei\(®) leads to the introduction of the electro- 
magnetic field described by the gauge invariant 
vector potential Aj, = Ay + dA/axH. The isotopic 
conservation laws (baryon charge, isospin, 
strangeness ) correspond to invariance with re- 
spect to definite phase transformations. In con- 
trast to the usual treatment, the phase transfor- 
mation parameter is in this case not considered 
constant, but depends on the coordinates in such 

a way that it has differing values only in points 
separated by space-like distances. In other words, 
we impose the natural requirement that the phase 
transformations in such points be independent 

of one another. 

Since phase transformations with coordinate- 
dependent parameters do not any more commute 
with derivative operators, they will give rise to 
additional terms in the field equations which can- 
not have any physical meaning. One therefore in- 
troduces new vector fields which transform in 
such a way under the gauge transformation as to 
cancel these additional terms. This is completely 
analogous to the procedure one uses in the case of 
the electromagnetic field. We should like to call 
attention to the fact that, by analogous considera- 
tions, one can introduce not only vector fields, but 
also tensor fields with zero rest mass (in the 
case of an exact conservation law), and, in par- 
ticular, a field with spin 2. 


This is a natural way of introducing a field 
which is in many respects equivalent to the gravi- 
tational field and yet follows from considerations 


which are different from the usual ones of Einstein. 


We must start with a generalized Lorentz trans- 
formation the parameters of which, while always 
satisfying the condition 


(1) 


are not constant, but depend on the coordinates in 
such a way that for all time-like vectors a@ 
(aa, < 0) 


Da? aba g tie 


GF Od Oo 0. (2) 


For space-like a@ the left-hand side of (2) is 
arbitrary. As a result, the components of the Min- 
kowski metric tensor Sup viewed locally, will de- 
pend in a definite way on the coordinates, conserv- 
ing everywhere the Galilean values g0) (x) (or- 
thogonal system rotating around spati 
Since the metric tensor depends on the coordinates, 
the differentiations in the field equations must be 
replaced by covariant differentiations which give 
rise to the appearance of an additional term in- 
volving a Christoffel symbol with a Suv of the 
particular form mentioned above. At the same 
time the Lorentz transformation can be given the 
form of a phase transformation, which emphasizes 
the analogy to the introduction of other boson fields 
even more (see below). 

For clarity, let us first consider the simplest 
case of the equation for a scalar field g, which 
can be written in covariant form: 

ye ) 4 

8 oe ax? —g 


(3) 


930 


directions ). 
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In our case the metric tensor Sap in (3) must have 
the Galilean values everywhere, and its derivative 
in space-like directions must be different from 
zero: 
BF (x) = gic) 28 (x); 

a a” 0g** (x) / Ox’ = 0, (4) 
Using (4) and writing g%8(x) = g%8(0) + h@B(x), 
we find from (3) that a Lorentz transformation of 


the above-mentioned type takes the free scalar 
field equation into the form 


=]; ay <eN): 


ane (x) a9 


ax* ax8 a deat (5) 


In order to remove the additional term involv- 
ing dh&8/ox®, which does not have any physical 
meaning by itself, we must, according to the basic 
novel idea, introduce a field with the correspond- 
ing gauge group transformations. This field will 
evidently be related to the field g in the same way 
as the linearized gravitational field and must, by 
gauge invariance, have a vanishing mass. 

In the general case of a field with arbitrary 
spin we can start with the equation 


We give the Lorentz transformation the form ofa 
phase transformation by associating with it the 
matrix 


lij= exp | Esphihm a gitdmi) | ’ (7) 


where hy are the unit vectors of the orthogonal 
coordinates and Esp are the group parameters. 
Let us now assume that the hy, are not constant, 
but are functions of the Aeuiitaects in the sense 
explained above. Then the transformations (7) 
will not take Eq. (6) into itself but into 


I; (0; + S0,S2) ¥ + im¥ = 0, (8) 


where 


LST,S*=T,,  ‘S=exp lienhihblys), (9) 


where the Ipg are the infinitesimal generators of 
the representation of the Lorentz group. In the 
general case we must therefore also introduce a 
compensating field @g which transforms under 
gauge transformations as 
@, = 17 (, + S0,S7). (10) 

Using the following formula for the derivative 

of an operator exponential b24 


1 
3 ah aig 1) \ esA(t) A’ (t) 4 ds (11) 


0 
and the relations of the Lie algebra, we can write 
the expression for Sa,s7! in the form 
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Sd0.S~ <j Sere. Ox, a Xp {it (EmsOpz -+ E1p0sm 
0 
i. £519 pm -+ &pmOst)} dt. (12) 
Here we have made use of the formula /*1 
emt tiny pe *i%i — ki ek” lay Xa» (13) 


where (k|b'|a@)=|cf |, and the c& are the 
structure coefficients of the associated Lie algebra 
Xi- a (13) is substituted in the relation [ yjxj] 
= = ChhXo for the Lie algebra, it leads to the wall 
known Jacobi identity. 
In the particular case of the Dirac equation, 


T. = Ya. (14) 


From this we find the known affinity coefficients 
obtained earlier (4:54 by covariant differentiation 
of the spinors. In the case of the Klein-Gordon 
equation we obtain the expression quoted earlier. 

We note that one can take account of the non- 
linear character of the gravitational field with the 
help of interaction terms in the equations for the 
new field itself, which must be introduced owing 
to the presence of derivative terms in the equa- 
tions. . 

Finally, we call attention to the fact that the 
conservation law for isotopic spin and, possibly, 
baryon number are not exact, /87] which induces 
a nonvanishing rest mass in the corresponding 
boson fields of Sakurai. In analogy, the presence 
of gauge noninvariant terms (of the type of the 
cosmological term ) in the gravitational field 
equations can be related to the violation of 
Lorentz invariance at small distances of the 
order »~!7, 

1 J. Sakurai, Ann. Phys. 11, 1 (1960). (See also 
R. Utyama, Phys. Rev. 101, 1596 (1956).) 

2Yu. L. Daletskii and S. G. Krein, DAN SSSR 
76, 1 (1951). 

3G. A. Sokolik, Collection, Teoriya élementar- 
nykh chastits (Theory of Elementary Particles), 
Uzhgorod (1960). 

47. Fock and D. Ivanenko, Compt. rend. 188, 
1470 (1929). 

5A. Sokolov and D. Ivanenko, Kvantovaya teoriya 
polya (Quantum Theory of Fields), Gostekhizdat 
(1952). 

6A. M. Brodskii and D. D. Ivanenko, Nucl. Phys. 
13, 447 (1959). 

7g, A. Wheeler, Rendiconti Varenna, Corso 11 
(1960). 
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Some information on A(z) + 7— A(Z) + y processes can be obtained by investigating the 
K+N—A(Z) +y reaction. A detailed phenomenological analysis of these processes in the 
s state is performed. The Kroll-Ruderman theorem for photoproduction of pions on hyperons 


near threshold is considered. 


iz One of the most important problems in elemen- 
tary-particle physics is the study of interactions 
between unstable particles, where for lack of an 
unstable-particle target it becomes necessary to 
use indirect methods for this purpose. 

We have shown earlier “!J that by using the uni- 
tarity condition for the S matrix we can establish 
certain relations between the matrix elements for 
the processes K+N—K+N, K+N—A(Z) +7 
and A(%)+7— A(z)+7 for states with arbitrary 
values of the angular momentum. Itis therefore nec- 
essary to obtain certain information on the processes 
A(2) + 7— A(Z) +7 by analyzing the cross sec- 
tions and polarizations of the baryons in elastic 
scattering and in reactions involving K mesons 
and nucleons. Similar conclusions were reached 
later by other authors. [253] tm [2] and [3] there 
is a detailed analysis of elastic scattering and in- 
teraction of K mesons with nucleons in the s 
state. Existing experimental data allow us to es- 
tablish the phase difference of the s waves in 7z 
scattering with isospin I=1 and I=0. 

In order to obtain certain information on the 
electromagnetic and strong interactions of hyper- 
ons, we consider in the present article the proc- 
esses 


(1) 


The S-matrix unitarity conditions cause the mat- 
rices for the processes 7 + A(Z) — A(Z) +y tobe 
related with the matrix elements of processes (1). 

2. For simplicity we consider the reactions (1) 
in the s state only. We use the K-matrix method 
developed in (3). For our problem it is convenient 
to use a symmetrical and Hermitian K matrix, 
expressed in terms of a T matrix with the aid of 
the relation 


Kt N SAC) +7. 


K = T —imKpT = T — inT pK, (2) 


where p is the density matrix of the phase volume 
for the intermediate states with fixed total energy. 
For two-particle (binary) reactions with a defi- 
nite angular momentum, the matrix p is diagonal. 
In the relativistic normalization of the wave func- 
tions, the diagonal elements of the p matrix are 


Pan = Mrk/nE, (3) 
where k is the relative momentum of the particle 
in the c.m.s., M, is the mass of the baryons in the 
intermediate states, and E is the total energy of 
the system: 


E = (KP + Mn)” + (k® + me)". (4) 


If we introduce the notation 


K’ = stp 2K p'’2, ibe! = np T p'/2, (5) 


then Eq. (2) can be rewritten as 


Kl = 7 nT = TI. (6) 


From (6) we obtain 


T mA 1K) Ral tae (7) 


The cross section of reaction (1) expressed in 
terms of the T’ matrix, in a state with definite 
angular momentum J and with definite parity, is 


6. (i. j) = Ankz? (Fs) iT’ | i> (8) 


Let us consider the submatrices of the intro- 
duced K and T matrices, which we denote by 


Txx = (KN|T|KN), 
Ty =(KN |T |Yn), 
Tyx =<Y¥n|T| KN), 
Tyy =<Yn|T|Yn), 
Tx = <KN|T\Y 7), 
Tix = Y1|T|KN), 
Tyy as (Yu |T | Ya 
Ty =<Y7|T|Ym, 
Ty, = YY |T|Y. 


a = <KN|K[KN), 
B = (KN |K|Yn), 
Bt = <¥n|K|KN), 
1 = <Yn|K|¥n), 
€ = (KN |K|Y%, 
E+ = (Yy|K|KN), 
n = <Yn|K|¥%), 
nt =<Y7|K|Y¥m, 


C= <Y7T|IK|Y~r, (9) 
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We denote the submatrices of the K’ and T’ 
matrices by the corresponding primed letters. We 
neglect the matrix ¢, which is at least one order 
of magnitude smaller than the other matrices. 

If we introduce 


Reel seas l8) nace 0 


then we can write 
Kyd 
ea ( * He (11) 


From (5), (7), (10), and (11) we readily find that 
Txx = (1 — ix’)? x’, 
Ty = (1 — ix’)* 8’ (1 — iy’) 
= (1 — ia’)? Bp’ (1 — iz’)? 
Pie (a iZ)* Be 
pt iy) BS (I 
fy = (1 — iZ’)-1 Z', Try 
= (1 — iX’)+ £4 i (1 —iX’)7 8 (1 — iy’) ty, 
ae I iZ) 4B (1 — io’) + — iz’) a’, 
Tq =" (1 —iX’)4 + in? (Il — iy’) 7B? (1 — iX7, 
eee (1 ia) (1 — 712) ey (iz) 
(12) 


(1 — ia’) 
ate bee 


where 
X? =a" 4 i" (1 —'iy’)1 8”, 
Z’ = 7 + iB" (1 — io’) 8". (13) 

3. In our discussion it is sufficient to take into 
account the electromagnetic interaction in first- 
order perturbation theory, considering separately 
the contributions from the iso-scalar and iso- 
vector parts of the electromagnetic interaction. 

We start from the iso-scalar current. In this 
case the total isospinis I= 0 for the A+y sys- 
tem ae rae = a for the * +y system. We denote 
by ay As ES, mn» and ns the matrix elements with 
iso-scalar current for the processes K +N—A(Z) 
+y and A(z) +7—A(Z) +¥y, respectively. In the 
case of the iso-vector current, the total isospin is 
I=1 for the A +y system and I=0 or 1 for the 
x+y system. The Poriesponding Ha ae 
ments a be denoted by gh, tS, Est, ne mS» 
and nyt 

Let us consider the channels with isospin I = 0. 
In this case the submatrices a, #8, and y are sim- 
ply numbers. Expressions (13) are then reduced to 


X =a + in ps/(1 — inpny) =a + ib, (14) 


where 
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a =o — mBrps/[1 +a p57", 
6 = mB? ox/[1 + 229577] > 0. (15) 
Substituting (14) in (12) we get 
Tx = (1— pe X' = mpx (@° ++ ib) Agt, 
Tax =n pg (69) "eZ AS 7, (16) 
where 
tanaz =mpny, Ao =1— inpx(a® + id%). 


Formulas (16) for the processes K + N—-K+N 
and K + N-—-2+ 7 were obtained by many authors. 3] 
Let us write 


Toms e (i iX)? ty = yee 


T nis ee 
= ( Aa; nf -( male g7 = bee (17) 


T 31K p53 SUK 
From (14)—(17) we readily find that 


Taxk = = week [EXx + inkan “p# (b°) “e 22) A‘, 
(ue = nplepe fede + ingen “ps ve (b°)"e OMe oh Noes (18) 


We note that TayK, TzykK,» and Ty have al- 
most the same energy dependence in the low-energy 
region, where (assuming the relative parity of the 
hyperons to be positive) the energy dependence of 
PX» PA» PyA, and pyy can be neglected. 

Let us proceed to examine the channels with 
isospin I=1. In this case y and 6 are matrices, 


Tas TEA 
r=(* 7), B= Gam fed 9) 


It is easy to verify that in this case X is simply a 
complex number 


KOS ib (20) 
where 


bt — nBpy? —— <7 pit 
(21) 
From (12), (13), and (19)—(21) it follows that 


1 oT 
QO — mBpy yaya TeyB , 


mp) IB a Kk) PAK AT 


mores (22) 


To ip hat oto ye 
Tox = "px (bex 
where 
m"pRbOKKe AK = <A|(1 — ix’)3B "| KD, 
wD RR Ke EK == (| (1 — ix’ 7B") KD, 
A, = 1 — inp, (a1 + ib), (23) 


and the quantities bjx and byx are related with 
b by the equation bax +byK =b. If we represent 
the matrices é and 7 in the form 


uf} n 
AA a : (24) 


Nas Nex 


E=(Eax, zx), 1= ( 
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then the matrix elements Ty AK and TyxK become 


f- 1, 1/ —1 = 1s 1, ay aN Aj 
Tyak = mp, APKA [eax “te UNA TPR nKe an 


Fingsa "eye =, 5) 
tf Mp \-1 sy alentepils. pth 
Ty=K qe mp sp KA, [Szx + Ma PO, On KE ae 
: ty oy? aN 
+ ins,% pebee aK), (26) 


To simplify matters we introduce new symbols 


Ones nip [ee ti ns np (bye, 

af = wots [Ee + ian "pg (b)"e"*), 

oe ae oe ae 
+ ime ®'py (bax) "e”*4), 

aE = mp [bax hoeyeiga eh (i K y tei AK 
+ iMze Py (bbq)"2”* 4), 

2 = Tp [bak + ings On (OnK y ite AK 


ae ind, mp (Ossie ) "eK ], (27) 


(1) 


with which the cross sections of the processes 
can be written in the following form: 


Process: Cross section: 
AE eA isi) 2am. | UR am | 
K+n>M+y7$ Exh | Qo-> Aa’ 


IO Ae pet | iy deh Vise voile 


| eae arg ce Bp gee eel? 
K7~+n-xy+y7 2mm x ob tad/V3 
K°+ p> it+y7 Exk Ai | 


Thus, the experimental investigation of the 
processes K +N— A(Z) + y in Kp and Kd col- 
lisions can yield certain information on the matrix 
elements a, and ay. Naturally, this information 
is not sufficient to reconstitute the matrix elements 
— and n, which describe the photoproduction of 
mesons on hyperons. Nonetheless they may prove 
useful for a study of the interaction between hy- 
perons and mesons or photons. 

4. A powerful method for the analysis of strong 
interactions is the method of dispersion relations 
(d.r.), the use of which yields in many cases inter- 
esting results in the low-energy region. It can be 
assumed that the d.r. method is applicable to the 
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photoproduction of mesons and hyperons. In the 
present paper we confine ourselves to a generali- 
zation of the Kroll-Ruderman theorem for photo- 
production of pions near threshold. [4] 

Let us assume that the A and 2 hyperons have 
a positive relative parity and that the K meson is 
pseudoscalar. If the created particles have low 
energies account of the electric dipole radiation 
is sufficient. The generalized Kroll-Ruderman 
theorem states that, accurate to m,;/M ® 15%, 
the matrix for the electric dipole transition is de- 
termined completely by the pion-hyperon coupling ~ 
constant. 

Let us write the Hamiltonian of the pion-hy- 
peron interaction in the form 


He = ign Ys Ts, ¥_ + ley ([Yy Toy] ¥.) + Herm. conj. 
(28) 

Following Low’s method [5] we can obtain 
Ms ~ ma /M, 
ni, = t= V20"%,, SO Ga 
Nae = 4 ofen | DON a aa 


nL, ~ ma/ M, Nhs ~ m2 /M, 


no. =m. /M. 


Here m, is the pion mass, M is the hyperon mass, 
a= e2/Ar = Visi and f* = g?/8mM. 
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NUCLEAR RECOIL IN THE EQUIVALENT PHOTON METHOD 
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The region of nuclear recoil q?, in which the Weizsicker-Williams relation is valid, is in- 
vestigated by considering the bremsstrahlung of an electron in the nuclear field as an ex- 
ample. It is shown that the region of permissible values of q? depends on whether the cross 
section is averaged over the directions of nuclear recoil or not. It is also demonstrated that 
the Weizsdcker-Williams relation is violated in a narrow region of q? corresponding to 
strictly forward radiation by the electron. The treatment is of a completely covariant nature. 


1. INTRODUCTION 


‘Te method of equivalent photons was proposed 
initially {1»2] for the calculation of several electro- 
magnetic processes. 


several recent papers [3-5] this method is used to 
solve a new group of problems, including those in- 
volving processes with strong interactions |4J and 


The justification of the method 
was semi-gualitative ‘and its field of application was 
limited to the calculation of total cross sections. In 


do, = Ndo,, (1.2) 
where the cross section do, describes a process 
that differs from the photoprocess in that gq? = 0 
for the incoming photon (q? is the invariant square 
of the nuclear recoil momentum). The polariza- 
tion é€ of the incoming photon is determined here 
by the direction of the nuclear recoil (Sec. 4). 

2) Replacement of the cross section dog by its 
value at the ‘‘pole’’ when q? = 0, i.e., by doc. The 


conditions under which such extrapolation is pos- 
sible were not made clear and this problem can 
apparently not be analyzed in general form. Fur- 
thermore, the limit of applicability of this method 
for the given process will depend, for example, on 
whether the cross section under consideration is 
averaged over the polarization or not. 

We investigate here the nuclear recoil region 
where relation (1.1) holds, using as an example 
the bremsstrahlung of an electron in the field of 
the nucleus. We consider two cases: a) dop de- 
pends on the direction of the nuclear recoil (Secs. 
2—6), in which case the incident photon is polar- 
ized in the corresponding Compton effect; b) do}, 
is averaged over the nuclear recoil directions 
(Appendix), and then the corresponding cross 
section doc is averaged over the polarization of 
the incident photon. We shall show that 1) if the 
term in dop dependent on the direction of the nu- 
clear recoil is small, the limits of applicability of 
the method are the same in cases a and b; 2) if 
this term in dop is appreciable, the limits of ap- 
plicability of (1.1) change, the region of permis- 
sible values of q? becoming narrower; 3) for a 
relativistic electron when the frequency of the 
radiated photon is of the same order as the energy 
of the incoming electron, relation (1.1) is violated 
in a narrow region corresponding to strictly for- 
ward radiation. 


935 


| the calculation of radiative corrections. >] In these 
papers, however, the method is applied to cross 
sections averaged over the polarizations and inte- 

| grated over the nuclear recoil directions. The re- 
cent results!®] on the covariant form of the equiva- 
lent photon spectrum, for an arbitrary process in 
the field of a heavy particle, make it possible for 
the first time to take covariant account of the de- 
pendence of the cross section on the direction of 
the nuclear recoil. The approximations used in 

the equivalent-photon method have likewise not 
been examined before. 

We show in the present paper that the deriva- 
tion of the fundamental relation of the method (the 
Weiszacker-Williams relation), connecting the 
cross section do, of the considered process* and 
the cross section doc of the photo process, 


do, = Ndoc , 


(1.1) 


entails two approximations. 

1) Separation of the equivalent-photon spectrum 
N in dop. It is shown in §°! that the separation of 
the spectrum N is connected only with a new gauge 
for the field of the heavy particle. This means that 
by using the gauge-invariance condition we can re- 
write (1.1) in the form 

*We consider a certain process which includes exchange 
of one virtual photon upon collision of two particles, of which 
one is heavy (nucleus), 
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The entire analysis in the present paper is 

completely covariant. 

2. BREMSSTRAHLUNG CROSS SECTION 


The bremsstrahlung of an electron in the field 
of the nucleus corresponds to two diagrams (see 
the figure). If the nuclear spin is assumed to be 
zero, then the differential cross section of the 


\kp (Kz,02) hy | 
PelweEy) ADE) _ Be ho 
ae ee eer ere <——— 
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FAME Nien Pl PES Paves wh onal, 
process (after averaging over the electron spin 
before and after the scattering and polarization 
of the photon) has the following form (see the 
figure for notation ) 


dpe dks dP, 64 


(J€1E1) 2&2 202 2E2 (7 pees ka — p2), 


(2.1) 
g = Pi — Po. (2.2) 


J€,E, assumes the role of invariant current den- 
sity of the colliding particles (with masses m 
and M): 


Je&E1 = [(piP1)? — mM?) (2.3) 


(the density of the electrons and nuclei in their rest 
system is assumed equal to unity). In the coordi- 
nate system in which one of the particle is at rest 
(prior to collision) J is the velocity of the second 
particle. 

The 4-vector P, namely 


P — je + Ps; (2.4) 
defines the polarization of the pseudophoton (vir- 

tual quantum ). The Lorentz condition is satisfied 

here: 


Gina, (2.5) 


We note, however, that P* < 0 and therefore the 
normalization condition P? = 1, which usually ap- 
plies to polarization vectors, cannot be imposed 
on this vector. 

We introduce the usual invariant variables 


mx = g? + 2qp1 = Qkep2, mxe = gq? — 2qp2 = — 2kopy, 
mx = — (w’ — m’) <0, (2.6) 


where w is the total energy of the final photon and 
electron (ab =a+b — agby). In these variables the 
matrix Fqg is written in the form 
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Fa =— 2 (I~ aha) FREI he) #8 
— sag te + (de. “a ) Fo: (2.7) 
Fog” = dap — (90,)* (aP ip + InP ia) 
+ @ (9p) *P.Peet = 1,2, 
E. = mt (“Pa + Dog — 3 Iq 1 — %2)) ; 
FOS SOV ty (2.8) 


The symmetrical matrix Fqg has the gauge- 
invariance property 


Faedg = 0. (2.9) 


The same property is possessed by all the quanti- 
ties in (2.7). If we use the Lorentz condition (2.5), 
then some of the terms in the cross section vanish 
after multiplication by PgPg. 


3. COMPTON-EFFECT CROSS SECTION 


The formula for the differential cross section 
of the Compton scattering can be written in a form 
similar to (2.1) (with averaging over the spins of 
the electron and polarization of the final photon) 


dsc= Dapealp mee Jon = 64 (ki + pi — ke — pz). (8.1) 


a? 
m?*| x1 | 


The notation here is analogous to that of (2.6)—(2.9). 


ee expression for ® aB is obtained from (2.8) with 
q? = 0: 


aL Zh pl) oe aca ee : 
Di 5 Pus iq et were babe; 
OY Bbc 8a8 “=' (kip,)7* (RiP ie ce RiP ip)» i=l, 2, 
Ex = M™ (Xp, + %1Pyq) (3.2) 


where k, is the wave vector of the incoming quan- 
tum, —mx,/2 = Jé,w,; is in this case an invariant 
current obtained from (2.3) with M.=0, and e is 
the polarization of the incoming quantum ( e? =1). 
The usual expression for the Compton effect is 
obtained by leaving out of (3.1) the terms that do 
not contribute to the cross section by virtue of the 
Lorentz gauge. We then have, in particular, 


Sc xg [%a (pre) + %1 (P2e)]? 
Dz plaes =>=—_— ame = oak — 8 mene (3. 3) 


4. EQUIVALENT-PHOTON SPECTRUM 


The gauge-invariance condition (2.1) enables 
us to introduce in place of the time-like polariza- 
tion vector P a new space-like vector e. Follow- 
ing [6] we define this vector in such a way that its 
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scalar component vanishes in the frame where the 
electron is at rest, i.e., e is subject to the condi- 
tion 
epi Ea) (4.1) 
e=f*(P—qpPip.g) @=1), 
f = [P® + q (p,P/p,q)"l". 


The pseudophoton polarization vector e no 
longer satisfies the Lorentz condition (2.5) 


eq == 0. 


We therefore separate from q a vector q, orthog- 
onal to é: 


(4.2) 
(4.3) 


(4.4) 


q=n+9 Nn=4q—2 (9), (4.5) 
gie-= 0. (4.6) 

The vector q,; is time-like 
g = FPP <0. (4.7) 


If along with making the gauge transformation 


P — fe, we replace P, in the bremsstrahlung cross 


section (2.1) by q and make the substitution 
EP —q) 

dP,/2E, — d*P.d (P; -+ M2) — d*q6 (qP), 
it becomes convenient to rewrite (2.1) in the form 
of (1.2), with 


202 
q |qpal 


~ dp2 d ke 


2e2 202 Re), 


do Fapen lp se 5 8¢ (9 + pr — ps — (4.8) 


eee taps 1 , d4q8 (qP). 


"Qa? (JexE) qt (4. 9) 


do, describes a process that differs from the 
Compton effect only in that q” ~ 0 for the incom- 
ing photon, whose polarization does not satisfy the 
Lorentz condition. N is the differential spectrum 
of the pseudophotons, written in fully covariant 
form. Formula (4.9) coincides in fact with the ex- 
pression given in [6] for the spectrum [(formula 
(6)]. They differ only in the normalization of the 
cross section and of the square of the matrix 
element. 

We note that (4.9) coincides with the conven- 
tional expression for the spectrum [see, for ex- 
ample, '4] Eq. (2.16)] if the following conditions 
are satisfied 


mM? << (p,P,)?, | qp1|\<| piPs |. 


The first condition in (4.10) denotes* that the ve- 


(4.10) 


*Conditions (4,10) can apply not only to the case of a 
heavy nucleus (M > «), but also to the analogous process oc- 
curring upon collision of particles of equal mass, say two 
electrons (if v > 1). 
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locity of the electron relative to the nucleus is 
v ~ 1, while the second condition is that of the 
external field. We shall not repeat here the 
known expressions for the spectrum. 


5. LIMITS OF APPLICABILITY OF THE 
WEIZSACKER-WILLIAMS RELATION 


Relation (1.2) is exact, while (1.1) is approxi- 
mate. It holds only in that region of nuclear recoil 
(q?) where do, coincides with doc. We shall de- 
termine below the region of such values of q? and 
show that in this region dog determines the cross 
section for Compton scattering of a photon with 
wave vector q, and polarization e. 

The Compton-effect cross section [see (3.3)] 
has two terms, one independent of the photon po- 
larization 


— 1/xe — X2/x1 = Fie, (5.1) 
and another determined by e: 
— 8 [x, (epy) + 1 (epe)]?/mxiui = — Fo. (5.2) 


We consider the Compton scattering photons with 
e=e. Therefore, by virtue of (4.1), 


F, = 8 (ep2)?/mx3. (5.3) 


The conditions under which dog coincides with 
doc will be considered separately for the case 
when a) F3 K Fy and b) F3 ~ Fy). Only in case 
b) can the dependence of the cross section on the 
direction of the nuclear recoil € be accounted for 
in the method of equivalent photons. 

The cross section dog [cf. (2.7) and (3.2)] con- 
tains, in addition to the corresponding Compton 
terms, the term 


FO m2 (g — (eq)?) = F%q?/ m?, (5.4) 


which is missing from doc. It is obvious that do 
and doc can be regarded as equal only in that re- 
gion of q? where this term is small compared with 
the other terms that determine dog. This condition 
is explained in Sec. 6. 

Before we proceed to cases a) and b) we note 
that by considering the limits of variation of the 
parameters Kk; and ko, 


%_ max= — #1, Xe min = ¥al(m — 1), (5.5) 
we can readily show that 
Pia es Fs < 2. 
It also follows from (5.5) that 
Mo —~ | Xy | 
1x <(%1 | 


[|< 1 


|x, | S> 1. (5.6) 
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We shall assume further that xk, ~ |«,| and con- 
sequently Fj, ~ 1, after which we shall consider 
the case 


eo <|%\|, (5.7) 
which is possible when |k,| > 1. 
It follows from (5.5) and (5.6) that 
a) Fs<1, =| epo| < mm, (5.8) 
b) Fs ~Fi,p~1, ~— | epe | ~ mx. (5.9) 


Case a). Comparing the coefficients preceding 
FUR and ouR in (2.7) and (3.2), we obtain the 


first condition for q?: 
P< m| x; |. (I’) 


(We shall therefore no longer distinguish between 
mx, and 2qp, or mx, and —2qpy.) 
It is obvious that by virtue of condition (4.1) and 


the Lorentz condition (ek, = 0) we have 


~~ 


O05 eg = Filegeg = 1. (5.10) 


But 


Fae Cap = 1 + (eq) (ep2)/qp2+ (eps)? / (qp2)*» (5-11) 


Equations (5.10) and (5.11) can be regarded as 
equivalent by stipulating that the second and third 
terms (5.11) be much smaller than unity. 

Let us estimate the absolute value of @q in 
(5.11): 


eq = — #f (ps P)/pi9. (5.12) 
If we assume [see (4.3)]* 
P= @ (prP)?/(p19)?, (5.13) 
then 
leql=V¢@ (5.14) 


and the third term in (5.11) can be regarded as the 
square of the second term. It is therefore suffi- 
cient to require that 


V @ \eps/ qp2 |<. (I1’) 


By virtue of (5.8), condition (II’) is satisfied if (I’) 
is satisfied, and we can assume that the first two 
terms in (2.8) coincide with Fy4p. 

Let us consider the third term in (2.7): 


rs | (ep2) — ae (eq) (44 — ma)" 


Baap 
me MyH 


(e&)? 


50D eae 
THK) Ko 


(5.15) 


According to condition (5.8), the term with (€p,)? 


*It will be shown below that assumption (5,13) excludes 
only a narrow region of values of q’, corresponding to strictly 
forward radiation of a relativistic electron. 
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is small compared with Fy. The other two terms 
with €q in (5.15) can be neglected if 


gq? << mi, (I”) 
VE | cpa] < mx}. (II”) 


Condition (II”) is weaker than (I”). Condition (I”) 
supplements (I’) if |k,;| «<1. Combining (I’) and 
(I”) we conclude that in case a) the equivalent- 
photon method is applicable in the nuclear-recoil 
region defined by the condition 


are mx? |ua|<1 ; 
PS let |r|, [oe (Se 1” se 


The Appendix contains similar conditions for the 
case of cross sections integrated over the nuclear- 
recoil directions. It follows from (Ia) and (A.1) 
that these conditions coincide in case a). 

Case b). In this case, conditions (I’)—(II’) and | 
(I1”)—(II”) obviously remain in force. However, 
unlike case a), fulfillment of (I’) and (I”) does not | 
guarantee fulfillment of (II’)—(II”), since | €p, | | 
~ Mk». We must stipulate in addition that the term 
with éq in (5.15) be small compared with Fs, i.e., 


VP<lep, |~ Mx2, Xz~ — %, 
or 


VeE<m|%|. (5.16) 


Combining conditions (I) and (II) with (5.8) and 
(5.16), we find that in case b) relation (1.1) is 
valid if 


m|4|, |%|<1 
m, |x, |s>1° 


Thus, in case b) there exists a nuclear-recoil 
region (Ib) where on the one hand we can neglect 
the nuclear recoil, i.e., Gas and on the other hand 
we can take into account the nuclear-recoil direc- 
tion, which is characterized by the polarization 
vector €. However, region (Ib) of q* is found to 
be narrower than in case a), where the nuclear 
recoil is not considered at all. 

We have not considered as yet the range K» 
<«|x,|. It is obvious from the form of Fapzegég 
that in this case the main contribution to the cross 
section is due to the term with Fopeaep the value 
of which is 


Ve-<| (Ib) 


= M4/H> = ] r 
Then in the entire permissible range of q? we have 
g? << m* |x, | (5.17) 


or, since |k,| > 1, 


ee eee 


(2). 
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we can neglect the contributions of the other terms 


in dog (and doc). Condition (5.17) is weaker than 


6. VIOLATION OF THE WEIZSACKER - 
WILLIAMS RELATIONS IN FORWARD RADI- 
ATION OF A RELATIVISTIC ELECTRON 


The requirement that the term 


FOG? {m?, F® = —2 (1/m +1/m2)?, 


in dog, a term missing from the Compton-effect 
cross section, be small compared with the other 
terms of do», leads to another limitation, in addi- 
tion to (Ia) [or (b)], on the limits of applicability of 
the Weizsdcker-Williams relation (1.1). 

The following relation will be useful in the sub- 
sequent estimates: 


}? (qp1)? > — @?P?m?. (6.1) 


( This inequality can be readily proved by changing 
to a frame in which the electron is at rest; (6.1) 
then goes into the condition ai = 0, where q, is 
the q component perpendicular to the vector p;). 
The equality sign in (6.1) corresponds to the mini- 
mum and maximum values of q? for a specified 
qp;. The quantities Gane that follow from (6.1) 
do not satisfy condition (Ia) and are of no interest 
to us. 

Using (4.3) and introducing 1-v? = 
—m’p*/(p,P)’*, we rewrite (6.1) in the form 


meq?o"!(1 — 0°) > (9p). (6.2) 


Condition (6.2) imposes an upper limit on the per- 


missible range of |qp;,|. We note that conditions 
(Ia) and (6.2) are compatible if 


1—v?<1 for |x|<1 or ju| I—e%) <1 


for |xi|S> 1. (6.3) 


The equality in (6.1) determines the minimum 
value of q* corresponding to forward radiation. 
We obtain from (6.1) 


lq? = — GPP < (gp1)*/m? (6.4) 


FOG? mn? < (y+ %5)*/203, 2m, =~ 2qp,. (6-5) 


When this term is small, there are two possibil- 
ities. 
1) | x; + %2|< 1%], %e—~ — X1- 
It follows from (6.5) and (5.5) that in this case 
Fg? /m? « Fy), and can be neglected, regard- 
less of the value of q?. Condition (6.6) holds for 
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radiation of a nonrelativistic electron* and when 
the relativistic electron radiates photons with 
frequency w K «. 


2) [xi +x2| ~|xr]. (6.7) 


This condition corresponds to an emitted photon 
with energy w (in the laboratory system ) of the 
same order as the energy ¢€, of the initial electron 
(€;>>m). Then 


FO Gt | m? ~2| qi | /xgm. (6.8) 


For forward radiation, i.e., when q? = qin, it fol- 
lows from (4.7) that 


FO Rm ~ xilns- (6.9) 


Since |x,| >, this term is either greater than 
or of the same order as Fy), and cannot be neg- 
lected. The region where the term Fg?/m? is 
significant is very narrow 


Ag = ¢ (1 — v’). 


Outside this region we can assume 
f? = q*(piP)/( pia)” and obtain from (4.7) 


qi >: —(gp,) (1 — om’, (6.10) 
Substituting (6.10) in (6.8) we obtain 
FO Gilm? =~ uit (1 — o°)ng. (6.11) 


This term is small compared with Fy, if [see (6.6) 
and (6.7)] 


a I, |} fSl 
1/|% |, |x, |S>1 
[ Conditions (III) coincide with (6.3)]. 
Thus, when conditions (III) are satisfied, we can 
replace for a relativistic electron dog by the Comp- 
ton scattering cross section doq, in the entire 
range of q? allowed by conditions (Ia) [or (Ib)], 
except for the narrow region corresponding to 
forward radiation. 
In conclusion, the author is deeply grateful to 
Ya. A. Smorodinskii for constant interest in the 
work and for valuable comments. 


(III) 


APPENDIX 


We give here an invariant expression for the 
bremsstrahlung cross section dop, integrated 


*It must be noted that the limitations considered earlier 


(Sec. 5) are not connected with any conditions whatever on 
the electron velocity. Therefore, if we take for the spectrum 
N in (1.1) its exact expression (4.9), we can speak of the 
equivalent-photon method in the nonrelativistic region for 
the case of q’ defined by conditions (1b) [or (1a)]. 
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over the nuclear recoil directions [we have as- 
sumed that 1-—v? 


do, = Ndoy, (A.1) 
_ 2a. dq? da (qp1)_ PHN 2 = ye 
Ne Ges ape MAIER cat cae Bre AP) 
res Dee tile nia roe 
d6g = 2nro.-— a hae Fypea C5; (A.3) 
where 
V == [4m-2q? + (x1 — m7q?)?], 
Fog = — mq? (848 — quga/q?) G1 (q?, 1, #2) + (x1 — m-*q?)? 
f. Prada + Pipa > PraPrp 5 
X | bag GPA + Fp ee Cae lk 
pr = 4xq'g? {4t — Quine — xing — 12x} + 20x?ne — Qxdxs 


— wind — 24uixe + 16xims + Qnind — 12K x3- 
1 gm? (— 8x8 + 823%, — Qudxi + Suing + 16x] 
— 42neue + Ging + Quins -+ 32xine — 28x,x5 
+ 162 + 2x3) + gtm™ (4x2 — 10x2x2 — 3x22 +24, x5 


~ dnb — rend + 48 + 208) 4 gm (Anante -+ 1428)}, 


2 =H, Ko {%; (— wma + 4x5 — dive + Snine — 4n, x2 
— M3 ++ 4x2) -— 2q?m™ (— xi + Quine + 8x} 

— Texte — Quiug — 16xi + 32x2xe—3n72x3 

= 2% — 32x,x2 + 24u,xe + “xe — 16x35) 

+ g'm™ (4x? — Trine — 16x? + 40xixe + Qxine 

— 64x,%. + 20%,x3 — xx — 16x32) 

2am © (— 4 3u4 Me 


— 10%,%2 +%,%3 — x5) — 2x,neq°m™*}. 


= -m?P?/(p,P)? = m?M?/(p,P;)"]: 


A. M. BADALYAN 


We cite without derivation the conditions under 
which dog (A.3) coincides with the Compton-scat- 
tering cross section doc, averaged over the polar- 
izations of the initial photon, 


oe 2: Ay al Xo 
NR ny | 
These conditions are 
ee Ha AM 
PS Wein te? false pot 
pow] tl ales (A.11) 
| 1/|x,|, |x |S> 1 


As in the case considered earlier (Sec. 6), the 
Weizsdcker-Williams relation (1.1) is violated in 
a narrow region of q? near dean: 

It is easy to see that (A.I) and (A.II) coincide 
with conditions (Ia) and (III). 


1G. Weizsdicker, Z. Physik 88, 612 (1934). 

2k. Williams, Phys. Rev. 45, 729 (1934). 

3, E. Low, Phys. Rev. 120, 582 (1960). 

41, Ya. Pomeranchuk and I. M. Shmushkevich, 
Nucl. Phys. 28, 452 (1961). 

5K. Mork and H. Olsen, Nuovo cimento 8, 395 
(1960). 

6A. M. Badalyan and Ya. A. Smorodinskii, JETP 
40, 123 (1961), Soviet Phys. JETP 13, 865 (1961). 
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The probabilities for quantum transitions between the states of a discrete spectrum are 
calculated for a system in adiabatic conditions, no assumptions being made regarding 
the form of the Hamiltonian. The calculations are performed with an accuracy to a pre- 


exponential factor of the order of unity. 


BL atin author has calculated previously C1] fora 
one-dimensional linear oscillator the probabilities 
of quantum transitions under the influence of an 
adiabatic change in the frequency. In the present 
communication we calculate the transition proba- 
bilities in an arbitrary quantum system which is 
under adiabatic external conditions. Such a system 
is described by a Hamiltonian that varies ‘‘slowly’’ 
with the time. We assume that the time depend- 
ence of the Hamiltonian is analytic. We are inter- 
ested in transitions between discrete spectrum 
states. Accordingly, we seek a solution of the 
Schrédinger equation in the form 


MDX A 1) 2 >i An (t) Wn (x, t) exp | SN \ (t’) dt’ t . (1) 


Here %,(x,t) satisfies an equation with a Hamilto- 
nian that has a parametric time dependence 


AH (t) Wn (x, t) = Ep (t) Pr (x; ‘We (2) 


and x denotes the set of all the coordinates. 

Since we intend to continue the solutions of (2) 
into the region of complex t, we subject the func- 
tions %y(x,t) to analytic orthonormalization con- 
ditions (without complex conjugation ) 


\hn (x, t) Wm (x, t) dx = 8 mn. (3) 


Substituting (1) into the temporal Schrédinger 


equation and using (2), we obtain 
t 


ey Criglle EXP {i | nm (t’) dt’ | =U); 


ie =\hn (x, t) py (x, 8) dx, 
Wmn (t) = En (t) — Em (2), h=1, (4) 


These equations must be solved subject to initial 
conditions* 


*It is assumed that H(t) tends to constant values H; as 


t+ +9, 


Qn (t) —s Snk Sats bon (5) 


The adiabaticity condition wT > 1 (w is the 
characteristic frequency E,-—E,, of the Hamilto- 
nian H(t) and T is the characteristic time of its 
variation) implies smallness of cpm /w. This 
enables us to solve (4) by successive approximation. 

In the first approximation we have 

(ee) 1 

an (+ 0) = \ Cnk @XP { i \ at (t') dt’ | dt. (6) 
The integral in (6) is calculated by the steepest 
descent method, and we obtain the well known re- 
sult that the transition probabilities are exponen- 
tially small if the different terms n and k do not 
cross. If any two terms cross, then, as can be 
readily shown, the corresponding matrix element 
Cnk vanishes and there are no transitions between 
such states in the first approximation. As can be 
seen from (6), the probabilities are maximal for 


transitions to ‘‘neighboring’”’ levels, such as are 


of interest to us. 

It is easy to show (see, for example, [1]) that 
(6) yields the correct order of magnitude of the re- 
sult (correct order of the exponential function), 
but an incorrect factor preceding the exponential 
function. 

To obtain the correct pre-exponential factor it 
would be necessary to take into account the next 
orders of perturbation theory, all of which give 
results of the same order of magnitude. In prac- 
tice, naturally, this is not feasible. However, if 
we consider the system (4) with t complex, we 
can readily show that a contribution to the transi- 
tion probability is made only by the neighborhoods 
of the singular points of the Hamiltonian. 

In fact, this property is possessed by all the 
terms of the perturbation-theory series. We can 
therefore solve the system (4) in the neighbor- 
hoods of the singular points of the Hamiltonian 
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and then ‘‘join’’ the resultant solutions with the 
constant amplitudes ay for t—+>+. It is obvious 
that the singularities of the Hamiltonian can be due 
only to crossing of the terms (for a complex value 
of the time t), or to splitting of the discrete term 
from the continuous spectrum. We consider the 
case when the singularities of the former type 

are significant. 

If the Hamiltonian H has no special form then, 
generally speaking, only two terms can cross ata 
given point ty.* To calculate the greatest transi- 
tion probability within neighboring levels it is nec- 
essary to take into account only the point of inter- 
section of these terms, i.e., to retain in the system 
(4) only the matrix elements Cmn corresponding to 
two levels. The system (4) is then transformed 
into two equations: 

t 
ad, + ciexp {i \o (t’) at’ ay =0, 
t 


dy + coexp {- i\o (t’) dt’ | a, st O40) 


As can be seen from (5) and (3), Cg; = —Cy). Thus, 
Eq. (7) contains two functions w(t) and c(t) 

= C(t). To solve the system we must investigate 
the behavior of these functions near the point ty 
where the terms cross. 

Solving the stationary solution for the two terms 
in the vicinity of the intersection point, we can ob- 
tain a relation between the transition frequency at 
the instant t and the frequency at the instant t, 
(see (24), 


ye (t) = {loys (4) + on (4, 8) 
— te (try OI + 40% (ty, OF: (8) 
here 
Vik= \v: (x, t) [LH (4) — H (t)] , (x, 4) dx. 


It is natural to assume that the radicand in (8) has 
a simple zero when t =ty; thus, w(t) behaves like 


(t = tad 2 near the point of intersection of the terms. 


The wave functions of the stationary states in the 
vicinity of the point of intersection of the terms are 
connected with the functions at the instant t,; by the 
equations 


py =U +8) (4) — (lL — &)* pe (A)I/V2, 
tbe (¢) == [CL — Rk), (4) + (1 + k)'? tps (t,)1/V 2. (9) 
cay (é,, t) = lw (4) + on (A, 1) — dee (4, O)/o(t). (10) 


Taking into account the fact that the wave functions 
at the instant t; are orthonormalized, we can read- 
ily obtain from (9) 


He 


*The linear oscillator is in a class by itself, for all terms 
cross when w = 0. 


A. M. DYKHNE 


c(t) = \ws (x, t)-p, (x, 2) dt = —k/2(1 —B)%, (11) 
Using (10) and noting that as t—~t) the numerator 
in (10) tends to a constant value, we can easily 


obtain 


c(t) = w/2iw. (12) 


In the vicinity of the term crossing point the sys- 
tem (7) has the form 


a1 +2 ay exp {i \o(¢) dt’ |= 0, 
< oag 


a2 — 5a, exp{ ei \ w (t’) dt’} =0. (13) 
These equations are conveniently solved with ini- 


tial conditions 


Ga =>, By st ast S&S Sok (14) 


We introduce a new unknown function y(t) with 
the aid of the equality 


t 


= exp { — \° (¢’) dt’ | 


@ 


y(t) = 


i Q2z 


Vo 
It is easy to verify that y (t) satisfies the equation 
y + (w (0/2)? y = 0. (16) 


From (14) and (15) follows an initial condition for 


: t 
een Oxi { + \ w (¢') dt’ | (15) 


y ~exp{ 4 (ol?) dt} as tf +-— ow. (17) 


Z 
As t—+° we obtain 
t t 


Gn Al Pan, Se (t’) di’ | + Rexps 5 i, (¢’) saa 


(18) 
The value of R was calculated by Pokrovskii 
and Khalatnikov, who investigated the above-barrier 
reflection of a quasi-classical particle. Its value 


18 
ta 


R= te i( w(é) dtl. 19 
xp { i\ w (2) | (19) 
Comparing (18) and (15), we obtain the transition 


amplitude 
to 


a,(4- 20) = exp {i \ o(t) dt |. (20) 


We see that the absolute value of the factor in front of 
the exponential function in the expression for the 
transition amplitude is unity. Expression (20) ac- 
tually contains an arbitrary phase (since the lower 
limit of integration has not been defined). The 
phase of the transition amplitude can be determined 
accurate to 7. Assume that when t ——© the wave 
function is 
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p (t) — 1 (x, — oo) exp [— iF (— ov) ¢). 


By virtue of conditions (3), the wave function 
~1(x,t) is defined apart from the sign. As t ~+© 


(21) 


p (2) — a, (+ 0), (x, + 00) exp [— iF, (+ 90) t] 


+ dy (-++ 00) Po (x, + 00) exp [— if, (+ 00) t]. (22) 


Comparing (1) with (21) and (22) we can readily de- 
termine the phase of the transition amplitude, i.e., 
establish the lower limit of the integral in (19). 
Elementary calculations yield for a,(+~) the 
final expression 


t 


Be 2 co) -= exp {i \ [E, () — B, (—'co)] at 


aes, \ [E. (t) — Ey (+ cv)] dt + i LE, (— ov) 
-+-co 


BAF (1:00)! to} (23) 


The transition probability is 
rip / 
Wig “= exp {i \ w (i) dt}. 


* 


to 


(24) 


The formulas obtained determine completely the 
probability of transition of the quantum system to 
a ‘‘neighboring”’’ level, with a maximum order of 
magnitude. As for transitions to farther levels, 
transitions through a virtual level can compete 
here with the above-considered process of ‘‘direct’’ 
transition. This question needs, however, additional 
investigation. 

The author is sincerely grateful to Academician 
L. D. Landau for numerous valuable hints. 


14. M. Dykhne, JETP 38, 570 (1960), Soviet 
Phys. JETP 11, 411 (1960). 

21. D. Landau and A. M. Lifshitz, Quantum 
Mechanics, Pergamon, 1958. 

3. L. Pokrovskii and I. M. Khalatnikov, JETP 
40, 1713 (1961), Soviet Phys. JETP 18, 1207 (1961). 
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Kinetic coefficients containing the exact values of the Coulomb logarithm are derived for a 
plasma. The case wt <1, e*/fiv «< 1 is considered. 


Tue kinetic coefficients of a fully ionized gas 

are known with logarithmic accuracy. [1] This is 
connected with the logarithmic divergence of the 
Coulomb bremsstrahlung cross section for large 
impact parameters. One usually deals with this 
difficulty by artificially cutting off the interaction 
at distances of the order of the Debye radius. With 
the help of the methods of quantum field theory one 
can consistently take account of the collective in- 
teractions and obtain an expression for the renor- 
malized scattering probability which does not con- 
tain divergences. Such an expression for the case 
where the de Broglie wavelength of the electron 
h/mv is much larger than the range of the essen- 
tial interaction e?/kT (e and m are the charge 
and mass of the electron, v is the thermal veloc- 
ity of the electron, and T is the temperature) has 
been obtained in a number of papers. Soe. 

Since the renormalized scattering probability 
automatically cuts off the interaction for large 
impact parameters, it is possible to obtain the 
exact values of the terms in the argument of the 
logarithm appearing in the expressions for the 
kinetic coefficients. This has been done for the 
specific energy losses of a fast particle going 
through a plasma, (2] for the diffusion coefficient 
of the plasma perpendicular to the magnetic field!*] 
(for the case WeT > 1, We «K wp, where We is the 
cyclotron frequency, 7T is the relaxation time, and 
Wo is the plasma frequency), and for the high fre- 
quency conductivity of the plasma“®J for wr > 1, 
where w is the frequency of the electromagnetic 
wave. In the present paper we have carried out a 
similar more precise determination of the coeffi- 
cients which determine the particle currents and 
the heat in the plasma in the presence of an elec- 
tric field and of temperature and concentration 
gradients for wt <1 (w is the frequency of the 
process ). 


Our starting point is the kinetic equation with 
the collision integral obtained earlier in (3]_ my 


solving it we have used the usual method of ex- 
panding the distribution function in a series of 
Laguerre polynomials (see, for example, the 
paper of Landshoff Crd), The result of the calcu- 
lation can be written in the form 


j=o(E——+ vp)+1WT, a= —KVT —p(E—— Vp), 
(1) 
where E is the electric field intensity, p is the 
pressure, n is the concentration, j is the current 
density, and q is the density of the heat flow. The 
kinetic coefficients 0, T, uw, and K have the form 


nez 1 nek 1 
6= 1.955, t= 1,392 5, 
ae nekT 1 ) nee (2) 
b= O20 yg ha te ne Nee 


Here 
Vo = =m (e?/ kT)? (SRT / mm) *n. 


The difference between these formulas and the 
results of Landshoff""] consists in that in our case 
the logarithm ) is definite (up to a term of order 
v7!) and has a different value for the different 
kinetic coefficients: 


eee es tae eer ee eee Me SBS 
1 | : | 
P Ag. 
ita : (3) 


Here n = (eh/kT)(2m,/m)!/ is the ratio of the 
de Broglie wavelength of the electron to the Debye 
radius. 

These results were obtained by considering the 
first three Laguerre polynomials in the expansion 
of the distribution function. The calculations are 
similar to those carried out by Landshoff, but the 
intermediary expressions are considerably more 
involved and have therefore not been quoted. 
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(October, 1961) 


In the study of the scattering of high-energy ele- 
mentary particles, cases associated with a large 
momentum transfer between the colliding particles 
as a result of their interaction are of great interest. 

Examples of such processes are reactions in 
which the particles are scattered at c.m.s. angles 
close to 180°. The study of such reactions, in par- 
ticular, can serve as a check of the conclusions of 
Gell-Mann and Zachariasen"!J that large momen- 
tum transfers should still occur at high energies. 
Moreover, Pomeranchuk has shown (see, for ex- 
ample, (121) that the pole of the diagram in the 
figure should give an appreciable contribution to 
the cross section for the scattering of high-energy 
™ mesons by protons at 180° c.m.s. The angular 
distribution of the scattered ™* mesons described 
by this diagram should have a maximum at 180° 
with a width of about 30° at 7—8 Bev/c; this cor- 
responds to the backward scattering of 7* mesons 
in the l.s. An estimate of the cross section for 
such a process gives the value do/dQ (180°) = 0.5 
mb/sr. The total cross section for the scattering 
of 7—8 Bev/c m* mesons backward in the l.s. 
should then also be ~0.5 mb. 

We have studied the following reactions in 
which m mesons are scattered backward in the 
l.s. on nucleons: 


(1) 
(2) 
(3) 


Reaction (1) is the charge-conjugate analog of 
the above-mentioned reactions involving the scat- 
tering of 7* mesons by protons. Consequently, the 
characteristics discussed above should be present 
in this case, too.!?] It is also obvious that the dia- 
gram should give a contribution to the cross section 


x +t+n—-w +n, 
mw + p-—>x -- p, 


a + pon +n. 
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of reaction (3). This is not the case, however, for 
the scattering of 7 mesons on protons of type (2) 
because of the law of charge conservation. 

The experiment was performed with a 24-liter 
propane bubble chamber placed in a magnetic field 
of 13700 oe. The chamber was exposed to a 7—8 
Bev/c mt meson beam. 

To find events corresponding to reaction (8), 
two observers scanned independently about 30000 
photographs. They recorded cases in which the 
primary mesons vanished. The efficiency for 
finding such events was ~ 95%. A total of 579 
cases in which the vanishing of the pions was as- 
sociated with 230 y quanta was found. The y 
quanta had an angle of emission 6 = 90° L.s. in 
only three cases. From this we can estimate the 
upper limit of the cross section o3 for reaction 
(3), since if the 7° meson is scattered backward 
in the l.s., at least one y quantum from the decay 
of this 7° should also be emitted backward. This 
estimate is 


33 (> 90°) S01 mb 


To find events corresponding to reactions (1) 
and (2), we scanned twice about 6000 photographs. 
We recorded cases with negative relativistic par- 
ticles emitted at an angle => 90° l.s. (process 1) 
and similar cases accompanied by the forward 
emission of a charged particle (process 2). The 
efficiency of finding such events was close to 100%. 

As a result, we found four events which did not 
contradict the kinematics of reaction (1). Under 
the assumption that the carbon nuclei behave as a 
single effective quasi-free neutron, [3] we ob- 
tained an estimate of the upper limit of the cross 
section for this reaction: 


31 (> 90°) <0.06 mb 


The result is in agreement with a similar esti- 
mate made by Bayukov et al. /?J for 2.8-Bev/c m7 
mesons. 

We also found three cases which did not con- 
tradict the kinematics of the elastic scattering 
of m mesons backward in the l.s. on protons. 
This corresponds to the cross section 


55 (> 90°) <0.02 mb 


i 
: 
i 


~ rial 


The estimate of the cross sections for proc- 
esses (3) and particularly (1) obtained in this 
way is considerably less than that calculated from 
the diagram, which apparently indicates that other 
possible processes compete with this diagram. 
Moreover, the estimates of the cross sections 
for all three scattering processes are of the 
same order of magnitude, i.e., there is no differ- 
ence between processes to which this diagram 
gives a contribution and those for which a contri- 
bution is impossible. 

The authors thank M. I. Podgoretskii for dis- 
cussion of the results and for valuable advice, the 
bubble chamber crew of the Joint Institute for Nu- 
clear Research for providing the pictures and 
M. A. Balashova, T. A. Zhuravleva, O. V. Kol’ga, 
M. I. Filippova, V. D. Shopkova, and N. V. Shari- 
kova, for helping scan the photographs. 
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Ir has been shown previously {1:21 that the even 
photomagnetic effect in germanium is markedly 
anisotropic. The odd photomagnetic effect is usu- 
ally considered to be isotropic. When there is a 
strictly linear variation of the odd photomagnetic 
e.m.f. on the magnetic field strength, it is expected 
to be anisotropic for a cubic crystal. However, it 
is known that for sufficiently strong magnetic fields 
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the odd photomagnetic e.m.f. in germanium ceases 
to vary linearly with the field, and even passes 
through a maximum at some value of the field. In 
these conditions the possibility of anisotropy aris- 
ing even in the odd photomagnetic effect is not ex- 
cluded. 

To clarify the question of the existence of aniso- 
tropy in the odd photomagnetic effect, we have stud- 
ied single-crystal specimens of n- and p-germa- 
nium in magnetic fields up to 25000 oe. The spe- 
cimens studied, like those described previously, [1] 
were in the form of circular discs with 32 elec- 
trodes around the periphery. The specimens could 
be rotated about an axis coinciding with the normal 
to the plane of the disc. The angle g between the 
crystallographic axes and the direction of the mag- 
netic field was thereby changed. Also the speci- 
mens could be turned so that the angle 6 between 
the normal to the specimen surface and the direc- 
tion of the magnetic field was changed. 

Figure 1a shows the anisotropy curve of the odd 
effect, i.e., the variation of the odd photomagnetic 
e.m.f. on the angle gy for a specimen of p-germa- 
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nium, the [111] axis of which was normal to the 
plane of the disc, while the normal itself made an 
angle 6 = 90° with the direction of the magnetic 
field. The measurements were made at room tem- 
perature in a magnetic field of 24,500 oe. The 
e.m.f. was measured as usual in the direction 
perpendicular to the magnetic field direction and 
the direction of illumination. The curve 1b refers 
to the photomagnetic e.m.f. measured when the 
angle @ = 130°. 

By analogy with the anisotropy of the even pho- 
tomagnetic effect, [2] it was supposed that the 
measured odd photomagnetic e.m.f. can be re- 
garded as the sum of isotropic and anisotropic 
components. It is clear that the purely anisotropic 
component can be obtained by measuring the odd 
photomagnetic e.m.f. in the direction of the mag- 
netic field or its projection on the plane of the 
surface. Experiments performed in fact confirmed 
the presence of an odd photomagnetic e.m.f. when 
measuring it in the direction of the magnetic field, 
i.e., in the direction in which there is no isotropic 
odd photomagnetic effect. The variation of this 
photomagnetic e.m.f. on the angle ¢ is given in 
Fig. 1d (the continuous curve is the function E 
=a sin 6g). Figure 1c shows the anisotropy curve 
for the same specimen when @ = 75° (the continu- 
ous curve is the function E =a sin 39 +b sin 69). 

Curves are given in Fig. 2 showing the varia- 
tion of the extreme values of the odd photomag- 
netic e.m.f. with the magnetic field strength. 
Curves 2a and 2b refer to the photomagnetic e.m.f. 
measured in the ‘‘usual’’ direction (perpendicular 
to the magnetic field) for two values of gy: 75°45’ 
and 22°30’ (see Fig. 1b). The specimen was ori- 
ented relative to the magnetic field so that @ 
~ 130°. For this value of @ the anisotropic com- 
ponent of the photomagnetic e.m.f. attains a maxi- 
mum value. Curve 2c shows the variation of the 
extremal value of the purely anisotropic compo- 
nent of the odd photomagnetic e.m.f. on the mag- 
netic field strength when 6 = 130°. 

The curves presented show that the variation 
of the odd photomagnetic e.m.f. on the magnetic 
field is essentially nonlinear. To explain the ob- 
served anisotropy of the odd photomagnetic ef- 
fects in strong magnetic fields, it is apparently 
necessary to include terms of higher odd degree 
in the magnetic field in a general phenomenolog- 
ical equation of the Kagan-Smorodinskii 1 type. 
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MVinkeemernes of the electrical conductivity 
of thin metal wires is usually used to determine 
electron mean free paths. [1] tm the standard 
method for this, the results obtained for the de- 
pendence of resistivity on wire diameter are com- 
pared with the theoretical curve obtained by 
Dingle. [2] jt must be remembered that Dingle’s 
results were obtained on the assumption of an 
isotropic, quadratic dispersion law for the elec- 
trons. As a result, the ratio p/po (po is the 
resistivity of an infinitely thick wire and p that 
of a wire of diameter d) is expressed as a func- 
tion of d/A only (A is the electron mean free 
path ). 

One of us (B. A.) has measured the dependence 
of the resistivity of tin single crystal wires on di- 
ameter. The tin used in the experiments was first 
subjected to zone refinement. [3] The purity is 
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calculated as 99.99986% (64.90 = 1.5 X 107°). The 
results obtained are shown in Fig. 1 in the form 
of the dependence of 6 = Ry »/Rgg3 (Ry. is the 
electrical resistance of a wire at 4.2°K, and Roos 
the resistance of the same wire at 20°C) on the 
reciprocal of the diameter. The lower curve re- 
fers to wires with axis parallel to the principal 
erystal axis (Snj), and the upper curve to wires 
with axis perpendicular to the principal axis (Sn ). 
In the latter case the wire axis coincides with the 
[110] direction. These orientations of the single 
crystals were determined with an accuracy of 
2—4°. Since 6 was measured with an accuracy 
not worse than 2—3%, while the error in deter- 
mining 1/d increased with decreasing diameter, 
we can say that the slope of the straight lines in 
Fig. 1 were determined with an accuracy of 1—3%. 
The slope of the line for Sn, is approximately 
three times greater than for Sn), i.e., the differ- 
ence in slopes lies definitely outside the experi- 
mental errors.* 

It is only possible to take a theoretical discus- 
sion of the electrical conductivity of single crystal 
wires to the end (starting from the assumption of 
an arbitrary dispersion law for the electrons) for 
the case when the mean free path A is appreciably 
greater than the wire diameter. If the axis of the 
cylindrical wire is perpendicular to the symmetry 
plane of the crystal, the mean electrical conduc- 
tivity o(d) is of the form 
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6 (d) = (1) 
where b is a unit vector in the direction of the axis 
of the wire, ®M is a unit vector normal to the Fermi 
surface, dS is an element of area on the Fermi 
surface, and the integration is over the whole sur- 
face. We should note that in the derivation of this 
expression there are no additional restrictions 
other than those usually assumed to be fulfilled 
(for example, it was assumed that the temperature 
is considerably below the Fermi energy). In par- 
ticular, (1) is also valid for the model of a Fermi 
liquid. If we introduce the Gaussian curvature of 
the Fermi surface K(0,qg) and choose the direc- 
tion of the vector b as the polar axis, then (1) can 
be written in the following form: 
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6(d)= 
The integrals in (1) and (2) cannot, naturally, be 
evaluated without an assumption about the disper- 
sion law for the electrons. For a quadratic, aniso- 
tropic dispersion law 


949 


FIG. 2 
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e(p) = (3) 


and taking the vector b to be parallel to the first 
axis, we obtain 


5 (d) = 42° (38 (eats) LF (ba, hs) + F (bo els (4) 


where n is the number of electrons per unit vol- 
ume, 
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For the isotropic case (kK, = i = 1) we obtain 
the well known Dingle formula: [2 


6 (d) = (4de? / 3h) (3n / 82)" = od /h. 


If my =m3=my, while m;= my, then 
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If 160 = Mo = Mm, while M3 = Mm; (Ky a a be kg ak 
=m,/m)), then 
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From (6) and (7) we obtain 


d | 7 
AS = IF (I, + F (ke, IS 4, k=1 (8) 
as k>1 


The dependence of o,(d)/o1(d) on the ratio of 
effective masses [Eq. (8)] is shown graphically 
in Fig. 2. 

From the slope of the curves of Fig. 1 and the 
values Pjj993 = 14.3 x 107° ohm cm and Pj 993 = 9.85 
x 10-8 ohm cm, !4/ we determined the products 
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(dAp (d)], = 4 [py (d) — py (co)] =0,61-10-4 Q- cm?, 
[dAp (d)]) = 1.22-10-"Q- em?. 
Using this data we can determine the values of 
the integrals entering into (1) for the two crystallo- 
graphic directions: 


/ , =1,335- 107#/{dAp(d)] ) =2.2- 10°? egs esu 
I, = 1.335-10-48/[dAp (d)], = 1.1-10-8? cgs esu (9) 


The difference in the slopes of the curves of 
Fig. 1 are thus connected with different values of 
the surface integrals [Eq. (1)] in different crys- 
tallographic directions, i.e., with the shape of the 
Fermi surface for tin. From this point of view, 
an experimental study of the difference in the 
slopes of the straight lines (in 6, 1/d coordi- 
nates) for Pb, Cu, Au, Ag and possibly Al in 
the [100] and [111] directions is of interest; these 
are the directions in which maximum differences 
of conductivity of thin wires of cubic crystals are 
expected (the existence of complicated open Fermi 
surfaces are assumed for these metals, except 
ALL ). 

If the crystal anisotropy is described in terms 
of effective masses, then for tin, for which 
Ap; (d)/Ap;(d) = 0.5 (at 4.2°K) we must take 
m, /m) = 1.85 from Fig. 2 and n = 4.4 x 10% 
[calculated according to (6)]. 

Since the number of atoms per unit volume 
na = 3.7 x 10” cm”? for tin, there must be n/ng 
= 1.2 conduction electrons per atom. Naturally, 
this number cannot be considered the true number 
of conduction electrons per atom as it was ob- 
tained from very simplifying assumptions about 
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a quadratic dispersion law, while from galvano- 
magnetic and magnetic experiments it is known 
that the Fermi surface for tin is very compli- 
cated, [61 


*A detailed discussion of the experimental method and 
results will be given separately. 
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